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Abstract

Multivariate dynamic time series models are widely encountered in practical studies, e.g.,
modelling policy transmission mechanism and measuring connectedness between economic
agents. To better capture the dynamics, this paper proposes a wide class of multivariate
dynamic models with time—varying coefficients, which have a general time-varying vector
moving average (VMA) representation, and nest, for instance, time-varying vector autore-
gression (VAR), time-varying vector autoregression moving—average (VARMA), and so forth
as special cases. The paper then develops a unified estimation method for the unknown quan-
tities before an asymptotic theory for the proposed estimators is established. In the empirical
study, we investigate the transmission mechanism of monetary policy using U.S. data, and
uncover a fall in the volatilities of exogenous shocks. In addition, we find that (i) monetary
policy shocks have less influence on inflation before and during the so—called Great Modera-
tion, (ii) inflation is more anchored recently, and (iii) the long—run level of inflation is below,
but quite close to the Federal Reserve’s target of two percent after the beginning of the Great

Moderation period.
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1 Introduction

Vector autoregressions (VARs), as well as their extensions like vector autoregressive moving average
(VARMA) models and VARs with exogenous variables (VARX), are among some of the most
popular frameworks for modelling dynamic interactions among multiple variables. These models
arise mainly as a response to the “incredible” identification conditions embedded in the large—
scale macroeconomic models (Sims, 1980). VAR modelling begins with minimal restrictions on
the multivariate dynamic models. Gradually armed with identification information, VARs plus
their statistical tool-kits like impulse response functions, are powerful approaches for conducting
policy analysis. Also, VARs can be applied to other important tasks including data description
and forecasting, see Stock and Watson (2001) for a detailed review. Despite the popularity, linear
VAR models can always be rejected by data in empirical studies (cf., Tsay, 1998). For example,
Stock and Watson (2016b) point out, “changes associated with the Great Moderation go beyond
reduction in variances to include changes in dynamics and reduction in predictability.”

To go beyond linear VAR models, various parametric time-varying VAR models have been
proposed (e.g., Tsay, 1998, Sims and Zha, 2006, and references therein) in order to allow for
abrupt structural breaks in economic relationships and obtain efficient estimation. However, model
misspecification and parameter instability may undermine the performance of parametric time—
varying VAR models. Usually, researchers do not know the true functional forms of the time—varying
parameters, so the choice on the functional forms might be somewhat arbitrary. In addition, as
pointed out by Hansen (2001), “it may seem unlikely that a structural break could be immediate
and might seem more reasonable to allow a structural change to take a period of time to take
effect”. Therefore, it is reasonable to allow smooth structural changes over a period of time rather
than abrupt structural changes. Another strand of the VAR literature assumes that structural
coefficients evolve in a random way, such as Primiceri (2005) and Giannone et al. (2019). Recently,
Giraitis et al. (2014) point out that “the theoretical asymptotic properties of estimating such
processes via the Kalman, or related filters are unclear”. Along this line, Giraitis et al. (2014) and
Giraitis et al. (2018) have achieved some useful asymptotic results. However, estimation theory for
time—varying impulse response functions, which are of interest in interpreting multivariate dynamic
models, are not yet established in the random walk case.

It is worth pointing out that although nonparametric estimation for deterministic time—varying
models has received much attention initially on time series regression models (Robinson, 1989; Cai,
2007; Li et al., 2011; Chen et al., 2012; Zhang and Wu, 2012) over the past three decades and then
on univariate autoregressive models (Dahlhaus and Rao, 2006; Richter et al., 2019) in recent years,
little study about multivariate autoregressive models with deterministic time-varying coefficients
has been done. One exception is Dahlhaus et al. (1999), who use a wavelet method to transform the

time—varying VAR model to a linear approximation with an orthonormal wavelet basis, and then



show that the wavelet estimator attains the usual near—optimal minimax rate of Ly convergence.
Up to this point, it is worth bringing up the terminology “local stationarity”, which dates back to
the seminal work by Dahlhaus (1996) at least. While several studies have been conducted along
this line (Dahlhaus, 1996 and Zhang and Wu, 2012 on time—varying AR; Dahlhaus and Polonik,
2009 on time—varying ARMA; Rohan and Ramanathan, 2013 and Truquet, 2017 on time—varying
ARCH/GARCH), the literature has not ventured much outside the univariate setting. A commonly
used method is to approximate a locally stationary process by a stationary approximation on each
of the segments (Dahlhaus et al., 2019). However, it remains unclear to us how to extend this
approximation method for the univariate setting to the multivariate case where the segments on
which stationarity approximations for each univariate time series may be quite different.

This paper is to show the versatility of an alternative approach that is especially designed for a
wide class of time—varying VMA (oco) processes. Our approach relies on an explicit decomposition
of time—varying VMA (co) processes into long—run and transitory elements, which is known as the
Beveridge—-Nelson (BN) decomposition (Beveridge and Nelson, 1981; Phillips and Solo, 1992). The
long-run component in the decomposition yields a martingale approximation to the sum of time—
varying VMA (oo) processes. We are then able to deal with a wide class of multivariate dynamic
models with smooth time—varying coefficients, which have a general time-varying VMA (oc0) repre-
sentation, nesting VAR, VARMA, VARX and so forth as special cases. Specifically, the structural
coefficients are unknown functions of the re—scaled time, so that the proposed models can better
capture the simultaneous relations among variables of interest over time. Such a modelling strat-
egy is especially useful for analysing time series over a long horizon, since it offers a comprehensive
treatment on tracking interests which are affected by frequently updated policies, environment,
system, etc. In an economy system consisting of inflation, unemployment and interest rates, one
priority in Section 4 is inferring time-varying impacts of the interest rate change, which helps sta-
bilize fluctuations in inflation and unemployment in long-run. Under the proposed framework, it
is achieved by investigating the corresponding time—varying impulse response functions.

In summary, our contributions are in threefold. First, we propose a wide class of time—varying
VMA (00) models, which covers several classes of multivariate dynamic models. Second, we develop
a time—varying counterpart of the conventional BN decomposition and propose a unified estima-
tion method for a class of unknown time-varying functions. We then establish the corresponding
asymptotic theory for the proposed models and estimators. Third, in the empirical study of Sec-
tion 4, we study the changing dynamics of three key U.S. macroeconomic variables (i.e., inflation,
unemployment, and interest rate), and uncover a fall in the volatilities of exogenous shocks. In
addition, we find that (i) monetary policy shocks have less influence on inflation before and during
the so—called Great Moderation; (ii) inflation is more anchored recently; and (iii) the long-run
level of inflation is below, but quite close to the Federal Reserve’s target of two percent after the

beginning of the Great Moderation period.



The organization of this paper is as follows. Section 2 proposes a class of time—varying VMA (o)
models. In Section 3, we discuss a class of time-varying VAR models and then establish an
estimation theory for the unknown quantities. Section 4 presents an empirical study to show
the practical relevance and applicability of the proposed models and estimation theory. Section 5
gives a short conclusion. The main proofs of the theorems are given in Appendix A. In the online
supplementary material, simulation results are given in Appendix B.1 and some technical lemmas
and proofs are given in the rest of Appendix B.

Before proceeding further, it is convenient to introduce some notation: ||-|| denotes the Euclidean
norm of a vector or the Frobenius norm of a matrix; ® denotes the Kronecker product; I, and
0, are a X a identity and null matrices respectively, and 0,y; stands for a a x b matrix of zeros;
for a function g(w), let g (w) be the j* derivative of g(w), where j > 0 and ¢ (w) = g(w);
Ky(-) = K(-/h)/h, where K(-) and h stand for a nonparametric kernel function and a bandwidth
respectively; let ¢, = f_ll ub K (u)du and ¥, = f_ll uk K?(u)du for integer k > 0; vec(+) stacks the
elements of an m xn matrix as an mn x 1 vector; for any a X a square matrix A, vech (A) denotes the
a(a+1) x 1 vector obtained from vec (A) by eliminating all supra-diagonal elements of A; tr (A)
denotes the trace of A; finally, let —p and —p denote convergence in probability and convergence

in distribution, respectively.

2 Structure of Time—Varying VMA (o)

We start our investigation by considering a class of time—varying VMA (oco) model:

Ty = My + ZBj’tet_j = My t+ Bt(L)Et (21)
=0
fort =1,...,T, where x; is a d—-dimensional vector of observable variables, p; is a d-dimensional

unknown trending function, €; is a vector of d-dimensional random innovations, and d is fixed
throughout this paper. Moreover, B,(L) = Z;’ig B; L7, where L is the lag operator, and Bj; is a
matrix of d X d unknown deterministic coefficients.

We first comment on the usefulness of the structure in (2.1), and the corresponding BN decom-

position. An application of the BN decomposition gives
@, = p; + Bi(1)e, + By(L)e, 1 — By(L)ey, (2.2)

where we have used the decomposition of B,(L) as By(L) = By(1) — (1 — L)B(L), in which B,(L) =
> i B;,L and B;, = > hej+1 Bri- Equation (2.2) indicates that one may establish some general

asymptotic properties for partial sums and quadratic forms of x; with minor restrictions on {€;}.



For example, one can show that the simple average of x; becomes

%Zwt = %ZNtJF%ZBt(UGHFOP(Tl)- (2.3)

Similar to (2.3), asymptotic properties for partial sums and quadratic forms mainly depend on the
probabilistic structure of {€;} and regularity conditions on {B;,}. In other words, there is no need
to impose any further structure on a;, such as requiring x; to be locally stationary time series
in a similar way to what has been done in the relevant literature for the univariate case. As a
consequence, it facilitates to develop general theory for the multivariate case. Moreover, it should
be added that our settings in (2.2) and (2.3) considerably extend similar treatments by Phillips
and Solo (1992) for the univariate linear process case where both p; and B;; reduce to constant

scalars: pu; = p and Bj; = B;.

2.1 Examples and Useful Properties

Let us now stress that (2.1) covers a wide range of models, which are of general interest in both
theory and practice. Below, we list a few examples, of which the parametric counterparts can be

seen in Liitkepohl (2005).

Example 1. Suppose that x; is a d-dimensional time-varying VAR(p) process:
Ly — Al7twt—l + -4 Ap,twt—p + €y, (24)

which has been widely studied in the literature with Bayesian framework being the dominant
approach (e.g., Benati and Surico, 2009; Paul, 2019). Similar to Hamilton (1994, p. 260), (2.4)
can be expressed as a time—varying MA(oco) process x&; = Z;io B, €;_j, where By, = I; and

B, =J[[Z, ®_J" for j > 1 with J = [I,04xa,-1)] and

Al,t Ap—l,t Ap,t

Id Od Od
q)t:

Od Id Od

Example 2. Suppose that x; is a d-dimensional time—varying VARMA (p, ¢) process as follows:

Ty = Al,twt—l + ...+ Ap,twt—p + € + @1715615_1 + ...+ G)q,tet—qa (25)
which then can be expressed as &, = Y~ Dy € with Dy, = Z?:max((),b—q) B;,©, ;. ;, Bj;

defined similarly as in Example 1, and ©y; = I; independent of ¢.
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Example 3. Let x; be a d-dimensional time—varying double MA (oco) process:

Ly = Z ‘Ilj,tvt—j and (A Z @l,tet_l, (26)
=0

J=0

in which the innovations v,’s also follow a time-varying MA(oc) process. Simple algebra shows

— N Y/
that ry = ijo Bj,tetfja where Bj,t = leo \Ill,t@jfl,tfl-

To facilitate the development of our general theory, we introduce the following assumptions.

Assumption 1. max;>; >~ j[|Bjl| < oo, limsups_, S > e JI1Bjsr — Bjill < oo, and

. T-1
Hmsupy_yo0 Doy |1 — ]| < o0

Assumption 2. {¢}2__ is a martingale difference sequences (m.d.s.) adapted to the filtration
{Fi}, where Fy = 0 (€, €1, ..) is the o—field generated by (€;, €1, ...), E (eteﬂ]:t_l) = I, almost

surely (a.s.), and maxi>1 E [||et||§} < oo for some § > 2.

Assumption 1 regulates the matrices B;;’s, and ensures the validity of the BN decomposition
under the time—varying framework. It covers cases such as (i) the parametric setting of Phillips
and Solo (1992), and (ii) B;; := B;(7), where Bj(-) satisfies Lipschitz continuity on [0, 1] for all j.
Assumption 2 imposes conditions on the innovation error terms by replacing the commonly used
independent and identically distributed (i.i.d.) innovations (e.g., Dahlhaus and Polonik, 2009) with

a martingale difference structure.

We are now ready to present a summary of useful results for Examples 1-3, which explains why

model (2.1) serves as a foundation of the examples given above.

Proposition 2.1.

1. Consider Examples 1 and 2. Suppose that the roots of In— Ay —---— A, = 0q all lie outside
the unit circle uniformly over t, limsupp_, ZtT;ll | A1 — Ayl < 00 form =1,....p
and Apy = Apg fort <0 and m = 1,...,p. In addition, suppose that in Example 2,

< oo form = 1,...,q. Then both (2.5) and (2.6) are

lim supy_, o 232—11 [Om,r1 — Oy

time—varying MA(co) processes, in which the MA coefficients satisfy Assumption 1.

2. For Ezample 3, let lim supy_, ZtT:_ll z;‘;le\Ilj,tH — W, < 0o and max;>; Z;; I <
0o0. Moreover, let {®;,;} satisfy the same conditions as those for {¥;;}. Then (2.6) is a
time—varying MA(oo), in which the MA coefficients satisfy Assumption 1.

We now move on to investigate asymptotic properties for model (2.1). We first propose some
estimates for several population moments of @; in (2.1), which help derive the asymptotic theory
throughout this paper. To conserve space, we present the rates of the uniform convergence below,

while extra results on point—wise convergence are given in the supplementary Appendix B.



Theorem 2.1. Let Assumptions 1 and 2 hold. In addition, let {WTVt(-)};‘le be a sequence of m x d
matrices of deterministic functions, in which m is fixed, each functional component is Lipschitz

continuous and defined on a compact set |a,b]. Moreover, suppose that

1 Sup, oy iy W) = O(1);

2. SUD o) Sorr IWrest(T) — Wra(7)|| = O(dr), where dr = sup,cpq o1 |Wre(7)]].
Then as T — o0,

1. sup, o | S Wau(7) (2, — E(w,)) || = Op(v/drlog T) provided T dylog T — 0;

2. SUp,ciay | ST War(7) (wx/,, — E(mx],)) || = Op(\/drlogT) for any fived integer p > 0
provided TsdylogT — 0 and max;>1 (| €&|*|Fi_1) < oo a.s., where § > 2 is the same as in

Assumption 2.

Theorem 2.1 is readily used for studying many useful cases, including weighted kernel estimators
(see Lemma B.7 of Appendix B for example), and will be repeatedly used in many of the theoretical
derivations of this paper. Theorem 2.1 is also helpful to a broad range of studies, such as those
mentioned in Hérdle et al. (2000), Fan and Yao (2003), Gao (2007), Li and Racine (2007), Hansen
(2008), Wang and Chan (2014), and Li et al. (2016).

2.2  On the Trending Term — u;

As modelling time—varying means is always an important task in time series analysis (e.g., Wu
and Zhao, 2007; Friedrich et al., 2020), we infer p, of the model (2.1) below. Up to this point, we
have not imposed any specific form on the components p; and B;; of x;. To carry on with our
investigation, we suppose further that pu, = p(7;) and B;, = B;(1;) with 7, = t/T", so (2.1) can be
expressed by

@, = p(7) + Z B;(1)€-;. (2.7)

The challenge then lies in the fact that “residuals” are time—varying linear processes. Some detailed
explanations can be found in Dahlhaus (2012).

The following assumptions are necessary for the development of our trend estimation.

Assumption 3. pu(-) and B,(-) are d x 1 vector and d x d matriz respectively. FEach func-

tional component of u(-) and B;(-) is second order continuously differentiable on [0, 1]. Moreover,

co - 4
SUPre(o.1] Zj:l.]”B](‘ )(T)H < oo forl=0,1.

Assumption 4. Let K(-) be a symmetric probability kernel function and Lipschitz continuous on

[—1,1]. Also, let h — 0 and Th — o0 as T — oc.
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Assumption 3 can be considered as a stronger version than Assumption 1. Assumption 4 is

standard in the literature of kernel regression (Li and Racine, 2007).

For V7 € (0,1), we recover u(7) by the next estimator.

A(r) = (Z Kn(r — T)> > @ Ky(n— 7). (2.8)

We are now ready to establish an important and useful theorem.

Theorem 2.2. Let Assumptions 2—4 hold. For ¥t € (0,1), as T — oo,
~ 1,5
VIR (@(r) = (1) = 5% (7)) 0 N (Osrs, D),

where X,,(T) = 0o <Z;io B;(1) 3772, B]-T(T)>, and ¢y and g are defined in the end of Section 1.

Note that 3,,(+) is the long-run covariance matrix, which in general cannot be estimated directly.
To construct confidence intervals practically, we use a dependent wild bootstrap (DWB) method
which is initially proposed by Shao (2010) for stationary time series. For the sake of space, the
detailed procedure with the associated asymptotic properties is presented in Appendix A.2.

3 Time—Varying VAR

In this section, we pay particular attention to one of the most popular models of the VMA (c0)
family — VAR. Many multivariate time series exhibit time-varying simultaneous interrelationships
and changes in unconditional volatility (e.g., Justiniano and Primiceri, 2008; Coibion and Gorod-
nichenko, 2011). Along this line, time—varying VAR models have proven to be especially useful
for describing the dynamics of the multivariate time series. Majority time—varying VAR models
are investigated under the Bayesian framework, while little has been done using a frequentists’
approach. Building on Section 2, we consider a time—varying VAR model under the nonparametric
framework, and establish the corresponding estimation theory.

Suppose that we observe (_,11, ..., %o, &1, ..., xr) from the following data generating process.

Accounting for heteroscedasticity, we consider the next model.

p
xy = a(n) + Z Aj(Tt)th—j +m, with 9y = w(n)e, (3.1)

j=1
where w(7) is a matrix of unknown functions of 7. The model (3.1) allows dynamic variations
for both the coefficients and the covariance matrix. We infer a(-) and A;(-)’s below, which are
respectively d x 1 vector and d X d matrices of unknown smooth functions. In addition, we are

interested in the d x d dimension w(-) which governs the dynamics of the covariance matrix of
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{n:}_,. As mentioned in Primiceri (2005), allowing w(+) to vary over time is important theoretically
and practically, because a constant covariance matrix implies that the shock to the ¢th variable of
x; has a time—invariant effect on the jth variable of a;, restricting simultaneous interactions among

multiple variables to be time—invariant.

3.1 Estimation Method and Asymptotic Theory

To facilitate the development, we first impose the following conditions.
Assumption 5.
1. The roots of I — Ay(T)L — --- — A,(7)LP = 0q4 all lie outside the unit circle uniformly in
T €[0,1].
2. Each element of A(1) = (a(7), A1(7), ..., Ay(T)) is second order continuously differentiable
on [0,1] and A(7T) = A(0) for 7 < 0.
3. Fach element of w(1) is second order continuously differentiable on [0, 1]. Moreover, (1) =
w(T)w(T)" is positive definite uniformly in T € [0, 1] and w(7) = w(0) for T < 0.

Assumption 5.1 ensures that model (3.1) is neither unit-root nor explosive, while Assumption
5.2 allows the underlying data generate process to evolve over time in a smooth manner. In addition,

the conditions A(7) = A(0) and w(7) = w(0) for 7 < 0 yield
p
z,=a(0)+ Y A;(0)z; + w(0)e (3.2)
j=1

for all ¢ < 0, which ensures (3.2) behaves like a stationary parametric VAR(p) model for ¢ <
0. Similar treatments can be found in Vogt (2012) for the univariate setting. With the above
assumptions in hand, the following proposition shows that model (3.1) can be approximated by a

time—varying VMA (00) process satisfying Assumption 3.

Proposition 3.1. Under Assumption 5, there exists a VMA(oco) process
;’Et = /,L(Tt) -+ Bo(Tt)Gt + B1 (Tt)Etfl + BQ(Tt)Et,Q + .. (33)

such that maxi>) E ||z, — @] = O(T"), where p(1) = a(1) + 372, ¥i(1)a(r), Bo(r) = w(7),
B;(1) =,(1)w(7), ©;(1) = J®I(7)T " for j > 1, ®(-) is defined as follows:

Ai(T) o0 Apa(T) Ay(7)
I - 0, 0,
®(7) = ; (3.4)
Od Id Od



and J = [Id,ded(p_l)}. Moreover, p(-) and B;(-) fulfil Assumption 3.

Under Assumption 5, when 7; is in a small neighbourhood of 7, we have

Ty = leveC[A(T)] + e, (3.5)

where Zy 1 =z 1 ®@Iyand 2,1 = (1,2 ,..., 2/ ,)". The estimators of A(7) and Q(7) are then

sequentially given by

T -1 7
vec[A(r)] = (Z Z, 2\ Z] Ky(r — r)> > Z @ Ky(m - 7),
t=1 t=1
_]_ T

Q(T) = (Z Ku(ri — 7)) ZﬁtﬁtTKh(Tt —7), (3.6)

t=1

~

where 1y = &; — A(7)z;—1. The asymptotic properties associated with (3.6) are summarized in the

next theorem.

1_4
)

I_3h s 50 asT — 0o and

logT

Theorem 3.1. Let Assumptions 2, 4 and 5 hold. Suppose further that
max;>1 E(||€|*|Fi1) < 0o a.s. Then the following results hold.

1. sup,cpi-p [|A(T) — A(T)|| = Op (K> + (%F5)?);

2. In addition, conditional on F;_1, the third and fourth moments of € are identical to the

corresponding unconditional moments a.s.. For ¥t € (0,1),

vec (Am ~A(r) - %hQaQA@)(T))

VTh —p N(0,V(7)),

vech <SA2(T) - Q1) — %hQZ:QQ(?) (7’))

where V(1) is defined in (A.3) for the sake of presentation.

3. V(1) —p V(7), where V(1) is defined in (A.5) for the sake of presentation.

The first result of Theorem 3.1 provides the uniform convergence rate for A(T) As a con-
sequence, it allows us to establish a joint asymptotic distribution for the estimates of the coeffi-
cients and innovation covariance in the second result. For § > 5, the usual optimal bandwidth

_4
hopt = O (T*I/ 5) satisfies the condition Tllg‘STh — 00. The third result ensures the confidence

interval can be constructed practically.

Before moving on to impulse responses, we consider a practical issue — the choice of the lag p,
which is usually unknown in practice and needs to be decided by the data. We select the number

of lags by minimizing the next information criterion:

p = argmin IC(p), (3.7)

1<p<P
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where IC(p) = log {RSS(p)} + p - xz, RSS(p) = %Zle Mo Tlpt> X7 18 the penalty term, and P is a
sufficiently large fixed positive integer. The next theorem shows the validity of (3.7).

)
logT
a.s., xr — 0, and (cror) " 'xr — 00, where cp = h* + (IOTL,ZT)I/2 and ¢ = h + (IOTLhT)l/Q. Then

Theorem 3.2. Let Assumptions 2, 4 and 5 hold. Suppose — 00, max;>1 E(||€|*|Fiz1) < oo

Pr(p=p) = 1asT — oc.

In view of the conditions on Y7, a natural choice is

log T\'? log T
XT:max{hS,h( Y%h ) : Y%h }-log(l/h).

In the supplementary Appendix B.1, we conduct intensive simulations to examine the finite sample

performance of the above information criterion.

3.2 Impulse Response Functions

We now focus on the impulse responses below, which capture the dynamic interactions among the
variables of interest in a wide range of practical cases.

By Proposition 3.1, the impulse response functions of x; is asymptotically equivalent to those
of 7;. Hence, recovering the impulse response functions requires estimating ¥;(-)’s and w(-), which
is then down to the estimation of ®(-) and w(-) by construction. Note further that ®(-) is a matrix
consisting of the coefficients of (3.1). The estimator of ®(-) is intuitively defined as ®(-), in which
we replace A;(-) of (A.6) with the corresponding estimator obtained from (3.6). Furthermore, we
require w(7) to be a lower-triangular matrix in order to fulfil the identification restriction. Thus,
&(7) is chosen as the lower triangular matrix from the Cholesky decomposition of €(7) such that
Q1) =&(r)a " (7).

With the above notation in hand, we are now ready to present the estimator of B;(7) by

Bj(1) = ¥(1)a&(7),

where ‘/I\’j(T) = JP (1)J . The corresponding asymptotic results are summarized in the following

theorem.

Theorem 3.3. Let Assumptions 2, 4 and 5 hold, and let T — oo. Suppose further that TllfsTh — 00,
0g

max;>; F (Het|\4 ].7-},1) < o0 a.s. and conditional on Fi_y1, the third and fourth moments of €; are

identical to the corresponding unconditional moments a.s.. Then for any fixed integer j > 0

VTh <Vec <1§j(7) - Bj(T)) _ %h%ng’(r)) —p N (0,25,(7)),
where

3, (1) = [C1(7), Cia(MIV (1)[Cja(7), Cja(T)] T,
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Bj(?)(T) C;1(1)vec (A(Q) (7‘)) + C;(1)vech (9(2) (7')) )

Coi(1) =0, Coa(r) =L (Li(Ip + Ku)(w(r) @ I;)L])

Cja(r) = (w' (1) ® L) (Z J(@' ()" e (J@W(T)JT)> [Opxa; Lozl 72> 1,

m=0
1

Cjao(r) = Iy ® (J®(1)J )Ly (La(Ipe + Kag)(w(T) @ I))Ly) —, j > 1,
in which the elimination matrixz Ly satisfies that vech(F') = Lgvec(F) for any d x d matriz F', and

the commutation matriz K,,, satisfies that K,,,vec(G) = vec(G") for any m x n matriz G.

To close this section, we comment on how to construct the confidence interval. Since &\’(T) —p
®(7), w(1) =p w(r) and ‘7(7') —p V(1) by Theorem 3.1, it is straightforward to have f)Bj (1) =p
Y p,(7), where f]Bj(T) has a form identical to ¥p,(7) but replacing ®(7), w(r) and V(7) with

their estimators, respectively.

We next show in Section 4 about how to apply the proposed model and estimation method to
an empirical data. Our findings show that the estimated coefficient matrices and impulse response

functions capture various time—varying features.

4 Empirical Study

In this section, we study the transmission mechanism of the monetary policy, and infer the long—run
level of inflation (i.e., trend inflation) and the natural rate of unemployment (NAIRU). The trend
inflation and NAIRU are of central position in setting monetary policy since the Federal Reserve
Bank aims to mitigate deviations of inflation and unemployment from their long-run targets. See
Stock and Watson (2016a) for more relevant discussions.

As well documented, inflation is higher and more volatile during 1970-1980, but substantially
decreases in the subsequent period, which is often referred to as the Great Moderation (Primiceri,
2005). The literature has considered two main classes of explanations: bad policy or bad luck. The
first type of explanations focuses on the changes in the transmission mechanism (e.g., Cogley and
Sargent, 2005), while the second regards it as a consequence of changes in the size of exogenous
shocks (e.g., Sims and Zha, 2006). In what follows, we revisit the arguments associated with the
Great Moderation using our approach. Also, we use the VMA(oc0o) representation of the VAR(p)
model to infer the path of trend inflation and NAIRU over time.

4.1 In—Sample Study

First, we estimate the time—varying VAR(p) model using three commonly adopted macroeconomic
variables of the literature (Primiceri, 2005; Cogley et al., 2010), which are the inflation rate (mea-
sured by the 100 times the year—over—year log change in the GDP deflator), the unemployment

11



rate, representing the non—policy block, and the interest rate (measured by the average value for
the Federal funds rates over the quarter), representing the monetary policy block. To isolate the
monetary policy shocks, the interest rate is ordered last in the VAR model, and is treated as the
monetary policy instrument. The identification requirement is that the monetary policy actions
affect the inflation and the unemployment with at least one period of lag (Primiceri, 2005). The
data are quarterly observations measured at an annual rate from 1954:QQ3 to 2020:Q1, which are
taken from the Federal Reserve Bank of St. Louis economic database. Figure 1 plots the three
macro variables.

The order of the VAR(p) model and the optimal bandwidth are determined by the information
criterion (3.7) and the cross validation criterion (B.1), respectively. We obtain p = 3 and Ny =
0.435. In the literature, the lag length is often assumed to be known with the values varying from
2 to 4, while our data—driven method indicates that 3 is the optimal value.

We first consider measuring the changes in the size of exogenous shocks. Figure 2 plots the
estimated volatilities of the innovations as well as the associated 95% confidence intervals. The
figure exhibits evidence for a general decline in unconditional volatilities. Our results thus support
the “bad luck” explanations (e.g., Primiceri, 2005; Sims and Zha, 2006).

We then consider the responses of the inflation to the monetary policy shocks. Figure 3 plots
the time—varying impulse responses of the inflation to a structural monetary shock as well as the
associated 95% confidence intervals. It is clear that the confidence intervals are much wider at the
beginning of the sample period implying higher uncertainty before 1970. On the other hand, the
structural responses of the inflation seem to be statistically insignificant from 1970 to 2010. Thus,
we conclude that the monetary shocks have less influence on the inflation before and during the
period of the Great Moderation.

Finally, we investigate the trend inflation and the NAIRU. Petrova (2019) considers a Bayesian
time-varying VAR(2) model, and induces the long-run mean of x; by p; = lim, .o Ey(®ts,) =
(I — At)_lat, where a; is the intercept term and A; is the autoregressive coefficients. The main
difference between our method and Petrova’s method is that we invert time-varying VAR (p) model
to the time-varying MA(oo) model, and then explicitly estimate the underlying trends of the
inflation and the NAIRU using model (2.7).

Figure 4 plots the estimates of the trend inflation and the NAIRU. It is obvious that the
underlying trend of the inflation is high in the 1970s, but decreases in the subsequent period. After
the Great Moderation, the long—run level of the inflation is below, but quite close to the Federal
Reserve’s target of 2%, which indicates that the inflation is more anchored now than in the 1970s.

However, the NAIRU is less persistent and fluctuates over time.
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4.2 QOut—of-Sample Forecasting

In this subsection, we focus on the out—of-sample forecasting, and compare the forecasts of a
Bayesian time—varying parameter VAR with stochastic volatility (TVP-SV) (cf., Primiceri, 2005),
as well as a VAR model with constant parameters (CVAR).

Specifically, we consider the 1-8 quarters ahead forecasts. That is to forecast

h
Tpprern = b Z Tyt

i=1
for h =1, 2, 4 and 8, where x; includes the values of the three aforementioned macro variables at
the date t. The forecasts of ;4111 are constructed by %t+1|t+h = A\tzt, in which Et is estimated
from CVAR, TVP-SV and the time-varying VAR model using the available data at time t and
z=[l,z], x|, &/ ,]7. The expanding window scheme is adopted. For comparison, we compute
the root of mean square errors (RMSE) for CVAR as a benchmark, and the RMSE ratios for others.
The out—of-sample forecast period covers 1985:Q2—end, about 35 years.

The forecasting results are presented in Table 1, in which the values represent the ratios of the
RMSES of the corresponding method over the RMSEs of the benchmark method (i.e., CVAR). The
result shows that the time—varying VAR model and TVP-SV perform much better than CVAR,
which implies the desirability of introducing variations in forecasting models. In addition, the

time—varying VAR model has a better forecasting performance than TVP-SV with the increase of

the forecast horizon.

Table 1: The 1-8 quarters ahead forecast. The values represent the ratios of the RMSEs of the
corresponding method over the RMSEs of the benchmark method (i.e., CVAR). In each panel, the
numbers in bold font of each column indicate the method that provides the best out—of-sample
forecast for given h.

h=1Q h=2Q h=4Q h=28Q
Inflation rate, 1985:Q1-end
TVP-SV 0.9771  0.9841 0.9850  0.9880
time-varying VAR 0.9986 0.9732 0.9656 0.9855
Unemployment rate, 1985:Q1—end
TVP-SV 0.9119 0.9683 1.0228 1.0519
time-varying VAR 0.9344 0.9671 0.9928 1.0076
Interest rate, 1985:Q1—end
TVP-SV 0.8388 0.8773 0.9435 1.0066
time-varying VAR~ 0.9720 0.9743 0.9738 0.9892
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Figure 1: Plots of the inflation (left), the unemployment rate (middle) and the interest rate (right)
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Figure 2: The estimated volatilities of the innovations in the inflation equation (left), the unem-
ployment equation (middle) and the interest rate equation (right) as well as the associated 95%
confidence intervals. The red line denotes the estimated volatilities using the constant VAR model.
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Figure 3: The time—varying structural impulse response of the inflation to monetary policy shocks
as well as the associated 95% confidence interval.
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Figure 4: The estimated trends of the inflation and the NAIRU as well as the associated 95%
confidence intervals

5 Conclusion

This paper has proposed a class of time-varying VMA (o0) models, which nest, for instance, time—
varying VAR, time—varying VARMA, and so forth as special cases. Both the estimation method-
ology and asymptotic theory have been established accordingly. In the empirical study, we have
investigated the transmission mechanism of monetary policy using U.S. data, and uncover a fall in
the volatilities of exogenous shocks. Our findings include (i) monetary policy shocks have less influ-
ence on inflation before and during the so—called Great Moderation, (ii) inflation is more anchored
recently, and (iii) the long—run level of inflation is below, but quite close to the Federal Reserve’s
target of two percent after the beginning of the Great Moderation period. In addition, in Appendix
B of the online supplementary material, we have evaluated the finite—sample performance of the
proposed model and estimation theory.

There are several directions for possible extensions. The first one is to test about whether
the d-dimensional components of the VAR(p) process is cross—sectionally independent for the case
where the dimensionality, d, and the number of lags, p, may diverge along with the sample size,
T. The second one is about model specification testing to check whether some of the time—varying
coefficient matrices, A;(7), may just be constant matrices, A;o. Existing studies by Gao and
Gijbels (2008), Pan et al. (2014), and Chen and Wu (2019) may be useful for both issues. The
third one is to allow for some cointegrated structure in our settings. The recent work by Zhang

et al. (2019) provides us with a good reference. We wish to leave such issues for future study.
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Appendix A

For the sake of presentation, we first provide some notation and mathematical sybmols in Appendix
A.1, and then present the dependent wild bootstrap (DWB) procedure with the associated asymptotic
properties in Appendix A.2. Some proofs of the main results are provided in Appendix A.3. Simulations,
some secondary results and omitted proofs are given in the online supplementary Appendix B. In what

follows, M and O(1) always stand for constants, and may be different at each appearance.

A.1 Notation and Mathematical Symbols

For ease of notation, we define three matrices X(7), V(7) and ®(7) with their estimators respectively.

First, for Vr € (0,1), let

1 pl(n) p'(7)
T T T T

%(r) = ur) - olr) ol (A1)
p(r) p1(7) 3o(7)

in which p(7) and B;(7) are defined in Proposition 3.1 and X,,,(7) = p(r)u(r) " + >0 Bj(T)B]TJFm(T)

for m =0,...,p— 1. We define the estimator of 3(7) as

A~

T
1
() = T Zzt—lth_1Kh(Tt -7), (A.2)
t=1

where z; is defined in (3.5).

Next, we let

where

T
. h _
Vau(r) = Jim 23" B (vech(mn o] Z1,) Kl — )% - (574 (r) @ L)
t=1
T
Vao(r) = lim 57 B (vech(nmT vech(nm)T) Ky(r — )2
22(7) = Jim % B vech(mn] vech(mn) ") Kn(r — 7)
t=1

—dgvech (7)) vech ((7)) " . (A.4)

The estimator of V'(7) is then defined as follows.

Vii(r) Volh(r)
Vai(r) Vaa(r)
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where ‘7171(7'), ‘7271(7) and ‘7272(7') have the forms identical to their counterparts of (A.4), but we replace
3(7), m¢ and Q(7) with their estimators presented in (A.2) and (3.6).

Finally, recall the following definition:

Ai(m) o Apa(r) Ap(T)
Iy - 0 0
s =| ¢ ¢ ¢ (A.6)
0 - I, 04

Replacing A;(7)’s of (A.6) with their estimators obtained from (3.6) yields the estimator ®(7) straight

away.

A.2 Dependent Wild Bootstrap

We now present the detailed dependent wild bootstrap (DWB) procedure which is used to establish the

confidence interval associated with Theorem 2.2.

1. For ¥7 € (0,1), let () be the same as defined in (2.8) using an over—smoothing bandwidth h.
Obtain residuals e; = x; — p(7) for t > 1.

2. Generate the bootstrap observations xf = p(7) + e; for t > 1, where e = ey, {¢/} is an [-
dependent process satisfying E(&f) = 0, E|&? = 1, E|¢f|° < oo with 6 > 2, and FE(£€)) =

a((t — s)/l) with some kernel function a (-) and tuning parameter (.
3. For V7 € (0,1), let *(7) be the same as (2.8) but using {z;}.

4. Repeat Steps 2-3 J times. Let g, (7) be the a—quantile of J statistics p*(7) — p(7), and denote the
(1 —a)-100% confidence interval of fi(7) as [[(T) — qi—a/2(7), B(T) — @a/2(7)].

The above DWB procedure requires a tuning parameter [, which is the so—called “block length” (Shao,
2010). The following conditions are required to ensure the validity of the DWB procedure.

Assumption A.1. Suppose that | — oo, max{h, h/h} — 0 and I-max{1/v/Th,h* 1/Th} — 0. Addition-
ally, let a(-) be a symmetric kernel defined on [—1,1] satisfying that a(0) =1 and a(-) is continuous at 0
with oM (0) < oco.

We summarize the asymptotic properties of the DWB method by the next theorem.

Theorem A.1l. Let Assumptions 2—4 and A.1 hold. For ¥Vt € (0,1), as T — oo,

1. supyepa [Pr* [\/Th (5 (7) — fi(r)) < w} Py [\/Th (Filr) — p(r)) < w] ( — op(1),
2. liminfr_ e Pr (p(7) € [B(T) = @i_a)2(7), B(T) — goy2(7)]) =1 — 0,
where Pr* denotes the probability measure induced by the DWB procedure.
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We comment on some practical issues.
Bandwidth Selection: Since the observations are dependent, we use the modified cross—validation
criterion proposed by Chu and Marron (1991). Specifically, it is a “leave—(2k+1)—out” version of cross—

validation and A, is selected to minimize the following objective function:

T

hmcv: i — [ ! —n )
H%ngég(xt Poen (1)) (2 — Bg,n (7))

~1
where fiy (1) = (Zt:“_TTka(%)) Zt:|t—rT|>k x K (Tt}f). Moreover, in the first step of the

bootstrap procedure, we follow the suggestion of Biithlmann et al. (1998) to use h= co - h?,{?v with ¢g = 2.

Tuning parameter: In the second step of the bootstrap procedure, we choose the kernel function

a(-) and the bandwidth [ as in Shao (2010).

A.3 Proofs of the Main Results

Proof of Theorem 2.1.

(1). By Lemma B.3, we have

@, = py 4+ Bi(1)e, + By (L)e_1 — By(L)ey,

where By (1) and B;(L) have been defined in equation (2.2). We are then able to write

T
sup Z Wi (1) (e — E(xt)) '
T€[a,b] || =1
T ~ ~
< sup ZWTJ(T)IB%t(l)et + sup HWT,l(T)Bl(L)EO) + sup HWT7T(T)IBT(L)€TH
T€[a,b] =1 T€la,b] T€a,b]
T-1 N N
+ s |37 (Wren (B (L) - Wru(nB(D)
T€[a,b =1

=1Ipq + It + Ir3 + Irya,

where the definitions of Iz ; for j = 1,...,4 should be obvious.
By Lemma B.5, we have Ir; = Op (\/dT logT). Also, it’s easy to see that I7o = Op(dr) and
It3 = Op(dr), because E|B1(L)eo|| < oo and E||Br(L)er|| < oo in view of the fact that

By ()] <Y IIBjall <o and [[Br(1)] < [ Bjr
§=0 j=0

| < o0
by Lemma B.3. Thus, we just need to consider I74 below.
Note that
(1), XI5 [Bras (1) — Bo(1)]| = O(1) by Lemma B.3;

(2). T?%drlogT — 0 and SUP-¢[a,b] 23:11 |Wrip1(1) — Wr(7)|| = O (dr) by the conditions in the
body of this theorem;
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(3). maxi<i<r—1 [Bes1(D)er]| = Op(TY°) by E|[Byi1(L)e|® < oo and

1<t<T—1

1/s
max ||By1(L)e < (Z [Bet1 (L)er > = 0p(T'°).

Hence, write

T-1

sup, Z(Wmm Br1 (L) = Wra(r)Bi(L)) e
T€[a,b 1
1 ~ ~ ~
- s Z Wr41(7) = Wra(7))Bria (L)€ + Wrg (1) (Bega (L) — Bi(L))e
T€[ab] || =1
» T-1
< | max |Bea(De - Tzl[lapb}tleWTtH( ) = Wi (7)||
+  sup  [[Wiy(r Z [(Ber1(L) — Bi(L))ed|

T€[a,b],1<t<T
= Op(T"° - dr) 4+ Op(d7) = op(\/drlogT).
The first result then follows.

(2). Below, we consider p = 0 only. The cases with fixed p > 1 can be verified in a similar manner, so

omitted.
T
sup Zvec (WTvt(T)(actxtT - E(wgc?))) H
T€[a,b]
T o)
< 2 sup Z(Id®WTt Z Bji ® pi)€r—;
T€[a,b] =1 =0
T o)
+ sup Z(Id @ Wy (r Z it @ Bjyt) <vec (et,je:_j) — vec (Id)>
TE[a,b] t=1 j:O
T oo 00
+2 sup Z(Id@)WTt ZZ B ® Bj)vec (€i—je—j—r)
T€lab] || =1 r=1 j=0

= 2Iry + Irp + 2173,

wherein I1; = Op(\/drlogT') by a proof similar to the first result of this theorem.

Consider It3. Using Lemma B.3, write

I < sup
T€[a,b]

ZT:(Id @ Wiy (7))BY(1) (vec (ere] ) = vee (I) ) H

+ sup H(Id ® WT’l(T))@?(L)VeC (6060 ) ‘ + sup H(Id ® WT7T(7'))IE30T(L)Vec (6T€;> H
7€[a,b] r€la,b]

+ sup
T€[a,b]

TZ (T2 ® Wi (1) B () = (1o @ W ()BY(L) ) - vee (ee] ) H

= I o1 + I722 + I723 + IT)24.
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By Lemma B.6, we have I72; = Op (\/dT logT). Also, I792 = Op(dr) and I723 = Op(dr), because
IBY(1)]| < oo and ||I§0T(1)H < 0o by Lemma B.3. Similar to the proof of the first result, for I7 94, we write

s jz_ll ((Id & Wipa1 (1)BY 1 (L) — (I @ WT,t(T))IEaQ(L)) vec (etej ) H
<V, W (a0 e )|

+ \/gmélx HIE?(L)VGC (eg—:j) H - sup Z |\Writ1(1) — Wr(7)|| = op (\/dT logT) ,

T€a,b]

where we have used the facts that

(1). T%dplog T — 0;

(2). meax HIE%,?(L)vec <€t€tT> H — Op(T?/);
T-1

(3)- Sl[lpb]ZHWTtH() Wr(7)| = O(dr);
TEa,0] t—q

<4>.ZHIBt+1 BY(1)| = o).

Then we can conclude that I724 = Op (\/dT log T).

We now consider I7 3. Using Lemma B.3, we have

T 0o 00
sup Z(Id®WTt ZZ (Bjtrt ® Bjt)vec (€—j€—j—r)
T€lab] || =1 r=1 j=0
T
< sup (D (Ig® Wry(7))er|| + sup ||(Ig @ Wi (7 ZBT vec <606T7«>
T€[a,b] || =1 T€[a,b]
+ sup ||(Iqg® Wr (T Z B (L)vec (eTeng)
T€[a,b]
T—-1 o _ _
+ sup, > ((La® Wpa (0)Bi 4 (L) = (s @ Wiy (r)Bi(L)) vee (e, ) ‘
T€[a,b =1 r=1

= It 31 + It 32 + IT 33 + I 34,

where (; is defined in Lemma B.6.
By Lemma B.6, I731 = Op (\/dT logT). Moreover, I732 = Op(dr) and I733 = Op(dr), because
>y IB%(1)]| < oo and dorg, HETT(l)H < oo by Lemma B.3. For I7 34, we write

T—1 oo

sup
T€a,b]

(12 ® Wi ()B4 (L) — (e © Wry() B (L)) vee (ere],)

i ( i1 (L ;(L)> vec <€t€tT—r)

t=1 r=1
T—

<Vd s [Wir Z

7€[a,b],1<t<T

00 T-1
—|—\/&m?x ZB;(L)VGC (etetT_r) . Sl[lp] Z |Wr1(17) = Wr(7)|| = op(\/drlog T),
r=1 T€lab] =1
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where we have used the fact that
(1). T%dplog T — 0;

Z B! (L)vec <etetT_T>

‘ = 0p(T%°);

T-1

(4). sup > [Wrpi(r) = Wry(r)|| = O(dr).

T€la,b] 1

Based on the above development, the proof of the case with p = 0 is complete. The proof is now

completed. O

Proof of Theorem 2.2.

Write

i ()
3 etK< - T) + \/%Lﬁl(L)eoK <71;T> - \/;ThIET(L)eTK <7Th_ T)
3 on(52) i (157

1 d T T
= m;&(nem( - > +op(1),

ﬁ

-
S

W

t

where the second equality follows from similar arguments to the proof of Theorem 2.1.

For the bias term, we have for any 7 € (0, 1)

T
2 L) (") = o) + S () + o)+ 0 (7).
t=1

Since

Var(\/%i&(l)ql((Tt_T)) hZBt 1B, (1 < - >2
iBj(T) i)BjT(T) ,
p pu

we then use the Cramér-Wold device to prove its asymptotic normality. That is to show that for any

conformable vector [

Z €tK< ;T> —)DN<O,50lT {iB](T)}{iB]T(T)}l>
-1 =0 =0
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Let Zi(1) = ﬁlTBt(l)etK (7). By the law of large numbers for martingale differences and the

assumption E (€€ |Fi—1) = I; a.s., we have for any 7 € (0,1)

Zz2 Sp il S By { S B ()
§j=0 3=0

Furthermore, for any v > 0 and 7 € (0, 1), by Hélder’s inequality and Markov’s inequality,

< gy (B0 () (BEEy T

Th
:o( i 2/2) = o(1).

By Lemma B.1, the proof is now completed. O

Proof of Theorem 3.1.

(1). Similar to the proof of Proposition 3.1, one can show that Zthl |z, — @@/ || = Op(1). Therefore,
Lemma B.7 are still valid for the time—varying VAR process (3.1). For example, consider the uniform

convergence results, by Lemma B.7,

T
1
th;gpl] T Z (mtmt — E(zx, )) Ky (e — 1)
t=1
1< 1 4
< su — (iiT—Emm )K ™ —T +(su K ( 7'—7') Ha:a: — T, H
Te[opu T; +Ty (xexy ) ) Kp (16 —7) TTT]?|ht ; 1T, 1Ty

logT 1 logT
_OP< Th) OP(Th>_OP< Th)'
Hence, in the following we will directly apply Lemma B.7 to the time-varying VAR process.

For notational simplicity, let

We now begin our investigation. Since

z, = Z, vec <A(7) + AO() (7~ 1) + 2 AO () (7 — )2 + M(Tt)> s
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we write

~

vec(A(T) — A(7))

T -1 T
= ( ZZt 1\ Z, 1Kh(7't7')> <;Zztlﬂ3tKh(Tt7')> — vec (A(7))

t=1 t=1

= (Sph(n) @ L) {(ST,I(T) @ I) hvee (AV(7)) + (Sra(r) @ L) %h2vec (4@ () }

T
+ (S:F,%)(T) ® Id) (Z{ Z(Zt—1th,1 ® Ig)vec (M (1)) Kp(m — T))
t=1
+ (Sph() © 1) (;

By standard arguments for the local constant kernel estimator and the uniform convergence results in

N

(ze—1 @ Ig)n Kp (1 — T)) = Iry+ Iro + Irgs.

t=1

Lemma B.7, we have

= O(h?) + Op(h\/10g T/(Th))

logT

uniformly over 7 € [h,1—h]. By Lemma B.8, we have I73 = Op((~F )%) uniformly over 7 € [0,1]. Thus,

the first result follows.

(2). We begin our investigation on the asymptotic normality by writing

T
1 T T — T
1%ZmnK<h>

t=1

~

1 R R T — T
= T}ltzl(nt+77t—77t)(77t+77t—77t)TK< th >

~

T

1 -7 1 T — T

:ﬁz th< ) TZ Tlt)TK<th >
t=1 t=1

1 I Tt — T 1 T Tt — T

. = T t— il ~ T =7

+Thz77(77t M) K( 3 )+Th;("t m)mK( 3 )

t=1

=Irs+Irs+Ire+ Iry.

Let cp = h? + /'L By the first result, for V7 € (0,1) we have

lej:m ) (M — ) K<Tt;T>H

T
~ 1 T —T
< s A - AP gy Sl PR (1) = 0neh),

TtE[h,l—h] t=1

By Lemma B.8, I and I7 7 are both op((Th)~/?). Hence,

o (s ol () - g ol (7

)—wwozwm.
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The above development yields that

| vee (XA(T)—A( 1) — 126,40 (r )) op(h?)
vech (Q(T) —Q(r) - 1n260@)(r )) — op(h?)

(2_1(7') & Id) (ﬁ 23:1 Zi_ 1K (Tt}:T)) + Op(l)
\/% Z::F:l vech (nm — Q(r)) K (757)

= IT,8 + Op(l).

Below, we focus on Irg. First, show Var(Irg) — V(7). Let

Vii(r) V(e
Var(IT78): ~1,1() 2,1() ,

Vou(r) Vaal(r)

where the definition of each block should be obvious. Moreover, simple algebra shows that ‘N/” (1) = Vi(1)
for i, € {1,2}.

By construction, Irg is a summation of m.d.s., we thus use Lemma B.1 and Cramér-Wold device to
prove its asymptotic normality. It suffices to show that dTIT’g —p N (O, dTV(T)d) for any conformable

unit vector d. Let

Zr (7‘) = LdT (271(7') X Id) (Zt—lntK (‘&;7—))
) \/TifL vech (771‘/77; _ Q(Tt)) K (Tt]:T)

By the law of large numbers for martingale differences, we have 77 | Z3 (1) - ST E(Z3 ()| Fi-1) —p
0. Since conditional on F;_; the third and fourth moments of €; equal to the corresponding unconditional
moments a.s., we can prove that Zthl E(Z2,(7)|Fim1) —p dTV(7)d.

Furthermore, for any v > 0 and 7 € (0, 1), similar to the proof of Theorem 2.2, we have

T

ZE((d Zra ))21(ydeT,t(T>\ >u)> 0.

The result follows by Lemma B.1.

(3). By Lemma B.7 and the second result of Theorem 3.1, we have ‘71,1(7') —p V11(7). Similar to the
proof of the second result of this theorem, by the uniform convergence results of A\(T), we can replace 7

with 7y in the following calculations. Therefore,

T
U 1 T\, TrT 2Tt "7 -1
Vaa(r) = = ;vech (mm ) n 2L K (T ) (270 @ L) +0p(1) =p Vau(r),
and

Vaa(r) Zvech i, Jvech(mm,' )" K <hT>
—vgvech (2(7)) vech (Q(T)) +op(1) = p Vaa(r).
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The proof is now completed. O

Proof of Theorem 3.2.

We prove that limp_, o, Pr (IC(p) < IC(p)) =0 for all p # p and p < P.
Note that

IC(p) — IC(p) = log[RSS(p)/RSS(p)] + (p — p)x7-

For p < p, Lemma B.9 implies that RSS(p)/RSS(p) > 1 + v for some v > 0 with large probability for
all large T. Thus, log[RSS(p)/RSS(p)] > v/2 for large T. Because xr — 0, we have IC(p) — IC(p) >
v/2— (p—p)xr > v/3 for large T with large probability. Thus Pr (IC(p) < IC(p)) — 0 for p < p.

Next, consider p > p. Lemma B.9 implies that log[RSS(p)/RSS(p)] = 1+ Op(cr¢r). Hence,
log[RSS(p)/RSS(p)] = Op(erér). Because (p — p)xr > xr, which converges to zero at a slower rate
than cp¢rp, it follows that

Pr (IC(p) < IC(p)) < Pr(Op(cror) + x7 < 0) — 0.

The proof is now completed. O

Proof of Theorem 3.3.

Given the joint distribution of vec(A(r)) and vech(€(7)) in Theorem 3.1, Theorem 3.3 can by easily
obtained by the Delta method since

VThvec (éj(T) - Bj(T)) — VThvec (Jciﬂ‘(T)JTa(T) - Jqﬂ'(T)JTw(T)) .
Then, by standard arguments of the Delta method (see Liitkepohl, 2005, p.111), we can show that
~ 1 5. 2
VTh (Vec (Bj(r) — Bj(7)> — ihQCQBJ( )(7')> —p N (0,2p,(7)) ,

where X () has been defined in the body of the theorem. O
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Online Supplementary Appendix B to “A Class of Time—Varying
VMA (0c0) Models: Nonparametric Kernel Estimation and Application”

This file includes the simulations, preliminary lemmas and proofs which are omitted in the main text.
Specifically, the simulations are summarized in Appendix B.1; Appendix B.2 presents the preliminary
lemmas which are helpful to derive the main results of the paper; Appendix B.3 includes the omitted

proofs of the main results; the proofs of the secondary lemmas are presented in Appendix B.4.

Appendix B

B.1 Simulation

In this section, we exam the above theoretical findings using intensive simulation. The Epanechnikov kernel
K(u) = 0.75(1—u?)I(Ju| < 1) is adopted throughout the numerical studies of this paper for simplicity. For
each estimation conducted below, we always select the number of lag by (3.7) by searching the estimate of
p over a sufficiently large range, say {1,..., |vTh|}. Moreover, for each given p, the bandwidth is selected
by minimizing the following cross—validation criterion function

T

T p p
= E Ly — A_¢ Tt E Aj,—t Tt L 7 Ly — A_¢ Tt E A]v*t Tt L 7 y (Bl)
t=1 j=1 j=1

where a_(-), and A; () are obtained using (3.3) but leaving the ¢th observation out. Once p is obtained,

the rest calculation is relatively straightforward.

We now start describing the data generating process. Let € be ii.d. draws from N(02x1,I3) with
E (etetT) = I5. Consider

Ty = a(’Tt) =+ Al(Tt)QL't_l + AQ(Tt)SEt_Q + U N = (.U(Tt)Et Wlth t = ]., . ,T,
where

a(t) = [0.5sin(277), 0.5 cos(2m7)] T,

0.8exp(—0.54+7)  0.8(r —0.5)3

Al(T) = 5
0.8(1 —0.5)3 0.8+ 0.3sin(77)

—0.2exp (—0.5+7) 0.8(1 — 0.5)?

Ay(r) = :
0.8(7 — 0.5)2 —0.4 + 0.3 cos(mT)
1.54+0.2exp (0.5 — 7) 0
w(r) =
0.2(1.5+0.5(1 — 0.5)?)(1.5+ 0.2exp (0.5 — 7)) 1.5+ 0.5(7 — 0.5)?

We consider the sample size T € {200, 400, 800}, and conduct 1000 replications for each choice of T'.



Based on 1000 replications, we first report the percentages of p < 2, p = 2, and p > 2 respectively in
Table B.1 . It can be seen that the information criterion (3.7) performs reasonably well. The percentage

associated to p = 2 increases as the sample size goes up.

Table B.1: The percentages of p <2, p=2, and p > 2

T p<2 p=2 p>2
200 0.061 0.895 0.044
400 0.011 0.964 0.025
800 0.001 0.983 0.016

Next, we evaluate the estimates of A(7) and €(7), and calculate the root mean square error (RMSE)

as follows.
| looo T - O 1/2
{nT;;H () — 6(7) || }

for () € {A(-),Q(-)}, where Q) (1) is the estimate of @(7) for the n-th replication. Of interest, we
also examine the finite sample coverage probabilities of the confidence intervals based on our asymptotic
theories. In the following, we compute the average of coverage probabilities for grid points in {7t =
1,...,T}. The RMSEs and empirical coverage probabilities are reported in Table B.2. As shown in Table
B.2, the RMSE decreases as the sample size goes up. The finite sample coverage probabilities are smaller

than their nominal level (95%) for small T', but are fairly close to 95% as T' increases.

Table B.2: The RMSEs and the empirical coverage probabilities with 95% nominal level.

A(T) Q(7)
T  RMSE Coverage rate RMSE Coverage rate
200 0.4937 0.9265 0.8228 0.8687
400 0.3703 0.9291 0.7143 0.9059
800 0.2785 0.9319 0.6205 0.9226

B.2 Preliminary Lemmas

We present the preliminary lemmas below, which help facilitate the development of the main results.

Lemma B.1. Suppose {Z;, Fi} is a martingale difference sequence, Sp = Zthl Zy, Up = Zthl Z2 and
s2 = BE(U2) = E(S2). If s;°U% —p 1 and Zthl E[Z%7tI(|ZT7t| > v)] = 0 for any v > 0 with Zy; =

s;th, then as T — o0, S;IST —p N(0,1).

Lemma B.1 can be found in Hall and Heyde (1980).

Lemma B.2. Let {Z;, F;} be a martingale difference sequence. Suppose that |Zy| < M for a constant M,
t=1,...,T. Let Vp = ZtT:1 Var (Zy|Fi—1) <V for some V > 0. Then for any given v > 0,

pr(

T
Sz
t=1

) <o g -

2



Lemma B.2 is the Proposition 2.1 of Freedman (1975).

Lemma B.3. The following algebraic decompositions hold true.

1. By(L) = > 32, B L7 can be decomposed as By(L) = By (1)—(1—L)B,(L), where By(L) = >0 Bj L
and éj,t = rejr1 Br-

2. Bi(L) = Z;’;O(Bj+r7t®Bj7t)Lj can be decomposed as B (L) = BY (1) — (1— L)B} (L), where BI (L) =
>0 é;,tLj and E;,t = heji1(Brirt @ Bry).

In addition, let Assumption 1 hold, then

8. max>1 300 || Byl < oo;

4o limsupr_,o0 312 [Beir (1) — Be(1)]] < oo
5. maxz>1 3500 || B, < oo;

6. maxy>1 302, [|Bf(1)] < oo;

. T-1 i iy
7. thUpT*)OO Zt:l Z?io H]B;_;_l(]-) - Bg(l)n < 0.

Lemma B.4. Let Assumptions 1 and 2 hold. Suppose {WT’t}zﬂzl s a sequence mXxd deterministic matrices

satisfying (1) Y1 [|Wrell = O(1), (2). maxiz: [|Wrel|l = o(1). and (3). S5 [Wrer = Wl = o(1).
AsT — oo,

T T

Z Wr(x: — E(x)) =p 0 and Z Wry (mtm;rp —F (:Btw;p)) —p 0,

t=1 t=1

where m > 1 is fized, and p is a fired non—negative integer.

Lemma B.5. Let Assumptions 1 and 2 hold, and let {WT,t(~)}tT:1 be a sequence of m x d matrices of
functions, where m > 1 1is fized, and each functional component is Lipschitz continuous and defined on a
compact set |a,b]. Moreover, suppose that (1). sup.¢jap) Zthl |Wr(1)]| = O(1), and (2). Tsdr logT —
0, where dr = sup,¢jqp)e>1 |Wra(T)|. As T — 00, sup.¢iqy HZZ;I WT,t(T)Bt(l)GtH = Op (VdrlogT).

Lemma B.6. Let the conditions of Lemma B.5 hold. Suppose Tsdy log T — 0, max;>1 E[||€]|*|F—1] < o0
a.s. and sup;cpqp) ST W1 (1) = Wrg(r)|| = 0(1). As T — oo

1. 5D eqay | SF) (1a ® Wina(7) BY(1) (veclere] | = vee[L)) | = Op (VAT TogT);
2. SUPrefa) sz;l (Ig @ Wr(T)) CtetH = Op (VdrlogT);

where Ct = Z?il Z?iO{BS—H",th—T} ® Bs,t-



Lemma B.7. Let Assumptions 2, 3, and 4 hold. As T — oo,

1. for 7 € (0,1),

T k
1 T — T -
Tzwt<th ) Kh(Tt—T)—Cku(T)—UDO,
t=1
1 T (T —T F ~
TZwthp — Kp(ry — 1) —cXp(1) —=p 0O,
t=1

where X,(1) = p(r)p' (1) + > o Bj (T)B]—-r_,’_p(T) for fized integer k,p > 0;

2
2. given Tli)gSTh — 00,
T k 1
1 T — T> - 9 log T 2
sup  ||= Y @ Kp(re — 1) — cep(7)|| = Op | R* + < ;
refh1-h] ; < h Th
: Tlf%h d E 4
3. given Tt — 00 and maxe>1 Efl|€|*|F-1] < oo a.s.,
T k 1
1 T (Tt - T> . o (logT?2
sup — T — | Kp(ri—7) = 2,(7)|| =0p | * + )
retha-n || T ; P\ h P Th

4
Lemma B.8. Let Assumptions 2, 4 and 5 hold. Suppose leggph — 00 and max;>1 Ef|e||* | Fi_1] < oo

[=or (()°):

2. AT (e — ) K (757 = op(1) for Vr € (0,1).

a.s. AsT — oo,

1. sup,¢ioq] Hﬁ ZtT:1 Ziam K (757)

4
Lemma B.9. Let Assumptions 2, 4 and 5 hold. Suppose Tllggﬁ — 00 and max;>1 Ef||e||* | Fi_1] < oo

a.s. AsT — oo,
. _ 1 T T .
1. if p>p, then RSS(p) = 5>, F (7775 77t) + Op (cror);

2. if p < p, then RSS(p) = + Zthl E (n/ i) + ¢+ op (1) with some constant ¢ > 0.

B.3 Omitted Proofs of the Main Results

We present the omitted proofs of the main results in this section.

Proof of Proposition 2.1.

(1). Start from Example 1. Let p denote the largest eigenvalue of ®; uniformly over ¢. Then, p < 1 by
the condition in Proposition 2.1. Similar to the proof of Proposition 2.4 in Dahlhaus and Polonik (2009),
we have max;>1 || g;é ®; ;|| < Mp/, which yields that

4



max
t>1

o0 o0
> J Bl = max 3~
7j=1 7=1

j—1
J[[®-iJ
=0

<MY jp =0(1)
j=1

In addition, for any conformable matrices {A;} and {B;}, since

14
i=1

we then obtain that

J

3
< MZj2p7 1hmsupz

7=1

given the condition in Proposition 2.1.

,
_ HBi —
i=1

-1 j—1
J <H Dy — H (I)t—i) J'
i=0 =0

T

D

r
HBk ;

k=j+1

-1
(H Ak) (A; — B;j)
k=1

m—1 7
(H ‘I)t+2k> (Ptro—m — Prr1-m) (H ¢’t+lk> J
— k=m

@141 — Bof| = O(1)

Consider Example 2. Similar to Example 1,

rnabeHDth <

Mmabe Z ||B]t|]<Mpr =

- b=1 j=b—q
In addition,

T—1 oo
hmsupZZbHDle Dy ||
T—oo 41 p—1

T—1 oo b

< limsup Z Z b Z 1Bjt+1 —
T=%0 4=1 b=1 j—max(0,b—q)
T—1 oo b
+limsup Y > b Y 1Bl [1©h—jur1-j — Ol
T=00 =1 b=1 j=max(0,b—q)
T—1 oo
< M lim sup Zb | Bt,t+1 — Byl
T—oo Y7 p=1
b T—1

S

b=1  j=max(0,b—q)

(2). By the condition of Proposition 2.

max
t>1

Zj 1Bjill <

— max
t>1

j=01l=j5+1

| Bj || lim sup Z ©b—jt+1-5 — Op—ji—jll = O(1)
T—o0 —1

1.3,

Z kuu 1014l

j: =0

Z Z D5l 10005l _maXZH‘P]tHZ L+ ) [1©1e—j]l

—maXZJH‘I’JtHZH@u ]H+ma‘XZ”lI’]tHZlH®lt il =0Q@).




In addition,

T—-1 oo T—-1 oo J
lim sup Z ZJ | Bjt+1 — Byl < limsup Z ZJ Z [C1e41 ] [1©f—t,t4+1-1 — Oj—t—i|
T—=oo 41 j=1 T=oo 41 521 1=0
T—1 oo J
+ lim sup Zj Z [¥ra1 = Lol 1O -1l
T—oo 4_1 =1 1=0
= IT,l + IT72.

We show that I7; is bounded below, and the proof of I7> can be established similarly.

[e'e) T—1 oo
Ipy <max Y j ([ W), limsup Y > |41 — Oy
t21 < T—o00
7=0 t=1 [=1
T—1 oo

—|—maxz||\Iljt\|hmsupzzl||®lt+1 i — Ol =0(1).

T—oo 4 121

The proof is now completed. O

Proof of Proposition 3.1.

Consider the VMA representation of x;:
T; = ¢ + Bo€r + Bii€i_1 + Bo€go+ -,

where Bo; = w(r), Bjy = ¥;w(ri—j), U0 = T [[00 Lo ®(ry—m)J | forj > 1, py = a(re)+>252, ¥ja(ti—j)
and 7, = %jl(t > 7).

First, we investigate the validity of VMA representation of x; and ;. Let p4 denote the largest eigenvalue

of ®(7) uniformly over 7 € [0, 1]. Then, ps < 1 by Assumption 5.1.

Similar to the proof of Proposition 2.4 in Dahlhaus and Polonik (2009), we have max;>1 HHin;lo D (1—m) H <

M. Tt follows that [E(@e)l| < X% %54l - lla(ri—y)| < M X327, < 00 and

arze)l = |3 BB, <Z|!Bjt|\ <MZpA < oo
7=0

Similarly, we have ||E (2;)|| < oo and |[Var (2;)|| < oo.
Then, we need to verify that max;>1 E ||z; — Z¢|| = O(T~!). For any conformable matrices {A;} and

{B;}, since

ﬁAz—ﬁBz:i<ﬁAk> (Aj—Bj) H By

J=1 \k= k=j+1
we have
j—1
IBji = Bi(m)l| = T [] @(r-m)J "w(rij) — TR (1) "w(m)
m=0




Il H

H (J H ®(ri-m)d " — J<I>j(7t)JT> w(n) +J [ @@-m)d " (@) — w(n))

m=0
j—1

gMZ (1) (®(rii) — () [[ @(r-m) +MpAT

=1 m=i+1

Jj—1 i ]
<MS 7 e My L =0Tt
= ; TPA + pAT ( )7

which follows that
oo
Ella, — &) <) ¥;a(n ) - a(r)| + Z 1Bjt — Bj(7e)|| - E|| €]

< Z\ZZ (ZZ: s +pAT> o(r).

Finally, we check whether the MA coefficients of Z; satisfy Assumption 3. For wp(7), the series
> =0 ¥;(T)a(r) converges uniformly on [0,1] € R since for every v > 0 there exists an N, > 0 such
that

||‘I’m+1(7')a(7')+...+\I,n(7_)a(7_)”SM Z p]j;l<y

Jj=m+1
whenever n > m > N,,.
By the term-by-term differentiability theorem, we have ™) (1) = >0 (‘I/(l)(T)a(T) + W, (T)a(l)(T)),
where ¥ (7) = J (Zg’;g @i(f)@l)(f)@j—l—i(f)) JT.
Therefore, we can conclude that p(-) and ¥;(-) is first-order continuously differentiable. Similarly, we
can show the second-order continuously differentiability of pu(-) and W¥;(-).

In addition, since sup, ¢ ] H‘I’](T)H < Mpi‘, we have
o0
S 1By ||—Za||\v Dl <M i < o
=0 =0

and

ZJHB(I) H_Z]H‘I’l ™)+ (1)) < M i 7o+ ply) < oo

j=0

The proof is therefore completed.

Proof of Theorem A.1.
Note that x; = (7)) + ef, so we can write

T T
p(r) — p(r) = <Z W (T)p(me) — ﬁ(T)) + Y Wr(r)e;
t=1

t=1

=Ir1 + I3,



where Wry (1) = K(™57)/ Y1, K(757).

We start our investigation from I, and write
1 T w—7\ 1 T Ts — Ti 1 T Ts — T
Iri = | =— K-+t )~ TSK(S:t)—~ TSK(S:>
- (Thtz; (™ 1 omr i (P ) - e e (7
1 T T — T 1
— (ZK < th ) ZT(Tt) — ZT(T)> + Op <Th>
VTh \i=1

1
=T I
711 +Ir12 +Op <Th>

where the definitions of Ir;; and I 2 should be obvious, Zp(7) = \/ﬁ Ethl e K (%) and e; =
> o Bj(7t)€r—;. Similar to the development of Lemma B.4, we can show that | I7,12] = Op((Th)~1/?),

which in connection of Assumption A.1 yields

VTh||Iz0]l = Op((h/h)"/?) = 0p(1).
For It 1, by the definition of Riemann integral, we have

Irq = /1 K(u) /1 K(v) (N(T—F’UE +uh) — p(r +vﬁ)> dvdu + O <T1h>

-1 -1
_ L @ 2+ 7 1
= 2h cop' (1) + O(h*(h+ h)) + O h

Thus, we just need to focus on I, and show that

T ) [e'S)
1 TE— T\ . N -
75 K e, —»p« N|0,v E B;(7 g B (1
VTh = < h > t ’ =0 i) =0 j()

Using the Cramér-Wold device, this is enough to show for any conformable unit vector d,

T [e%e]
Tt — T .
Z < : ) e —pe N [ 0,50d" ZB A4S BT
=1 =0
For V1 € [h—i—ﬁ,l —h —ﬁ], we write

1 I T
- KX
7t

T — T

T> d'es = Zp(t) + FZ;K < - > d' (e —e)s

= Z7(1) + op(1),

;T) d' e}, and the second equality follows from

2

1 I Ti
- KX
o (

T T
s 1 T Te—T
FE — 2 K Er(exe*
) e )] e — e (ThZZ ( ) ( ” ) (&@))

t=1 s=1

) (@ — e

IN

) (%4 + 1/(1%)) o) = o(1),



where EE*[-] stands for taking expectation of the variables with respect to the bootstrap draws first, and

then taking the exception with respect to the sample.

In the following, we first show that
Var*(Z(7))? = tod ZB )¢S Y _Bj (1) pd+op(l)

and then prove its normality by blocking techniques.

Condition on the original sample, we have

E*(Z3(T))?
1 L T — T
- s T T [k ok
- Th;;K< - > < ; >d ere) dE*(£¢7)
1 r Ty T T Tiai; — T
_T’hZK2<th >d etetd+ThZZK<t > (%)dTetetTHda(i/l)
t=1 =1 t=1
1 T—1T—i e
+ 7 K < > <t+h> d"eiie] da(i)l). (B.2)
i=1 t=1

For the first term on the right hand side of (B.2), by Lemma B.4, it is straightforward to obtain that
2 (Tt — T 2 (Tt — T
ThZK ( - )d etetd—ThZK ( - )d E(etet)d+0p()

For the second and third terms on the right hand side of (B.2), we have

T—-1T—1

ZZK < P)r () (erels - Precel) atirh
(rt T> K (Tt—i-ih—7—> (etetTH _ E(eteLiDH'

We now take a careful look at E HZZ:K (7)) K (7”;1_7) (ere) ; — E(ece];)) H Simple algebra
shows that E(eie/,;) =

T-1

:52

E;io BNB]-TH ++i- Applying vector transformation, we can write

1 . Tt — T 7-t+. — T
Th — K < . > K (’h> vec [ete;—z‘ — E(ete;i)}
1 = T T T T o0
t — i —
~Th - K < h > K (h) Z (Bjtii4+i ® Bj) vec [et,jez—_j _ Id}

J
T—1 e e
1 T Tepi — T
2 K ( h >K< h >Z 2 (Briti® Bjg)vec er-selim)

= IT73 + IT74.

Let w; = vec [e;€/ — I;]. By Assumption 2, E||w||%? < 4E||&|° < oo for some § > 2, which im-

plies that {w;} is uniformly integrable. Hence, for every v > 0, there exists a A, > 0 such that

E lw I (JJwe]| > Av)|| < v. Define wyp = wel (Jlwe]] < Ay) and way = wy — wi e = wid ([Jwe|l > Ay).

9



Similar to the proof of Theorem 2.22 in Hall and Heyde (1980),

] = T —T Tigi — T
L K t— K t+i —
() ()

Y (Bjrigti ® Bjg) (wi—j — E(wy e[ Fomj1)) H

EllIrs| < E

Y (Bjristi ® Bjy) (way—j — E(way—j| Fij1)) H

For It 31,

Ir3 <

N
3)-
8
—
S|

(Bjtitt+i @ Bjt) (wi—5 — E(w1t—j|Fe—j-1))
1 & (= T — T Tias — T

< K2 t KZ t+1 —

< B () e (2

2
2 2 2
Byl [1Biel” B 1w }

-

il

1
< — E .
~ VTh Mr&alx , OHB’
J:

, 1
. LT71K2 T T KQ Tt+i — T EH’(U ||2 ’
Th & h h b

= Bidra(7),

where 8; = max;>1 372 | Bjell || Bjtiutil satistying

00 9] 00 0
D5 < Y omax S 1Bl 1Bl < s L IB (0] | <o
= 1= 7= J=

and ¢T,1(7_) =0 (\;‘ﬁ) For IT’32,

[e.e]
1 T — T Ti4i — T
T2 < 21 S 1Byl B T*Z ("5 7) (72T Bl
J:

=Bipr2(T),



where ¢72(7) = O(v). As we can make v arbitrarily small, it follows that

¢r = sup (¢11(7) + dr2(r)) =0
7€[0,1]
as T — oo.

For It 4, we have

T—i
1 1 Tt — T Tt+¢—7'>
E|\I < FE K K
I Th( H o () K (™

o0 o0
-
Z (Bm,i+i ® Bjt) vec [et,jet+i_m}
J=0 m=0,7j+i
1

1
2)2

. T . . .
since F (vec [et,je;i_m] vec [es,jesT_H-_m] ) , M # j + i can only be non-zero if t = s.

Based on the above development and Y ;2 a(i/l) = 22:0 a(i/l) = O(l), we conclude that

T-1T—i
E % Z ZlK (Tt l; T> K (TtJ”h_ T) (ete;ﬂ- — E(etetTH)) a(i/l)
i=1 t=
> M & Ml
<M¢r )y Bi+—=) a(i/l) < —= =o(1)

since Y .2, B < oo and limy_,00 ¢7 = 0.

We now just need to focus on - S K (1)K (T”;'l_T) E(ee/,;)a(i/l). Note that

2 2 (75 () et
_ TlthTZK (") e (P el

.. TZITZK (P7) e (T Bt - 1)

by the proof of Theorem 2.2.

11



2
Let dr satisfy % + dTT — 0. The second term is then bounded by

T—-1T—1
k(M
i=1 t=1

> (Ttﬂh_ T) E(eresy;)(a(i/l) = 1)

<MZmaXHE el lati/t) — 1+ M Z maxHE ecel )| lati/t) — 1
i=dr+
<MZ 1—a(i/l))+M Z maXHE ece) ;)| = o(1),
i=dp+1

dr dr

Y (1 —a(i/1)) <Y (=aM(0)i/l + 0(if1)) < M7/l = o(1)

i=1 i=1

Z m?XHE ere; ;)| = o(1) as dp — oo

i=dp+1

Conditional on the original sample, we now use standard arguments of a blocking technique to show

the asymptotic normality of the stochastic term. Now let Z1.(7) = E] 1 X75(T) + Z?Zl Y7 i(7), where

Bj+r Bj+ri+re2

1 Tt T T * * 1 Tt — T T "
X1,;(1) = 7= Z K <> d e, Yr;(r)= Z K <> d e,
Th t=B;+1 h Ft Bj+ri+1 h
with Bj = (j — 1)(r1 +72) and k = [T/(r1 +12)]. Let ry = r1(T) and ro = ro(T') satisfying r /(Th) +
[/(r1) = 0 and ro/ry +1/ry — 0. We first show that Z;?:l Y7 :(7) = op(1). Since ry > for large enough

T and the blocks Y7 ; are mutual independent conditionally on the original data, then we have

k 2 k
Y Vi) | =B Y E (g (n)
= =
kBT i Terlil — T
< Th Z (i/1) maXHE ee) ;) Z Z K (h) K <h>
i=—ro+ j=1 t=Bj+ri+1
k Bjtritre—i

T+ — T Tt+i — T
Th0<l<r2 1Z Z K< h >K< h )

=1 t=B+r1+1

]{}T‘Qh
<M
- Th

< M2 =o(1).
<M =o()

We employ the Lindeberg CLT to establish the asymptotic normality of Z?:l X7 () as the blocks X7, j (1)
are independent when ro > [ for large enough T. As discussed before, we have already shown that the
asymptotic variance is equal to vod ' {Z?io Bj(T)} {Z?O:o BjT (7')} d. We then need to verify that for
every v > 0,

>v :Op(l).

: X7,(r)? Xiy(r)?
e J I =
z:: E* (2?21 X’;,j (T)>2 Ex (zj:l X;’ivj (T)>2

12



Conditional on original sample, by Holder’s inequality, Chebyshev’s inequality and Minkowski’s inequality,

we have

2 2
j=1 Ex (E?Zl X}’j(7)> Ex (Z?:l X’_i[k‘,j(T)>
6—2
NG E Xi,(0)? a
9 5 * »J
<§k: E*( Xi,(7) )2 (E*(Zﬁ—lX?f(T)V)
= B (S5, Xi,(7))?
Bj+r Tt —T 0 % (¢#\0
Ly EEREOP e 2 (K () dTer) B (&)
- s — [
= (B (S X, (0)) = (b X7,(1)))

Cw L BN L (K de) By (1> = op(1).
T (B X,0) e

[ SIS0

The proof is now completed. O

B.4 Proofs of the Preliminary Lemmas

Proof of Lemma B.3.

(1). The first result follows from the standard BN decomposition (e.g., Phillips and Solo, 1992), so the

details are omitted.

(2). For the second decomposition, write

o o [ee)
Q-DBj(IL)=> (L > (Bitrt®Bry) = L' > (Bpirt ® Bry)
=0 k=j+1 k=j+1

(o, ¢] o0
Lt Z (Bisrt ® Byy) — LT Z (Bitrt @ Byt
k=j+2 k=j+1

o

Il
80

J

+ Z(Bk+r,t ® By, 1)

k=1
[e.e] ) o

==Y V™ (Bji14r1 @ Bjp1) + > (Bt © Biy)
=0 k=1

= — Z Lj(Bj_HnJ & Bj,t) + Z(Bk+r,t X Bk,t)
j=0 k=0

— B(1) - Bj(L).

(3). By Assumption 1,

o0 . o0 o0 o0
AEETS 3 SECHETS ST
a2 Bl < w32 30 WBuell =3 518l < o0
§=0 J=0 k=j+1 J=1

13



(4). By Assumption 1,

T—

H

Tf
My 1M

0.)
> IIBris1 — Bl
k=j+1

T-1 »
> IBesi(1) —Be(1)]] <
t=1

~
L

JIBjt+1 — Byt < oo.

“
Il
—

<.
Il

1

(5). By Assumption 1,

o
gag;conB;,tHSrgg;cZ 3 ||Bk+m®Bkt||—maxZ S Buondll- 1Bl
]:

7]—‘,-1 - j 0 k= ]+1

oo
Bl < Mmax S 1By < oo.

=t =

= i || B;
1?3%21]”
]:

(6). Write
i o~
max " (B0 <max S S [Busrell- 1Bl
- r=1 - r=1j=0 k=j+1
oo o0 oo
=maxd, D | -(Z\ler,tlr)
= =0 k=j+1 r=1
[0.9] o
< (o0 ) (1) <
= \r=1 j=1
(7). Write
T—-1 oo o0 T—-1 oo o0 0o
Z i1( :(UH < ZZZ Z Biirt+1 ® Bt — Bigrt @ By
t=1 r=0 j=0 t=1 r=0 j=0 || k=j+1

o0

-1 o
< ZZOZ Z (1Brrp1 —

1 r=0 j=0 k=j+1
1

N B+l + | Brartll - | Bryi+1 — Bryll)

¢

T— 00 -

- Z Z (HBk,t-HH : Z | Bitr,i+1 —
t=

=0 k=j+1 r=0

1

T—1 oo oo
<Z Z By i1 — Br,t||> : (T?gfizk HBk,tH>
t=1r - k=1

=1

T—-1 [e's)
+ ( k|| By, t+1 — Bk,tH) : (I?Zaf(Z:l | B,
r=

t=1 k=1

oo
— By - Z ||Bk+r,t||>
r=0

IN

)<

The proof is now completed.

Proof of Lemma B.4.

By Lemma B.3, we have
x; = pe+ Bi(1)er + Be(L)er—1 — By(L)ey,

14



which yields that

T
Z Wryi (e — E(xy)) = Z WrBi(1)e; + Wr1Bi1(L)eg — WraBr(L)er
=1
T—1 B
+ (WTt+IBt+1( ) — WT,tEt(L)) €t
=1

:Z:Inl%—Iﬂg%—Iﬂgﬁ-In4

For I,
T 2 T
E|Y WrB(le| = (Z W B:(1)E(ee] )B/] (1)WTTt>
t=1 t
T T
<MD |[Wry|® < MmaXHWTtll D Wl = o(1).
t=1 t=1
Hence, [[Ira | = op(1).
Also, || I7z2| = op(1) and |[Irg|| = op(l), since maxi>1 [|[Wry| = o(1), EH@l(L)eoH < oo and

E|Br(L)e:|| < oo by Lemma B.3.

FbrITA,

=
L

“
I
—

(WT,tH@tH( - Wr, tEt ) €t
T—

S

1
(Wi = W) B (Ler+ > Wy (Bia (L) = Bi(L)) e (B.3)

t=1 t=1

Note that for the first term on the right hand side of (B.3)

T-1
E Z (WT,t+1 - WT,t) Bt+1(L)€t
t=1

-1
< I?Zach HBt—i—l(L)EtH . Z Wi i1 — Wl = o(1)

by Lemma B.3 and the conditions on Wy ;. For the second term on the right hand side of (B.3), write

T-—1
E|Y wr, <]B%t+1(L) - Bt(L)) e
t=1
T—-1 _
< max B lel - max [Wre| > 1By (1) — By(1)]]
t=1
T—-1 oo [e%e
< M max [Wr| ZZ > IBjii1 — Bl
- 7=0k=j+1
— o0
= M max |[Wr|| Z > ilBjir1 — Byl = o(1).

t=1 j=1

Thus, we have proved that || Y7, Wy, (z; — E(z)) || = op(1).



We now prove || Z?:l Wr (mtm;p —-F (:z:tmtTer)) | = op(1). Start from p = 0 and write

T = pupy +thet iBj t+ZBJt€t gk +ZBJt€t J€t— ]BT
J=0 Jj=0 j=0

+ZZBJt€t jel_j_rB] +rt+ZZBJ+rt€t —j-r€l_;Bjy,

r=1 =0 r=1 5=0

which yields that

vec [WT¢ (mtth —F (wtth))]

= Iy Wry) (Bji @ ) €—j + (Ig © Wry) Z e @ Bji) €

Jj= Jj=0

+ (Ig @ Wry)

M8°

(Bj:® Bj;) Vec[et_jetT_j — I
7=0

0o oo
Id ® WTt Z Z Gt & Bj,t)VeC[etfje;r—j—r]
r=1 j=0

o0 o0
+ Iy ® WTt Z Z it & Bj+r,t)vec[€t*j*7”e;r—j]'
r=1 5=0

Consequently, we obtain

S Wi (s 5 (wie])) H

t=1
T o
<2 Z I,@Wry) Z we ® Bj;) €
t=1 7=0
T 00
+ Z Id®WTt Z ]t®Bjt vec[et 362—] Id]
t=1 7=0
T oo 00
+2 Z (Ig @ Wry) Z Z it @ Bj,t)vec[et_je;j,r]
t=1 r=1 j=0

= Irs+Ire + I77.

By the development of Y7, Wi (z; — E(=)), it is easy to know that I75 is op(1).
For Itg, by Lemma B.3, write

It <

T
Z I, @ Wr,)BY(1) (Vec(etetT) — vec(Iy) H

H( ® W) BY(D)vec(eoed) | + || (s © W) B (D)vec(erer) |

Let Z; = vec(ee; — I;) for notational simplicity. By Assumption 2, for any v > 0, there exists A, > 0

T—

Z (L2 © Wr) B (L) = (L@ W) BYUL) ) vee (ere] )

= Ire1 + ITe2 + IT63 + IT64-

+
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that for all t, FE [HZtH . I(HZtH > )\,/)] < v. Then let further Zl,t == ZtI(HZtH < )\V) and ZQ’t = Zt_Zl,t-

We are now ready to write

I <

T
Z I, Wry) B (1) (Z1s — E(Zl,t\ft_mH

T
+13 (Li @ Wr) B)(1) (2o, — E (Zz,tlft—l))H . (B4)
t=1

For the first term on the right hand side of (B.4), by Lemma B.3, write

.

BT Ly Wm}

2

E (I; @ Wr)BY(1) (Z14 — E(Z14|Fi1))

Mﬂ gl

> (L@ Wr)B)(1)E (210 — E(Z14dFir)) (Z1s — B (Z15]Fer) )
1s=1

-
Il

e}

T
<M ma‘XZHB]t” S AWrl* B 214 <MA2maXIIWTtHZIIWTtH—0()
=" j=0 t=1 t=1

For the second term on the right hand side of (B.4), we have

T
S MY Wiyl E||Z2y]| < M.
t=1

) BY(1) (Zoy — E (Z24| Fi1))

By choosing v sufficiently small, and then it follows that Ir = op(1). Similar to the proof of I7 2 and

It 3, we can prove that I7 gy and I3 are op(1). For I 4, we have

T—1
Irea < ||Y - (Ta® (Wrygr — Wry)) BY (L) vec <€t€tT)H
t=1
T—1 » "
1Y (L W) <B§+1(L) - BQ(L)) vec (etej) H .
t=1

Similar to the proof of I 4, by Lemma B.3, we can prove that I764 is op(1). Then we can conclude that
IT,G = Op(l).

For Ir7, using Lemma B.3, we have

T [ee) o]
Irz < | Y (L@ W) Y By (1vee (ee ., )|+ ||(Ta @ W) Y- Bi(D)vee (eoel, ) ‘
t=1 r=1 r=1
+ || (L Wrr) Y B (Lyvee (erer, )
r=1
T—1 oo " _
> (10 Wrp)Bi (L) — (I © Wr)Bi(D)) vee (e, ) |
t=1 r=1

= It + Irqgo + Itz + I7 74,
For It 71, by Lemma B.3, we further write

17



2

T o)
Z 1,0 Wry) Y Bf(1)vee (ete;r_ )
t=1 r=1

T T 00
= B> Y (Lo Wr) Y By (Dvee (e, ) vee (esel ) BET(1)(La® W)
t=1 s=1 rk=1

T

o (0.9] 2
< M; IIWT,tIIZZ_; 1B (L)II* < M (Dtﬂ;gz_; IIBl(l)H) max [Wr| Z W]l = o(1).

t=1

In addition, similar to the proof of It to I 4, we can show that I 7o to I7 74 are op(1).

Combining the above results, we have proved the case of p = 0.

Similar to the development of p = 0, we can consider the case with p > 1 given p is a fixed number.

The details are omitted due to similarity. The proof is now complete. O

Proof of Lemma B.5.

In the following proof, we cover the interval [a, b] by a finite number of subintervals {S;}, which are centered
at s; with the length denoted by d7. Denote the number of these intervals by Np, then Np = O((S:Fl). In
addition, let 07 = O(T 1) with y7 = /drlogT.

Write

T T

Sup Wri(7)Bi(1)e:|| <  max +(s1)By (1
T€[a,b] ; 1<I<Np Z::

T
w: - W B (1
LI, P || & (Welr) — Wielo) Bl

= JT}l —|— JT,2

For Jr2, since Wr () is Lipschitz continuous and max;>; || B¢(1)|| < oo by Assumption 1, we have

(1) = Wr(s1)|| BB (e

<l<NT Tesl

< MTér I?ffiEHBt(l)etH = O(77).

For Jr1, we apply the truncation method. Define €; = €:I(| €] < T%) and €/ = € — €, where 0 is

defined in Assumption 2, and I(-) is the indicator function. Write

T
Jra = 12131)\{% ZWTt s1)B(1) (e; +€ —F (e; + e;’|}"t,1)) H
T T
< | max ZWTt s1)B:(1) (et — E(ef|Fi-1)) +1£Illg]>\<[T ZWT,t(Sl)Bt(l)Gg
) t=1
+1§12])§T ZWT,t(Sl)Bt(l)E(eg‘}—t—l)

= Jri +Jri2 + Jras.
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Start from Jr 12. By Holder’s inequality and Markov’s inequality,

T T
E|Jrs) < 0W)dr Y Blef|| = 0()dr Y- Ellecd (lef]| = T4)]
t=1 t=1

<oary. {Ble®} {BN1(le = THI} T
t=1

= O(1)dr XT: {Elletn‘;}‘ls {Pr(||et|| > Té)}éél
t=1

< O()dr i {EHetH‘S}}S {E”;t\|5 }El

where the second inequality follows from Hoélder’s inequality, and the third inequality follows from Markov’s
inequality. Similarly, Jr i3 = Op(T%dT) =op (\/W)

We now turn to Jr ;. For notational simplicity, let Y; = Wy (s;)B(1) (€; — E(€}|F—1)) for 1 <¢ <T
and Ap = 2Ts5dr max;>1 | B(1)]|. Simple algebra shows that ||Y;|| < Az uniformly in ¢ and s;. By
Assumption 2 and the first condition in the body of this lemma,

T T

E(Y2 ,)<Md E( 2 ,): o (dr).
22N, 2 1Yl [Fier ) < Tlggﬁguwﬁt(sou lec|? | Fi1) = Ous.(dr)

By Lemma B.2 and T%dT log T — 0, choose some 3 > 0 (such as 8 = 4), and write

Pr (JT,H > WVT)

T
_ T
— Pr (JT,H > VBMr, max ;Eth \Fior)|| < MdT>
T
.
+Pr <JT,11 > VBMar, max. ;Emn | Fi-1) >MdT>

T
> EYY,|Fi)
t=1

<P /BM < Md
< r(JT,11> BM~r, | nax < T)

T
Y EWY,|Fi)
t=1

BM~7
< N —
= YT eXp ( 2(MdT + ’)/TQAT) +0

+Pr| max
1<I<Nyp

> MdT>

< Nrexp <_§ logT) = 0(5;1):,1*% - 0.

Based on the above development, the proof is now complete. O

Proof of Lemma B.6.

(1). Similar to the proof of Lemma B.5, we use a finite number of subintervals {S;} to cover the interval
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[a,b], which are centered at s; with the length d7. Denote the number of these intervals by Np then
Nr = O(63"). In addition, let o7 = O(T~'y7) with vp = /drlogT.

T

|t Wi s (e ) vt
TGO | ¢=1
< g, [ 320000 Wt s ) et
== =1

+ max sup
1<ISNT £

ZT: (4 (Wia() ~ Wra(50) B(1) (vee (e ) ‘V““d))H

= JT,l + JT’Q.

Start from Jr . Similar to the proof of Lemma B.5, since

< 00

[ee] [ee]
B < ST IBjl? < | S 1IBy.ll
j=0 j=0

by Assumption 1, we have
E|Jra| < MTér ril>ale HIB%?(l) (vec (e,ﬁj) — Vec(Id)> H = O(vyr).

We then apply the truncation method. Define u; = BY (1) (vec (€] ) — vec (1)), uj = wd (fJue|| < T%)

and uy = u; — u;. For Jr, write

T
Jri = 1%1112]}\(& Z I;® WTt (s1)) (ué + u;’ — E(’U,g + u;’|ft,1)) H
T T
< Imax Z I; @ Wry(s1)) (up — E(ui| Fi-1))|| +  nax > (Ta® Wry(s)uf
) =1
+  ax ;(Id ® Wry(s1))E(uf|Fi—1)

= Jra1 + Jraz + Jras.

As in the proof of Lemma B.5, we can show that Jpi1o = op(v/drlogT) and Jpi3 = op(y/drlogT)
respectively. We focus on Jr 11 below.

For any 1 <1 < Np, let V; = (Iy ® Wry(s;))(u; — E(uy|Fi—1)). We then have E (Y;|F;—1) = 0 and
|Y;|| < 272/%dy max, |BY(1)]|. Since max;> E <||etH4 |.7-"t_1> < 00 a.s., we can write

T
> EWY,|Fi)

max
1<I<Np

T
< 2 7) _ '
_MdTI?EaIXE(HUt” | Fie1 1513]>\<[T;||WT¢(3,)\| Ous. (dr)

Similar to Lemma B.2, choose 8 > 0 (such as 5 = 4). In view of the fact that T%dT logT — 0, we write
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Pr (JT711 > WVT)

The first result then follows.

T
.
= <
Pr (JT,H > V/BMar, max. ;Emn |Fe-1)|[ < MdT>
T
.
+ Pr (JT,H > v/ BM~r, max ;E(Ym | Fi1) >MdT>

T
= <
< (JTH > \/777“,1?[1&}( Zl Y, |Fo)|| < MdT)
T
-
o (“??6 > B, |7 >MdT>

BM~2.

< 3
Mdr + M~7Tsdr

e <_2< >) o

< Nrexp <—§ logT> = NTT_g = o(1).

(2). Let {S;} be a finite number of subintervals covering the interval [a, b], which are centered at s; with the

length d7. Denote the number of these intervals by Ny then Np = 0(5; 1

with vr = v/drlogT'. Then

sup
T€[a,b]

T
Z I @ Wry(7)) Gree

). In addition, let 57 = O(T~!q7)

max
1<I<N7p

T
Z (Ig @ Wr(s1)) Cre
t—1

T
Z Ip @ (Wri(1) — Wri(s1))) Ge

+ max sup
1<ISNT 7¢8,

Jrs+ Jra.

Consider Jr 4. By the fact that |tr(A)| < d||A] for any d x d matrix A and Assumption 1,

E||Crexll =

B>

r=1

o0

<l|E

&

o0

<

<n (5

b
o((3
gt

N
=

IN

(5

D

r=1

D

7”:1

ZBs—I—’r‘t ®Bst

) e ()

- o\ 1/2
(Z B, ® stt> vec <etetT,T>
8: 7y 1/2
(Z By ® Bs,t) Iy I) - (Z By, ® B t)
;0 L 5=0
Z Byir: ® By

o

Z ||Bs+rtH

) (Eer))”
1Byl ) - (guBs,tu?))m

1/2
oo
| Brell ) - (Z HBs,tHQ)
s=0

b

< Q.
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Similarly, we have

E‘JTA’ S MTéT TBIXE HCthH = O(’)/T)

Before investigating Jr 3, we first show that

T

15121}\([ HWTt(Sl)H E <||Ct€t|| |~7:t 1) = Op(l) (B5)

Note that

T
max, 3 IWi(s)| 2 (lcedl® | 7er)

1<I<NT 4

Z IWr(soll (B (IGedl® 1Fis) = BliGiel)

W: E 2
+1§121’6T;” (sl B [|Ceet

and maxi<;<n, Zthl W i(s1)|| E ||¢ees]|* = O(1). Thus, to prove (B.5), it is sufficient to show

T
e, |2 [Wre(en] (& (Iceeel® |1 Fimr) = EliGed®) | = op(1).
In order to do so, we write
T
2%, |22 W)l (& (I¢el? |1 Fir) - B ||<:tetu2)|
(o]
= | max. Z:: Wiy (s0)]| tr T;IBQ(D(Q el . ©I)B ZIB;T
T 00

< max Z [Wa(s1)] Z (B; (1) @ B} (1)) (vee (er—rel, @ Iy) = vee(Ie) ) ‘

+2d” - 131131)61 Z [Wr(s1)ll ;; (Brﬂ ® By (1 )) vec (et_retT,r,j ® Id>
= JT75 + JT,G-

Let Ty (L) = >202, B /(1) @ B! (1)L7. Similar to the second result of Lemma B.3, we have
Fro(L) = Fro(1) = (1= D)Fr(L) (B.6)

where F, (L) = P F,j L7 and F,;, = D rsi B! (1) @ BF(1). For notational simplicity, denote

Xt = i <Bf(1) ® Biﬂ)) vec (et—jettj ® Id) )

j—l

Xy = ZZ ( rﬂ ®IB%J( )) vec <et_jetT_r_j ® Id> )

r=1 j=1
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Applying (B.6) to Xor and Xy yields that

Xt = Foy(1)vec (etetT ® Id) — (1 — L)Fo,(L)vec (etetT ® Id) ,

(o.@) o0
Xy = ZFnt(l)vec (etetT_,, ® Id> —(1-10) ZIFM(L)VGC (etetT_r ® Id> )
r=1 r=1

For Jr 5, summing up Xt over t yields

I ZHWN s ||Z (B; (1) @ B}(1)) (vec (&r-rel, @ 1) —vec<1d2>)H
< max ;||WT¢(51)||IF0¢(1) (Vec (qe;r ®Id) — vec (Id2)>H

+ max HHWT,l(sl)Hﬁo,l(L)vec (eoeg ®Id)H+ sup H||WT7T(31)Hﬁ0,T(L)VeC (eTe}e@Id)H

1<I<Np 0<r<1
T ~
+ max Z (W21 (50l Eoua (L) = [ Wrs(s0)l| o (L)) vee (ere] © L) ‘

= Jrs1 + Jrs2 + Jrs3 + Jr54.

Similar to the proof of Lemma B.6.1, we can show that Jr 51 = Op (\/dT log T), since

o0

o
Z Byyjt ® Bk,t
k=0

t>1

. maxz (Z \Bkﬂ,tn?) @0 uBk,t\F)

k=0

<
max [Fo (1)[] < max 1
Jj=

< 00.

o0 o0
2 . 2
< max (};} | Br.t || ) Z;J | Byt
= Jj=

Also, we can show that Jr 52 = Op(dr) and Jrs3 = Op(dr), since

oo 0 9 0 St e
=~ k
rgefcuwusn;eszﬁ\\wu z > (x0m
J=Lk=j

r=1k=r+1 \ j7=0

(k= 7) | Brll )
r= lk r+1

> > r(r+1)
2 2
= ey 2‘3 1Bl <§ : LByl )
J:

o0
1D IB;,
§=0

o0
<max | > ||Bjl?
j=0

t>1

r=1

Z] 1Bjell* | < oo

t>1

o0
< max | > || Bj.]*
j=0

We can easily show Jrs4 = op (1), since

sup (Z Wi ()] = IIWT,t(T)H)

T€[a,b]
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T€[a,b] =1
and
T_1HF0,t+1(1) S22 2 B o B 1) - B0 e BH)|
t=1 =1 r=1 k=r+1

(o]
> (UIBjsritr — Biral - 1Bjusall + 1Bjirs — Byl - [ Bjsrall)

T—-1 oo 0o 0o %)
<MY SN | IBrats — Brall - Y 1Bl + [1Bisll - D I1Bjir1 — Bl
t=1 r=1 k=r+1 7=0 7=0
T—1 o 00
<M ( > klBrgsr — Bk,tH) Iglgfz | Bjt41l
t=1 k=1 j=0

[e'e) T—1 oo
Ny ( S ann)- S 1By - Byl

t=1 5=0

Based on the above development, we conclude that Jr5 = op(1).

Next, we focus on Jr 6, and write

7"+] r T
15121}\(% Z IWre(s) Z ZB ) ® Bi(1)vec (etﬂ“ft—r—j ® Id)

r=1 j=1

< max Z”WTt s ||ZIFM V€C<€t€t T®Id>

— r=1

+ max |WT,1<sz>H;®1<L>vec (evel, @ 1)

+ max HWT,T(SI)H Z FT,T(L)VGC <€t€;,7q ® Id>

1<I< Ny -
T—1 oo _
+ max t:1§(|wm SO (L) = [ Wi (s0) | Fra (L) ) vee (eteLmd)‘

= Jre1 + Jre2 + Jr63 + JT64-

We can show that Jr g2 and Jrgz are Op(dr), since

max
t>1

B2t

> Fra(1)

o [o.¢] (o] oo o
< max g E ‘FTthSmax E E g ’
t>1 , ’ t>1 -
r=1 j=1 r=1 j=1 k=j+1
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o o
< max (ZIIIBI(DH) leHBimH <Mmax§jlg§j||3k+ﬂu | B
r= J= j :

)<

[o.¢] oo
< M max > ilBjl <Z |
= \j=1 k=0

Similar to Jr 54, we have Jrgs = op (1), since

By{H(1) © B, (1) - B (1) @ BE (1)

B =B [Bta 0 + [Bha -]

BT’—H{Z H)

DB HI(
s(TlfjHB:Hu B (1 ) rpngJHBJH

Now consider term Jrg1. Define u; = Y 7 F,4(1)vec (etetT_,,®Id), u, = wd(JJue]] < T%) and

u} = u; — u;. Then we have

Jr61 = | fax > (W (sp)l| (uy +uf — E(ug+ UQ'Vt—l))H
T
<  Jax > (Wr(sp)ll (uy — E(ug| Fi-1)) + max ZHWTt s1)|| w
+ max > (Wi (si) || E(wy | Fe-1)

= Jre11 + Jrei2 + Jre13-

Using an argument as in the proof for Jr 12 of Lemma B.5, we can show that Jrg12 and Jrg13 are
Op (Tidr).

Next, consider Jr 1. For any 1 < 1 < Ny, let Y; = [|[Wr(si)|| (u; — E(uy|Fi—1)). We then have
E(Y;|Fi—1) = 0 and ||Y;| < 27?%/%dy. In addition, we have

max
1<ISNr

T
> EMWY,|Fia)
t=1

T
<4 max Z HWT,t(Sl)”QE <”UtH2 ’]:t—l)
t=1

1<I<N7p
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< M-dr max ZHWTt 1 IIZIIFM P llee—rl?
r=1

< M- dTmaXZHFrt || |- 7“”

<M - dTZmaXHIFM <ZH€t TH >

— Op (dTTs) .

Therefore, we have max;<;<n; ZtT:1 E(YtYf\}},l)H = Op(dTT%). By Lemma B.2, and choosing 5 = 4,

we have

Pr (JT,GH >/ ﬁM\/ dTT% log T)

T
=Pr (JT,611 > \/BTW dTT§ logT’, max ZE(YiYinﬂ_l) < MdTT§>
1sishNr t=1
2 T ,
Pr (JT,611 > \/W drT5 logT, érllg;\ch Z_:E(YthTI}Ll) S MdTTS)
2 T ,
Pr | Jrei > \/W drTs logT, max ZE(}/Z}QTLFt—l) < Md,T?
1<isNr t=1
- 2
T =
T (1%?21@ ZE(Yth | F-1) >MdTTa>

2
Md7rTs logT
< Nrexp | — FMdrTs log +0(1)

2(MdrT5 + M\/drT5 log TT5dr)

< Nrexp <—§10gT> — NyT™% = o(1)

given dTT% logT" — 0. Hence, we have Jrg11 = Op({dTT% log T}I/Q). Combining the above results, we
have proved that sup, [, \Zle |Wra ()| E <||CtetH2 |ft_1)( — 0p(1).

Finally, we turn to Jr3, and apply the truncation method. Let u; = rer, u) = uel <”UtH < T%> and

u} = u; — u;. Then we have

T
Z Iy @ Wry(s1)) (wy + i — E(uy +uf|Fi-1))

max
1<l< T

T
> Iy @ Wry(si)) w)

4+ max
1<I<Np

T
Z I @ Wry(s)) (up — E(wy|Fi1))

4+ max

T
1<I<Ng > (Lo ® Wry(s0) B(uy| Fia)

= Jra1 + Jrz2 + Jr3s.

It’s easy to show that Jr 3z = Op(T%dT) and Jr 33 = Op(ngT). Thus, we focus on Jr 3.
For any 1 <1 < Np, let ¥; = (I; @ Wr(s1))(u; — E(uy|Fi—1)), then we have E (Y;|F;—1) = 0 and
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Y| < 27%°dy. Also,

T

325, 2 IWrd(s)| 2 (Iied” |Fir) = Op(),

which yields that

T
> EWY,|Fi)

T

< 2 = :
< M e 3 [Wr (s B (Ju 1Fier) = Op (d1)

max
1<I<N7p

Therefore, we have max; <<, [|S1; E(Y}}’;T\}}_l)H = Op(dr). By Lemma B.2 and choosing § = 4, we

have
T
Pr(Jra1 > /BMar) = Pr (JT,gl > VBMor, max |I> E(VY,|F)|| < MdT>
SUISNy (|4
T
+ Pr (JT,31 >/ BMnr, | Dax ZE(KY;T\_B_l) > MdT>
SISN7T (|4

T
-
< Pr (JT,31 > V/BMyr, max ;E(Ym [Fe1)|| < MdT>
T
-
+Pr (15@3\% ;E(Ytl’; |Fio1)|| > MdT>
M 2

< Nrexp | — M 5 +o(1)

Q(MdT + M'YTTSdT)
< Nrexp <—§ logT) = NTT_g = o(1).

given dTT% logT — 0.
We now have completed the proof of the second result. O

Proof of Lemma B.7.

(1). For any fixed 7 € (0,1), let Wy = Iq+ (”;T)kKh (1t — 7). It is straightforward to verify the

conditions imposed on Wy, then the first result follows from Lemma B.4 immediately.

(2)-(3). Let Wrpy(r) = Id% (Tt}:T)k Ky, (¢ — 1), then the second and third results follow from Theorem
2.1.
O

Proof of Lemma B.8.
(1). This proof is similar to Lemma B.6 with Z;_; replacing ¢, so omitted here.

(2). Note that
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- \/1T7 iﬂtztl (I‘T(Tt) - A(Tt))TK <Tt f: T>

- FZmzt 1h87 (7)1 (7) AT () K (th77>

1 1 — Tt — T
+ﬁ Zntthfl§h25T,%)(Tt)ST,z(Tt)A(Z)’T(Tt)K ( ; )
Ts — Tt Tt — T
it o () )
L ! —1 i T Ts — Tt Tt — T

=Jra+Jr2+ Jrz + Jra.

For Jr; to Jr3, using Lemma B.7, we can replace the sample covariance matrix with its converged

value with rate Op ( 1ng}:f> and hence it’s easy to show that Jr; to Jr g are op(1).

For Jr4, for notational simplicity, we ignore S, %)(Tt) and hence,

1 Tt — T

T
_ T T
JT,4 - (Th)S/Qt_ZlTltZtlzt_lTlt K(O)K( 3 )

T—1T—1i )
1 i T —T
+ (Th) 5/2 Z Zntzt 1%t+i— 17’t+zK <Th> K< . >

i=1 t=1

T—-1T—1 .
1 1 Tt — T
- (Th)3/2 szﬂzm 1zny K (Th) K( - >

i=1 t=1

= Jra1 + Jra2 + Jras3.

It’s easy to see Jra1 = Op ((Th)_l/Q). For Jr 42,

T—-1T—1 )
(4 Tt — T
Tt = 3/222m (sl izmeis) il () 5 ("5 7)

i=1 t=1

T—1T—i '
1 T —T
3/2 sz <zt 12t+i—1 — E(Zt 1Zt+i— 1>>77tT+iK (Th) K( th >

i=1 t=1

= Jr421 + Jr400.

For Jr 491,

{5 srame) ) ) o (5) 0 (57)

E ||JT,421H2 =

28



which then yields that Jrs1 = Op ((Th)~Y/2). For Jr,400,

T—1T—1 p y _
JT420 = Th TR Z Z"?t Z (:Bt m&ttri-m — F (mf_mmmfm)) mTHK (Tzh> K (Tt - 7') .

i=1 t=1 m=1

For notational simplicity, assume p = 1 and thus

T—1T—1i
T —T
I = e oy |l zw hsio1og ntHK<Th)K(th )

i=1 t=1

T—1T—i
T+ — T
3/2 ZZ’% Zﬂt 1—j Jt 1Mt+i—1 ntﬂK(Th)K( h )

=1 t=1
T—1T—i
T T T T

e (S (el - B (al e al))
i=1 t=1 7=0

T T v TE— T

- vec (‘I’j,t—llI’jHl,tﬂlfl)) Ny IS (Th) K( N )

T—1T—i

3/2 ZZm Z Z (n;-i—l—m@)nt—r—l—j) vec (ql;l:t—l‘I’m7t+i71>
i=1 t=1 7=0 m=0,#j+1

T ) Tt — T
K () K

= Jr 4201 + J14222 + JT4223 + JT4224-

For Jr 4221,

E || Jra22]

2
T—-1T—2

2 — T
Th3ZZE ne | He— 1Z‘Il]t+z 1Mt+i—1 —7 E||77t+z|| K2 <Th) KQ( h )

i=1 t=1
1
-0 ()

Similarly, JT74222 and JT,4223 are Op ((Th)_1/2). For JT74224,

| A

T—-1T—i .
A Tt — T
JT4224 = 3/2 Z Znt Z (77,5T ® 77;17j) vec (‘I’]'T,tfl‘I’i—l,t+i—1) 77tT+iK (Th) K ( th )

=1 t=1 3=0
T—-1T—1
Th (Th)3/2 Z Z"t Z Z ("tTJrz'—l—m ® ntT_1_j)
i=1 t=1 j=0 m=0,#£j+1,7#i—1

-vec( TP ie 1))’7t+z < )K<Tt;T>

= Jr.42241 + JT42242.

Similar to the proof of Jr 4221, we can show that Jr 42042 = Op ((Th)_l/z).
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Let we; =377, (77t77tT ® 77;—1—]') vec <‘I'jT,t—1‘I’z‘T—1,t+i—1)- For Jp 42041,

T .
E Hwt1+’i17i2,i2 wtl,'Ll

o i
2
E || J749241]|" = Ty Z Z Z E HntTl+il77t1+z‘1

<;3 () () ()

2

K
L ad T T
.
Z<max2|rwuu> max Y- (5] | 5 (74T
=1 j=0

Hence, Jra2 = Op ((Th)*l/Q). Similar to Jr42, Jra3 = Op ((Th)*l/z). The proof is now complete. [

Define Ay(7) = [a(T), Ap1(T), ..., App(T)], where Ap ;(7) = A‘( ) for 1 < j <pand A, (1) =0 for
§>p Let zps 1 = [La] ;... w;p]i M,(1) = Ap(m) = Ap(r) = AV (1) (1 = 7) = A02AD (1) (1 — 7)2,
A5(7) = [Appi1 (7)o App(r)] and 2501 = [y 1, ol ol

Proof of Lemma B.9.

(1). Since p > p, we have 1, = 1 + (Ap(Tt) - Kp(Tt)> Zp1—1 and

T T
1 1 ~ T ~
RSS(p) = T Zme + T Z sz,tfl (Ap(Tt) - Ap(Tt)> (Ap(Tt) - Ap(Tt)> Zpt—1
t=1 t=1

T

1 A
_QT ;tr (TIt (ne — np,t)T>
T

1
=7 Zant + It + Irp.

Since 0/ n; is m.d.s., we have % Zthl n =+ Zthl E(n/ ) + T~'/2. By Theorem 3.1,

LTh | ) T—|Th|

1 ~ 2
Iy < o Zuzpt U2 [Rpr) = Apm)| + 5 D0 Izneall® - [ Ro(m) - Aplr)|
t=|Th|+1
1 & 2
-
7 2 el |Rp(r) — Ap()|
t=T—|Th|+1
LThJ 2 1 T—|Th|
< sup [Rp(r) — Api)| " 7 7 2 Izl s |Ro(m) =80 5 D2 llzpaal?
0<r<h h<7t<1-h t=|Th|+1
—~ 2 1 T 9
+ s (R =A@ DD Izl
1=h=r<l t=T—|Th|+1

= Op (2h(h+ (0g T/(TR) /22 + (1 = 2h)} ) = Op ((h*? + (log T/(Th))"/*)?) .
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Fbr]TQ,

~

2 = 0" = 3 s (B - )

~

T
= Z Mgy 1 S75(7)ST1(7) AL (72)

'ﬂ \

+ah? %Z Mz 1 S1b(m)Sra(m) AP ()
t=1
1 E 1 & Te — T
T Zntz;t—lsi%)(n) (Th Zzp,sflzg—lMJ(TS)K ( } h t))
T
TZ M 4-1570(T0) (Thzzs s < hTt>>

3::IT3‘+'LTA'+'IT5'+’[Tﬁ‘

By the uniform convergence results stated in Theorem 2.1, we replace the weighed sample covariance
with its converged value plus the rate Op ((logT/(Th))l/Q). For Ir3s, by the fact that Spi(7) =
Op ((log T/(Th))Y/?) for 7 € [h,1 — h],

= Op (T*%h% + h(log T/(Th))1/2) .
Similarly,
|zall + 5]l = Op (T75h? + W2 (log T/(Th))/?)

For I, let 3(7) = plimy_, o S7,0(7), we have

Zmzpt = ( hzzs 1 < h”)) +0p ((Th)—1/2(1ogT/(Th))1/2).

Similar to the proof of Jr4 in Lemma B.8, we can show

T T
1 _ 1 Ts — Ti _
T 2 M1 D (7) (mzzs—mZK< 2 t)) = 0p((Th) ™).

t=1 s=1

hs = o(crér), result (1) follows.

=

Since (Th)~' + T~

(2). For p < p, we have KP(T) — Ay(1) = Bp(1) + op(1) uniformly over 7 € [0,1], where Bp(7) is a
nonrandom bias term. Since 7, = 1 + (Ap(Tt) — jAXp(Tt)) Zp,t—1 + Ap(7¢)2p1—1, by Theorem 2.1, we have

T
1
RSS(p) = T ZE <7715T77t) Ztr ( As(m)E (zP,tfleT,t—1> [Bp(Tt)aAﬁ(Tt)]T) +op(1).
t=1
Since [Bp(7t), Ap(1¢)] # 0 and E (zp,t,lz;t_l) is a positive definite matrix, the result follows. O
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