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A Maxwell principle for generalized Orlicz balls
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Abstract

In [A dozen de Finetti-style results in search of a theory, Ann. Inst. H. Poincaré Probab. Statist.
23(2)(1987), 397-423], Diaconis and Freedman studied the low-dimensional projections of ran-
dom vectors from the Euclidean unit sphere and the simplex in high dimensions, noting that the
individual coordinates of these random vectors look like Gaussian and exponential random vari-
ables respectively. In subsequent works, Rachev and Riischendorf and Naor and Romik unified
these results by establishing a connection between ¢ g balls and a p-generalized Gaussian dis-
tribution. In this paper, we study similar questions in a significantly generalized and unifying
setting, looking at low-dimensional projections of random vectors uniformly distributed on sets
of the form

N
B, = {51, sn) € RN : Y pisi) < tN},
i=1

where ¢ : R — [0,00] is a function satisfying some fairly mild conditions; in particular, we cover
the case of Orlicz functions. Our method is different from both Rachev-Riischendorf and Naor-
Romik, based on a large deviation perspective in the form of quantitative versions of Cramér’s
theorem and the Gibbs conditioning principle, providing a natural framework beyond the p-
generalized Gaussian distribution while simultaneously unraveling the role this distribution plays
in relation to the geometry of ¢ g balls. We find that there is a critical parameter #.j; at which there
is a phase transition in the behaviour of the low-dimensional projections: for ¢ > #; the coordi-
nates of random vectors sampled from Bg . behave like uniform random variables, but for # < fcrit
however the Gibbs conditioning principle comes into play, and here there is a parameter §; > 0
(the inverse temperature) such that the coordinates are approximately distributed accordingto a
density proportional to e A1¢(,
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1 Introduction

1.1 The Maxwell principle

Over a century ago, Borel [2, Chapter 5] observed, independently of Maxwell, that if one chooses a
random vector uniformly from the sphere in dimension N, then when N is large any given coordinate
of the random vector is approximately Gaussian distributed. This result is commonly known as the
Maxwell-Borel lemma or the Maxwell principle. More precisely, consider the Euclidean sphere

N
sh-1.= {(sl,...,sN)elRN : Zsf:N}
i=1

of radius v'N in RY, with the normalization here taken to ensure that the typical coordinate of an
element of SéV ~! has unit order when N is large. Suppose now (01,...,0y) is a random vector cho-
sen according to o, the unique rotationally invariant probability measure on Sév ~1. For k< N, let
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o~k denote the probability density function on R* associated with the marginal law of the first k
coordinates (0y,...,0;) of (01,...,0y), which is given by
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It turns out that when N is large and k is small compared to N, the probability density oV =% on R* is
very close to the k-dimensional product y®* of the standard Gaussian density

1
y(s):= —e %2 seRr

V21

(Here and throughout we write v®* for the product measure on R¥ associated with a measure v on
R.) More specifically, in [5] Diaconis and Freedman supply the explicit bound

2(k+3)
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on the total variation distance between the two probability density functions.
Diaconis and Freedman go on to observe seemingly connected phenomena in different settings.
Indeed, in place of S)'~! take instead the simplex

N
DN_l::{(sl,...,sN)e[R{N:sizo,Zsi:N}, )
i1

and this time for k < N let 4N ¥ denote the probability density function of the first k coordinates of a
random vector selected uniformly from DV~!. Diaconis and Freedman also give an explicit bound on
the total variation distance between u¥—* and the k-dimensional product of the standard exponen-
tial density p(s) := 11jo,00)(s)e~ ¥, though proclaim in their paper to not have the right general theorem
unifying these different but seemingly related observations.

A few years later, Rachev and Riischendorf [17] connected these phenomena in the setting of the
ég spheres (we write p-spheres)

N
Sg_l::{(sl,...,sN)e[R{N:Z|si|P:N}, p=1,
i=1

establishing an ¢,-version of the classical Maxwell-Borel lemma. Indeed, to outline this connection
here, consider the standard p-Gaussian density

Yp(s) = exp(-Isl”/p), seR.

2pYPT(1+1/p)
Rachev and Riischendorf study random vectors in RV distributed according to the cone measure ,ug
on Sg ~1, which may be constructed as follows. If { is distributed according to y;’;N , then the nor-
malised vector ¢/[|(][, takes values in the p-sphere and is distributed according to ,ug . Rachev and
Riischendorf use this probabilistic construction to analyze the marginal density ,ug —k of the first k
coordinates (Xj,..., Xy) of a random vector (Xj,..., Xy) distributed according to the cone measure
,ug (see, e.g., [14, Proof of Lemma 4] for a representation of pg —k). Indeed, they show that when
N — oo with k = o(N), we have the total variation estimate

2 k
ka Iy~ @ -1 @lds =/ — <+ o (kIN). )
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We warn the reader that our definition of total variation is twice that of Rachev and Riischendorf.

It transpires that the cone measure and surface measure coincide precisely when p € {1, 2,00}, and
the result of Rachev and Riischendorf [17] beautifully connects the previously disparate observations
of Diaconis and Freedman above: the case p =2 connects the Gaussian distribution to the Euclidean
sphere Sév ~1 and modulo certain symmetries, the p = 1 case connects the exponential distribution to
the simplex D=1, Rachev and Riischendorf remarked that an analysis of the k-dimensional projec-
tions of a random vector from the arguably more natural surface measure oY on Sg ~! would require

p
a different treatment from that of the cone measure pg .

With a view to tackling this problem with the surface measure ag , Naor and Romik [14] stud-
ied the discrepancy between the cone measure ,ug and the surface measure ag , finding a constant
Cp € (0,00) such that the total variation distance between the two measures in N-dimensions may
be bounded above by Cp/\/ﬁ . They used their bound on the total variation between 02’ and ,ug
in conjunction with Rachev and Riischendorf’s bound (2) to show that we have the total variation
bound

k
N—k ®k
kaIU,, () —yp WIds=Cp N+

1
)
on the k-dimensional projections of og and the k-dimensional product of p-Gaussians.

1.2 A brief statement of our main result

While the works of Rachev and Riischendorf [17] and Naor and Romik [14] certainly provide a grat-
ifying answer to Diaconis and Freedman’s [5] appeal for a unified theory, the purpose of the present
paper is to show that these phenomena may be generalized significantly further in the setting of gen-
eralized Orlicz balls

N
By, := {(sl, sN)E[RN:Z<p(s,-)StN}, 3)

i=1

where £ >0and ¢ : R — [0,00] is a potential — a function satisfying some fairly mild conditions. These
conditions are given in Definition[I.TIbelow, but let us just say here that with the restrictions imposed
on ¢, our framework includes the simplex as well as the ég balls for p > 0 and the more general case
of Orlicz balls (where ¢ is an even and convex function such that ¢(0) = 0 and ¢(¢) > 0 for ¢ # 0),
though in general the sets BN we consider need not be convex, symmetric, simply connected or
even compact. These generahsatlons are made possible through a different perspective based on the
large deviation theory and the Gibbs conditioning principle.

We call Dy := {s € R : ¢(s) < oo} the domain of ¢. Giving a very brief outline of our main result here,
we find that there is a phase transition in the behaviour of the low-dimensional projections at the
critical value it = ferit () € (0,00] given by

D57 Jp, #(8)ds 11Dyl <oo,
Lerit = ¢
00 Dyl =00
where |Dy| is the Lebesgue measure of Dy. More specifically, we have the following:

e For t > tqit (so that [Dg| < 00), in high dimensions the ball Bg . 1s volumetrically similar (in

N
¢

so that the density on R¥ associated with the marginal distribution of the first k coordinates

sense that their intersection carries a lot of mass) to the N-fold product D, of the domain Dy,



of a random vector uniformly distributed on BY ; is close in total variation distance to the k-
dimensional product of the uniform density

Llp,(s)
|Dg|

Ypuni($) := , SER

on Dy, where |Dy| denotes the Lebesgue measure of Dy.

e When ¢ < fuj;, the Gibbs conditioning principle comes into play, and the density on R as-
sociated with the distribution of the k-dimensional projections of a random vector uniformly
distributed on Bg . are close in total variation distance to the k-dimensional product of the
Gibbs density

Yp,-p,(8) = e_ﬁ‘(p(s)]lp(p(s)/Z(—,Bt)y seER

where Z(-;) € (0,00) is the normalisation constant known as partition function, and §; > 0
is a parameter, in statistical mechanics parlance referred to as inverse temperature, chosen so
that

f (p(s)y(/,,_ﬁ[(s)ds =t.

Roughly speaking, this suggests that the coordinates of balls Bq];’ are distributed according to
a density with respect to Lebesgue measure for which larger values of ¢ are penalised. The
exponential parameter ; increases as ¢ decreases, so that this penalisation becomes stronger
as the size of the ball B(’;{ , shrinks.

That concludes our very brief outline of our main results, in the next section we provide a more
complete picture, where precise statements on the behaviour of the low-dimensional projections are
given in terms of total variation distance.

1.3 Main results

We now present our definition for the class of functions ¢ : R — [0,00] determining the generalized
Orlicz balls Bg . we consider. We call such functions potentials.

Definition 1.1. A measurable function ¢ : R — [0,00] is a potential if it is piecewise differentiable, the
essential infimum of ¢ is zero, for y < oo the level sets {s € R : ¢(s) = y} of ¢ are finite, and setting
Dy :={s€R: ¢p(s) < oo}, the partition function

Z(a) = f ™) g 4)
Dy

is finite and positive for all a in some non-empty interval (—oo, Xmax) Where dmax ;= sup{a e R: Z(a) <
00}

Remark 1.2. As mentioned above, we call the set Dy = {s € R : ¢(s) < oo} the domain of ¢, and write
|Dg| € (0,00] for its Lebesgue measure. Whenever |Dy| = oo, clearly Z(a) may only exist for negative
values of @. We also note that the existence of the partition function Z(a) for some « guarantees that
for each y < oo, (p‘l ([0, y]) ={seR: ¢(s) € [0, y]} has finite Lebesgue measure, so that B¢ : is a subset
of =1 ([0, tN1)V, and hence also has finite Lebesgue measure. In partlcular, whenever ¢ is a potential

it always makes sense to say a vector is uniformly distributed on BYY e



The generalized Orlicz balls B(ﬁ ; include various sets of interest. All subsets of RN considered in
Section 1.1 are boundaries of generalized Orlicz balls: by taking ¢(s) = |s|” we recover the !2’ ball of
radius (¢N)!'?, and the function @(s) := 001l (—x0,0) (S) + s corresponds to the simplex DN-! defined in
(I). Moreover, the classical Orlicz balls also fall into this framework, being those sets corresponding
to ¢(0) =0, ¢p(t) > 0 for ¢ # 0, and ¢ is even and convex (note that then the set of points of non-
differentiability is at most countable); see [9, Equation (3)].

Let us emphasise however that we make no further restrictions on ¢, so that while the sets Bg ;
we consider have finite N-dimensional Lebesgue measure and are invariant under permutations of
the coordinate axes, as mentioned above they need not be centered, convex, symmetric, simply con-
nected or even compact. For an example of a set with none of these properties, we invite the reader

to consider the set Bé)’ , associated with the potential

s ifse [k,k+2_k) for some k€{1,2,...},
P(s) = .
oo otherwise.

We now define two key quantities related to ¢. The first, the domain supremum of ¢, to be the essen-
tial supremum of ¢ on its domain, i.e.

tup 1= inf{y R : [~ ((3,00))| = 0} € (0,00],

where | A| denotes the Lebesgue measure of a measurable set A. It is easily verified using the fact that
Z(a) < oo for some «a that [Dy| = oo implies fg,p = co. Our second quantity, which we already gave
above, is the domain average of ¢, given by

t . {|D_1(HfD¢(p(S)ds :|D¢|<oo’
crit - —

0,0) :|D([7|=OO»

where we emphasise that the integral in the former case may be infinite even when |Dyp| < co. Of
course ferit < Lsup-
Now for any a such that Z(a) < oo, we may define a Gibbs probability density

e®O1ip, (s)

s seER.
Z(a)

Yqb,a(S) =

In the case where Dy has finite Lebesgue measure, Z(0) = [Dg| < 00, s0 that we may write

Ll p, (s)
Y p,uni(8) :=Yg,0(8) = ———, SER,
| Dl
for the uniform density on the domain of ¢.
Let us remark that
P Jp, #(8)e*Pds oo
_l Z == d .

In particular, W(a) := %logz (@) is an increasing function from (—oo, @max) to (0, fsyp) satisfying
W(0) = fcrit- The following lemma, which follows from Petrov’s results [15] (see also [3} Theorem
6.2]), guarantees that for every ¢ € (0, f5yp) the existence of a parameter a; such that the expectation
of ¢ against yy o, (s)ds is equal to £.



Lemma 1.3. Foreach t € (0, tsup) there exists a unique parameter a; € (—00, @max) Such that

W(a,) :f P(S)Yp,a,(s)ds = 1.

Clearly since W is increasing and satisfies W (0) = #.i;, whenever t > fq, @; > 0, and ¢ < f¢ri
implies a; < 0.

We are now ready to present our main results on the low-dimensional projections of random vec-
tors uniformly sampled from generalized Orlicz balls. Here and below, ,u k denotes the marginal
density of the first k coordinates (X, ..., Xy) of arandom vector (X, .. XN) chosen according to the
uniform measure pY ¢ O1 the generalized Orlicz ball BN That is

1
—k —
,U¢ . (81, 8K) = W - 1132{[(81,---»Sk,Sk+1»---»SN)dSk+1---dSN
ot

With Zeri¢ and tsup now defined, shortly we state our main result, Theorem/[Al Beforehand however,
let us briefly highlight that the case ¢ = fyp is trivial. Here, the generalized Orlicz ball is identical to
the N-fold product of the domain of ¢, that is BN =pDN = {(sl, ,SN) E RN . S; € D(p} and hence the

ot~ o
coordinates of Bé)’ . are independent and uniformly distributed on Dy. In particular, ,uN ~k—y puni’
Our main statement, Theorem[Al (which is actually a condensed statement of more detailed theo-
rems which we state in full in Sections[5land[6), concerns the low-dimensional projections of BY ol in
the more interesting setting in which 7 < #,,. Here we find that a phase transition occurs at the point

U= Lerit-

Theorem A. If teyjt < t < tsup, then the k-dimensional projections of a random vector uniformly sam-
pled from Bg are close in distribution to a k-dimensional product of y ¢ uni. More specifically, there
exist constants C = C(¢, t),¢c = c(¢p, t) € (0,00) depending on ¢ and t such that for all k, N € N with
k < N, we have

f |55~ 75K i (9)| ds < CemN, 5)

On the other hand, if t < t.i, then the k-dimensional projections of a random vector uniformly sam-
pled from BN are close in distribution to a k-dimensional product of y ¢,a,, Where a; is as in Lemma
[.3 More speczﬁcally, there exists a constant C = C(¢, t) € (0,00) depending on ¢ and t such that for all
k, N e N with k < N, we have

k
f’u —k(g) - )/ (s) dssCﬁ. (6)

In fact, the statement of our main results in Theorem [Al has been abbreviated somewhat for the
sake of clarity. In Sections[5and [6lthe two cases fi; < ¢ and ¢ < . are considered seperately, and
in both settings we obtain fine estimates of the total variations occuring on the left-hand sides of (@)
and (6). These estimates lead to the rougher bounds given in the statement of Theorem[Al

1.4 Further discussion

Our approach to proving Theorem [Alis based around ideas from the theory of large deviations and
statistical mechanics, specifically those centered around Cramér’s theorem, the Gibbs conditioning
principle, and Gibbs measures. Indeed, the framework of Gibbs measures in particular seems to be
the natural one and demystifies the appearance of the p-Gaussian distribution when taking a prob-
abilistic approach to the geometry of [g balls. In fact, our approach, which is completely different
from [14] and [17] and of independent interest, is based around a quantitative version of the Gibbs



conditioning principle that appears in a different paper by Diaconis and Freedman [6]. Somewhat
surprisingly this result was neither cited in [14] nor [I7] (or the recent paper [13]) even though it
already contains ideas towards a unified and generalized theory in the sense of Rachev and Riischen-
dorf [17]. But this exact paper [6] of Diaconis and Freedman shall be the starting point for us. Let us
also mention that the Gibbs conditioning principle and Gibbs measures have been successfully used
to tackle other problems of a geometric flavor using probabilistic methods, e.g., [9] and [12}[13].

We now outline briefly how these approaches feature in our analysis. Take the first case tqi < t <
N

tsup considered in Theorem [Al The intuition here is that while ¢ < f5,p ensures that B ¢ 1S @ proper
subset of the cube Df;’ , for each ¢ of this form we have the convergence
N
1By, ;|
N 1, as N — oo (7
1Dy |

in the ratios of the Lebesgue measures of the two sets. Roughly speaking this entails that in high
dimensions, Bé;{ . behaves a lot like the product set Dé;’ , so that the marginal density of the low-
dimensional projection is close in total variation to the product of the uniform density on Dy in
the sense of (B). More specifically, we use a quantitative version of Cramer’s theorem from large devi-
ation theory to estimate the discrepancy in volume in the two sets, ultimately showing that it decays
exponentially in N, leading to the bound in (G).

Now let us consider on the other hand the situation where ¢ < f.j;, which we regard as the most

interesting case. Here we find that in contrast to (), either |Dg| = 0o, or even when |Dy| < oo, we have

N
IBY |

N
D]

-0, as N — oo. 8

In any case, here we require a more delicate approach based on the Gibbs conditioning principle,
for which we now provide a very rough outline. Suppose Y;,Y>,... are independent and identically
distributed random variables distributed according to a probability density v on the real line, and
suppose further that E[Y;] < #p. The Gibbs conditioning principle is concerned with the asymptotic
distribution of first k coordinates (Y3, ..., Yx) conditioned on the large deviation event {Y; +...+ Yy <
tN}. The Gibbs conditioning principle states that when N is large and k is small compared to N,
then under certain conditions these first k coordinates are approximately distributed according to a
k-dimensional product of the density

Ve, (s) = e v(s)/ Z(a;), sER,

where Z(a;) is a normalisation constant and a; < 0 is a parameter chosen so that ffgo SVq,(s)ds is
equal to t.

With a view to relating the Gibbs conditioning principle to our problem, in the setting where | Dy| is
finite, we take a sequence of random variables Xj, X, ... sampled uniformly and independently from
Dy, and consider the transformed sequence Y1, Y2,... given by Y; := ¢(X;). This transformation al-
lows us to a express membership of a random vector (Xj,..., Xy) in the subset B(IIX , of DY in terms of
the large deviation event {¢p(X;) +...+d(Xn) < Nt} = {Y; +...+ Yy < N¢}, and therefore use the Gibbs
conditioning principle to understand the low-dimensional projections of (Y1,..., Y;), and hence ulti-
mately (Xj,..., Xi) on this event. It transpires that we are able to adapt our proof to ultimately make
sense of sampling uniformly from Dy even when the Lebesgue measure of Dy is infinite, and by using
a quantitative version of the Gibbs conditioning principle due to Diaconis and Freedman, we obtain
the bound (@). Finally let us mention that in our treatment we regard the case ¢ = . as fitting into
the framework of Gibbs conditioning in correspondence with the parameter a; = 0. In particular, the



convergence in total variation in this critical case happens at the linear (6) rather than exponential

rate (B).

We close the introduction by taking a moment to clarify a small difference between the statement
of Theorem[Alwith the function ¢(s) = s” and the frameworks considered by Diaconis and Freedman
[5], Rachev and Riischendorf [17], and Naor and Romik [14]. Namely, the above authors consider the
boundary of the Bg ball, while we consider the interior of such sets. Ultimately we recover the same
result despite the slightly different setting, namely that the low-dimensional projections are approxi-
mately p-Gaussian. Of course, let us also note that in many situations there is no difference between
the results for the uniform distribution or the distribution with respect to the cone probability mea-
sure, even though sometimes different methods are required (see, e.g., (8,10, 1T} 16} [18]).

That concludes the introduction. We now take a moment to overview the remainder of the paper.

1.5 Overview

The remainder of the paper is structured as follows:

* In Section 2l we study the stability of certain Gibbs measures under truncations of their tail
mass, proving stability of these truncations under various metrics, including large deviation
and moments. Our work in this section allows us to consider potentials ¢ with non-compact
domains {x : ¢p(x) < oo} so that one cannot sample ‘uniformly’ from the domain of ¢» as we have
done above in the proof sketch above.

¢ In Section B we study how total variation distances are preserved under pushforwards and
pullbacks, giving us the tools necessary to study potentials that are many-to-one.

* In Section [ we supply quantitative statements of Cramer’s theorem and the Gibbs condition-
ing principle that are used in the following two sections to prove Theorem|[Al

* In Section[Blwe give a proof of the Theorem[Alin the case t > #j.
* In Section[@we give a proof of Theorem/[Alin the case ¢ < ti.

* In the appendix of the paper we give a proof sketch of the quantitative version of the Gibbs
conditioning principle, Lemmal4.2l
2 Total variation and Gibbs truncations

The main task of this section is the statement and proof of Lemma below concerning asymp-
totics of certain truncations of measures. First, we start with a quick lemma on the tail moments of
probability measures with exponential moments.

Lemma 2.1. Suppose f :[0,00) — [0,00) is a function such that there exist constants ¢, C € (0,00) such
that

f(s)<Ce .
Then, for allx =0, and all L > x/c, we have

*© CL
f s*f(s)dss ———<Cle L
L c—x

for constants C', ¢’ € (0,00) depending on x but independent of L.



Proof. We have

f s"f(s)dssCf s"e‘“ds:CLKe_CLf
L L

; (1 + %)K e “ds.

Now use the bound (1 + %)K < es/L, O

Before stating Lemma[2.2] we give a brief informal statement. Suppose we have a probability mea-
sure v on (0,00) with exponential moments, and we create a truncated version vy of the measure
restricted to taking values in [0, y), but exponentially tilted so that v(;, has the same mean as v. The
following lemma states that the measure vz, is stable under tail truncations, in that when L is large,
it has similar moments to v and is close in total variation distance to v.

Lemma2.2. Letv:[0,00) — [0,00) be a probability density satisfyingv(s) < Ce™ forall s = 0 and with
expectation [;° sv(s)ds = t. Given L > t, we define the tilted truncation v yy of v to be the probability
density function

eas]l{s<L}V(3)

vy (8) = )
& fOL e®Sv(s)ds

on [0,00), where a = a(L) is the unique parameter chosen so thathL svy(s)ds=t.
Then there exist constants C',c’, Ly € (0,00) such whenever L = Ly, we have the following bounds:

1. The size of a(L) is bounded by a(L) < C'e~°L.

2. The total variation between v 1y and v is bounded by
o0 "
Ivay = Vil = fo vy (s)—v(s)| ds= ek,

3. The difference between the j™ moment of v and vy, is bounded by

/
C0 Lj+le—céL
1-j/L '

=

f sjv(s)ds—f sTviy (s)ds
0 0

Proof. In the case that v is supported on [0, L], a(L) = 0 and the measure v(;, is identical to v, so that
all three statements are immediate. For the remainder of the proof we therefore assume without loss
of generality that v is not supported on [0, L].

We begin by showing that when L is large, a(L) is small. First we note that the generating function
G(a) := [57e™ v(s)ds exists in a subset that contains (—oo, ¢) and satisfies G(0) = 1,G'(0) = ¢, with
G"(0) > t? since v is non-degenerate.

Define the function

Qla, L) := Jo se* Miseryv(ds)
T fLewsvds)

©)

Then since v is non-degenerate, Q(a, L) is monotone increasing in the « variable, and hence a(L)
is the unique solution to the equation Q(a(L),L) = ¢. Since v is not supported on [0, L], we have
Q(a, L) < t and therefore a(L) > 0.

We now develop a lower bound for Q(a, L). Extending the range of the integral in the denominator
to obtain the first inequality below, and then using the fact that G(a) = 1 whenever a = 0 to obtain
the second, we have

Jo° se®v(ds) - [7° se*v(ds)

Qla, L) =
f esv(ds)

9



- Jo7 se®v(ds) - [7° se™v(ds)
- Jo< e®sv(ds)

> K(a) —f se®v(ds), (10)
L

where K(a) := % log G(a). With a view to bounding Q(a, L) below, we now control the two quantities
appearing on the right-hand-side of (I0).

First we note that K(0) = £. Moreover, K’(0) > 0 since G”(0) > G'(0)?, so that in particular, there
exists a0 >0 and a p > 0 such that for all @ € [0, 6],

K(a)=zt+pa. (11D
As for the integral in the final line of (I0), recall that v(s) < Ce™* for all s. In particular, setting

f(s) = e® u(s) in Lemmal.T] we see that there are constants c;, C; such that for all a € [0, ¢/2],

fL se®v(ds) < Cre oL, (12)

Combining (TT) and in (I0), we obtain
Q(a,L)2t+pa—Cle_clL fora €[0,6 A c/2].

Now let Ly be sufficiently large so that for all L = L, we have %e‘CIL < 0 A ¢/2. Then plainly, for all
L = Ly, we have

C]L

forae e

P

0’ 9 —ClL

Qla,L)=zt+pa—Cie” . (13)

It follows that for all L = Ly, Q (% e~al L) > t, and hence a(L) < %e‘CIL, establishing the first state-
ment of Lemma[2.2] Throughout the remainder of the proof we assume that L = L.
We now turn to proving the second point concerning the total variation distance between the mea-

sure and its tilted truncation. Since vy, is supported on [0, L], we have

(o] L
f |V<L>(S)—V(S)|d82f
0 0

First we note that by Lemma 2Tl there are constants Cy, ¢z € (0,00) so that the latter integral on the
right-hand side of (I4) may be bounded by

ea(L)s
-1

M V(S)dS+\[L V(S)dS. (14)

o0
f v(s)ds < Cye~ %L, (15)
L
We turn to bounding the former integral on the right hand side of (I4). To this end, we note that since
a(l) < % e~ 1L there are constant C3, c3 € (0,00) such that for all s € [0, L] we have

C7,-ql
Le Cl ”
o

1<e®Ds <y <1+Cze %L, (16)

On the other hand, again using Lemma[ZIand the fact that e*!"$ > 1 to obtain the lower bound

below, and the upper bound in to obtain the upper bound below, it may be seen that there are
constants Cy, ¢4 € (0,00) such that

L
1-Che @l < f sy (5)ds <1+ Cpe L, (17)
0

10



Combining with (I7), we see that there exist constants Cs, ¢5 € (0, L) such that for every s € [0, L],

ea(L)s

~1| < Cse ", (18)

fOL e*Dsy(s)ds

Using the fact that v is a probability measure, (I8) entails

L
fo fOL e Dsy(s)ds

In particular, using the bounds (I5) and (I9) in (I4), we obtain the second point of the lemma.

It remains to prove the third point concerning the difference between moments of v and its tilted
truncation vy, the proof of which follows quickly from the bound (18). Indeed, using the triangle
inequality to obtain the first inequality below, and (I8) to obtain the second we have

L
<),
0
L 0o .
SC5e_C5Lf s]v(s)ds+f stv(s)ds
0 L

< CsLie % + Cge 0oL,

ea(L)s

—1|v(s)ds < Cse” %L, (19)

ea(L)s
-1

f sjv(s)ds—f sivipy (s)ds
0 0

sjv(s)ds +f sjv(s)ds.
L

fOL e*Dsy(s)ds

where the final inequality above follows from the fact that v is a probability measure to deal with the
first term, and an application of Lemma [Z.]] to handle the second. It particular there exist C7,¢; €
(0,00) such that

oo oo |
f sfv(s)ds—f slvy (s)ds| < Cre™ oL,
0 0
completing the proof of the third statement in Lemmal[2.2] O

3 Total variation, pushforwards and potentials

In this section, and throughout the paper, we use the following definition.

Definition 3.1. Whenever v is a probability density on RN, we write "% for the marginal density
on RF of the first k coordinates (Xy,..., Xi), where (Xy,...,Xy) is a random vector in RN distributed
according to m(s)ds.

3.1 Total variation

In this section we collect several results on how the total variation metric interacts with product mea-
sures and pushforwards. While most of the tools we develop in the section are well known, we have
included proofs with a view towards completeness.

When 7 and A are measures on a measurable space (E, &), we write

|t — All := 2sup |7 (A) — A(A)]
Ae&

for the total variation distance between 7 and A. Suppose that 7 and A are both absolutely continuous
with respect to a measure v, so that by the Radon-Nikodym theorem, we have drw = fdv and dA = gdv
for some measurable functions f, g: E — [0,00]. Then it is easily verified that we have the alternative
integral representation

7= Al =fE|f—g|dv 20)

for the total variation distance between 7 and A.

11



3.2 Total variation, product measures, containments and projections

The following simple lemma on the total variation distances between product measures is well known,
dating back at least as far as Blum and Pathak [1]. We omit a proof.

Lemma 3.2 (Total variation summing lemma). Letw and A be probability measures on (E, &), and let
7% and A®F be their respective product measures on the k-dimensional product space (E¥, £%%). Then

1225 =~ A% < Kl = All,
Suppose 7 and A are probability measures on (E,&) and & is a sub-o-algebra of &. We write

[T — Allg :=2sup | (F) — A(F)|.
FeZF

Our next lemma states that if two measures on R are close in total variation, so are their projec-
tions.

Lemma 3.3. Let 7w and A be probability densities on RN . Then with tVN~* and AN~* as in Definition
31 we have

ka |nN_’k(s) —xlN_’k(s)' ds < fRN 17(s) — A(s)| ds.

Proof. This is a straightforward application of the triangle inequality. Indeed, for s = (sy,..., s;) € R¥
and(=((y,...,{N_k) E RN-k write (5,0):=(s1,.-, 1501, {N_K) E RY. Then

f ’nN*k(s) —AN_'k(s)|ds:f
Rk Rk

sff m(s,0) — A(s, {)l dds
Rk RN—k
=f I(s)—A(s)lds,

RN

f 7(s,0) = A(s,{) d¢| ds
RN—k

which completes the proof. O

Our next lemma states that if A < B, and B\ A is small, then the projections of uniform random
vectors from A and B are close in total variation distance.

Lemma 3.4. Let A< B be measurable subsets of R with finite Lebesgue measure, and let u, anud ug
denote the uniform densities on A and B. Then with A_'k and ,ug ~k defined using Definition[3.1, we
have

|B\ Al
|BI

f[Rek |“X_’k(8) —,ug_’k(s)|ds <2

Proof. Using Lemma[3.3lto obtain the inequality below, we have

IB\ Al
Bl '

f ’,uA_'k(s)—pg_'k(s)|dssf ',uA(s)—pB(s)'ds:Z
RF RN
completing the proof. O
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3.3 Total variation and pushforwards

We now relate total variation distances under pushforwards of certain probability measures. Let
(E,&) and (F, %) be measurable spaces. If u is a measure on E, and @ : E — F is a measurable func-
tion, we write ® u for the pushforward measure on F, defined by

o*u(B) = p(@(B))

for measurable subsets B of F. If u is a probability measure on E, and X is a random variable dis-
tributed according to p, then ®* 1 is the law of ®(X). It is straightforward to check that if u is abso-
lutely continuous with respect to A, then ®*  is absolutely continuous with respect to ®*A.

The following lemma may be regarded as a more measure-theoretic formulation of Diaconis and
Freedman’s sufficiency lemma, [5, Lemma (2.4)], stating that that total variation of certain measures
is preserved under pushforwards.

Lemma 3.5. Let E and F be measurable spaces, suppose i is a measure on E and suppose further that
® : E — F is a measurable function. Suppose that n and A are probability measures on E that are
absolutely continuous with respect to |, and such that there exist f, g : F — [0,00] such that

d da
£:foq) and @=goq).
Then
7 = All = 10" — ¥ A, @D
Proof. 1tis easily verified that
do*n do*A
a7 =f and a7y =g

In particular, using to obtain the outer equalities below, and changing variable to obtain the
central equality, we have

0¥ — ¥ A = fF 1f () — g(1)|®* u(dy) = fE |f(@(s)) — g(@(s)u(ds) = || = Al

as required. O

3.4 The pushforward by a potential

We will occasionally abuse notation in the following sense: if v is a probability density on R and
f :R — Ris a measurable mapping, we write f*v for the probability density on R associated with the
pushforward by f of the measure v(s)ds. Now given our potential ¢p and a probability measure on R,
we would like to understand the densities associated with pushforwards using ¢. To this end, con-
sider the increasing function F : [0,00) — [0,00) given by letting F(y) denote the Lebesgue measure of
the set of all points s € R for which ¢(s) < y, thatis F(y) := |</)‘1 [0, y1 | Suppose ¢ is differentiable at s
for all s € ¢! (y). Then it is easily verified that

vy :=Fy= Y Ul (22)
sep~L(y)

with the understanding that v (y) is equal to +co whenever there is an s € ¢! () such that ¢'(s) = 0.
The function v is defined for almost-all y € [0,00), and has the property that for all f such that f(¢(s))
is integrable,

[ rlow)as= [~ rowmay 3)

—00
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In particular, whenever v : R — [0,00) is a probability density of the form v(s) = f(¢(s)), the pushfor-
ward ¢*v of the measure v(s)ds has density ¢*v(y) := fF())w ().

Recall the partition function Z(a) := [p,, e*””ds defined in Section L3l We note that by 23) we
may alternatively write

o0
Z(@):= fo ey (y)dy. (24)
Now for all a such that Z(a) < co we may define the a-tilted probability density on [0, c0) by

eYy(y)
Z(@)

Ya(y) = (25)
In particular, in the setting where the Lebesgue measure of Dy is finite so that Z(0) = |Dy| < oo,
whenever X is uniformly distributed on Dy, the random variable ¢(X) is distributed according to the
probability density

y(y)
() i=—. (26)
Yoly Dyl
Note that 4 = ¢y, Where y,o was defined in Section 3]
Finally, define the multivariate potential ® : R¥ — R¥ by ®(sy,..., sx) := (¢(s1),...,$(sx)). We note
that whenever v is a measure on R, we have

4 The quantitative Cramér Theorem and Gibbs conditioning principle

In this section we provide further background on both Cramér’s theorem and the Gibbs condition-
ing principle, ultimately giving quantitative versions of both principles that are used in the proof of
Theorem[Al

To this end, let Y1, Y,... be a sequence of independent random variables identically distributed
according to a probability density ¥ on R, and suppose that E[Y;] = f5. Suppose further that the
moment generating function Z(a) := [ e*’y(y)dy associated with the density exists in an open
interval containing the origin. Fix k € N and let ¢ > f.

According to Cramer’s theorem, [4, Section 2.2], we have

1
I&EI;OﬁlogP(X1+...+XN>tN):I(t), (27)

where I : [£y,00) — [0,00] is a rate function given by
I(t):=a;t-logZ(ay),

where a; is the solution to % log Z(a) =t.
In the present paper we will appeal to a quantitative version of Cramér’s theorem. Setting
2
2

0
o7:=—logZ(a)|

6“2 a=a,;’

we have the following.
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Lemma 4.1 (Theorem 3 of Petrov [15]). We have

1
P(Yy+...+Yn>tN)=(1+¢ey)——e N (28)

\/27150'%]\7

where there exists a constant C € (0,00) such that|en| < C/V/'N.

We now turn to discussing the Gibbs conditioning principle [4, Section 7.3], which asserts that as
N — oo, conditioned on the event {Y; +...+ Yy < tN}, the k-dimensional random vector (Y7,..., Y;)
converges in distribution to the k-dimensional product of the measure with density

Yo, ) =Yy Z(ay),

where a; <0 is chosen so that [y, () ydy = t.
The quantitative Gibbs conditional principle, which we state shortly, gives a statement of this result
in terms of total variation distances. Namely, define the constants

‘1_ Zi+...+ Zp— kELZ)]
kVar[Z;]

By the central limit theorem, as k — oo,

fwf—lfoo‘j_ —s|ds—\/z,

where the final equality above follows from noting d% (ue‘“z/ 2) =01- uz)e_"z/ 2. Now for 6 € (0,1)
define

Q(B):—f |1 V1-ge% /2’\/2_exp(——(2) dc.

It is easily verified that Q'(0) = ¢.
We now state our quantitative version of the Gibbs conditioning principle, with a minor restate-
ment of the form given in [6].

Lemma 4.2 (Theorem 1.6 of [6]). Letw>_’k be the marginal density of (Y1,..., Yy) conditioned on the
event{Y, +...+ Yy = tN}. Let a; be the such that 2 3a logZ((x)| =t. Then

J.

where there is a universal constant C € (0,00) such that settingC' := C

1) k .
l+ey $ka,ny -k fixed, N — oo,

ViR -k mldy={ (1422 ek k=0, kN = oo,

(1+g(3) )Q(e) .k ~ON,k, N — oo,

E[IX—E[X]|*]
Var[X]3/2

| k 1 1
e I=C =, €D 1Y) |sc’(—+ )
kN N LNTTRN vk VN-k

We now have all the tools at hand to prove Theorem[A] which we do over the next two sections.

we have
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5 Proof of Theorem/A: the ¢ > ¢, case

Recall that according to the first point in Theorem[A, for all #j¢ < f < fsyp there are constants C,c €
(0,00) depending on ¢ and t such that for all k, N € N with k < N, we have

f |75 () = 75k pi(9) ds < CeN. (29)

As mentioned in the introduction, we in fact prove the following stronger statement, of which the
bound is a consequence.

Theorem 5.1. If tciit < t < tsyup,

— 1 _
f |'uN k(s)—yiﬁni(s) ds=(2+en ) ————e ION.

\/2n02N

where the rate function I : (0, tsup) — [0,00] is given by I1(t) := ta, —log Z(a,), Uz aa2 log Z(a)lg=q,
and there are constants C = C(¢, t),c = c(¢, t) € (0,00) such that ey ;| < C(ﬁ +yte C‘/—) for all
k,N.

In the remainder of this section we prove Theorem[5.1l We begin by consider the probability den-
sity QN ~k on R¥ given by the conditional law of the first k coordinates of a random vector uniformly

dlstrlbuted on D(]I\)’ \ Bg P Namely,

Qp ks):= (30)

; f
DN —1BY | S~ {soenyay )

where for s = (s1,...,5;) €R¥ and ¢ = ((1,...,{n—x) € RVN7K we write (5,0) := (51,..+, Sk, (15, N—k) €

RYN. Moreover, we note that by definition ,ug ;’k may also be written as an integral over RV*:

TRs)= (31)

il d¢
1BY| By | Jry-k {(s,()eBg,}

We now work to express the total variation distance between ,ug ~k(s)and y , in terms of QN —k,

Indeed, by definition we have
Wispenyy  ispenys
f - ———% bd(|ds. (32)
RN-F |B i 1Dy |

f |'uN—>k(S) Y(pum(s)'ds::fw

Now, for each s € [Rk since Bgt c Dg we have

f isoeny)  ispenyy &
RNk |B ol |D(IX|
1 1 1
W)f L oo V9 Do Nf L coeomay 19
|B | | (pl RN-k {(S’OEBdM} | (Pl RN-k {(s’()EDd)\B(b,t}

|By, ;|
S
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where we used and (31) to obtain the final equality above. Plugging (33) into (32), we obtain

N—k ®k d |B(1;{t|
f;@k /ng,t (s)_ycp,uni(s)| s=11- |D¢|N f;@k
The following lemma is the main part of the proof, giving a fine estimate of the integral occuring
in (34).

Lemma 5.2. Fix0 € (0,1). There are constants C = C(0), ¢ = c(0) € (0,00) such that for all integers k, N
such that k < 0N we have

o (8) =Y g (9)|ds. (34)

jl;k 'ch?k(s) _Y?;,Iilni(s) ds= 2_8N,k!

k —ck
where0 < ey < C(N +e )

Proof. Note that both Qg ;’k and )/fz’f a, are supported on D(]f). Moreover, consider now that the

density Qgt_’k may be written Qg;’k(s) = f(®(s)), where @ : Dq’z — [0,00) is given by ®(sy, ..., sk) 1=
(@(s1),...,¢(s)) and f : [0,00)% — [0,00) is given by

1
fn.oy) = m[wk Wbt p@ui>tN-xk |y} 01 - AON -

Similarly, we may also write yf;]imi(s) = g(D(s), where g(y1,..., Vx) = ﬁ (i.e. a multiple of the
' ¢

constant function). In particular, we are in the setting of LemmaB35lwith E = DX, F = [0,00)¥, with p
equal to the k-dimensional Lebesgue measure on E. It follows that

ka|Q$7"(s)—y$,’fmi(s)|ds=f[0 )k|q>#Q$7"(y)—q>#y§flni(y) dy, 35)
,00

where ®#Q$7 t_’k and Q#yglfl ,,; denote the respective densities on [0,00)% of the random vectors

(p(X1),...,p(X)) and (p(Y7),...,¢(Y)) where (Xi,..., Xj) is distributed according to density Qg;’k

®k
¢,uni’

Now note that Q#Q(IIX ;’k is precisely the conditional density of (¢(X1),...,¢(Xx)) conditioned on
the event {(p(X1) +...+pXy) >N } where Xj,..., Xy are independent and uniformly distributed on
Dy. Equivalently, by (26), <D#Q£{ ;’k is the conditional density of (V1,..., Yx) conditioned on the event
{Y1+...+ Yy > tN},where Y1,..., Yy are independent and identically distributed with density ¢ (y) :=
w(y)/|1Dy|. In particular, applying Lemmal4.2]to the variables Y1,..., Y%, and extracting a rather rough
bound from Lemma[4.2] we see that there is a constant C = C(¢, t) € (0,00) such that for all kK, Ne N
withk<= N

and (Y3,..., Y) is distributed according to density y

k

#toN—k ®k

fw |® Qi N =Wq, (N|dy=Cx (36)
where a; is chosen so that ¢ = %log Z(a)|q=q,- (We remark that the extra precision granted by

Lemmal.2lis used more finely in the next section in our study of the case ¢ < #.i;.)
In particular, using (33), and the triangle inequality we have

N—k ®k _ #. .9k .,k
ka |Q¢W (s) _Y¢runi(8)|ds B f[o,oo)k |q> Yd%uni(y) Va, ) dy+AkN, (37)
where |Ag y| < Ck/N.
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We now note that (D#Yleimi =2k, In particular,

f[O.OO)’C

is the total variation between the distributions of (Y3,...,Y;) and (Y/,..., Y]é), where the Y; are i.i.d.
with density v, and in particular have mean #.i;, and Y; are i.i.d. with density y4,, and in particular
have mean ¢. We are going to show that this total variation is nearly equal to 2 when k is large. Indeed,
if we set

q)#yfz,’:lni(y) - U’ﬁ,’“(y) dy=2 sup
A<[0,00)F

f wﬁ,’“(y)dy—f vk mdy]
A A

lerit+ ¢
u:.=
2

)

then for large k it is likely that {w < u} but unlikely that {w < u} More explicitly, setting

Ay = {(yl,...,yk) €10,000K: y1+yo+...+ Yy > uk} and extracting a rather rough bound from the
quantitative Cramér theorem, Lemma[4.T] we see that there exist constants C = C(¢p, ), c = c(¢, t) €
(0,00) such that

f v®*(ydy<cCe*  and f w2k (y)dy =2-Ce k.
Ay Au
In particular, two previous two estimates imply that
22[{0 )k|q>#y;‘;;fflni(y)—w;?;f(y)|dy22—26e‘0k. (38)
,OO

Combining (37) with (38), we obain the result.

We are now ready to prove Theorem /5.1l

Proof of Theorem[5.1l Consider the large- N asymptotics of the right hand side of (34).
On the one hand, we may write

N
IBWI

1- N
[Degl

):P[¢(Vl)+...+¢(VN) >tN],

where V; are independent random variables distributed according to Y uni, the uniform density on
Dy. By the quantitative version of Cramer’s theorem, Lemmal4.1} we have

|B$ft| 1
T DN = (1+éen)———=exp(-I()N),
Dy \/ZnafN

where |ey]| < C/+v/'N for a constant C = C(¢p, t) € (0,00) not depending on N.
On the other hand, by Lemma[5.2lwe have

ka | QY TH )~ gk (9| ds =2 i,

where for a different constant C' = C’(¢p) we have |ey ;| < C’ (% + e_cﬁ) .
In particular, by (34),

fm |“<]/Y,7k(3) - y;’f;fflni(S)'ds =(1+en)2—€eni) exp(=I(f)N),

1
\/2m02N

18



where |en k| = C’ (% + e‘c‘/%) and |ey| < C/V/'N. Set PN,k to be the solution to

1
l+pnik=0Q+en)(1- EEN,k)

L

Then plainly there are constants c,C € (0,00) such that [py | = C ( N

proof of Theorem[5.11

+ % + e_Ck), completing the

O

6 Proof of Theorem/At the ¢ < 1,;; case

6.1 A full statement and overview

We now turn to proving Theorem[Alin the case where ¢ < t.i;. We recall from Section [[3]that a; < 0
is a parameter chosen so that if y o (s) is the tilted density

Yo.a(s):=e*Ip, g/ Z(a),

then [ ¢(5)y¢,a(s)ds.
As in the t > 1.4, we actually prove the following sharper result, giving a fine estimate of the total
variation which implies (6).

Theorem 6.1. Ift < ti, then with a; as in Lemmall.3 we have

5(71,)]\1 é-k,af[% : kﬁxed, N — o,
N—k ek _ ) k . - ~
ka'ﬂ (S)_Y¢’a’(8)|ds_ I+epn SN :k=0(N),k, N— oo,

ot
(1+e8)]Q@)  :k~0N,kN— oo,

l1+¢

and for a constant C = C(¢, t) € (0,00) we have

=0y =, e le = O =+ —
kN'— N’ kENV kN T \/E m ’
Theorem[6.1lis proved in the remainder of this section. The proof is divided into three steps:

» Step 1. We assume that the Lebesgue measure of Dy is finite, and under this assumption
LemmalG.Zlbelow estimates the total variation between the pushforwards ®* ,uf/\)’ ;’k and CD#}ffz’;t.

* Step 2. We will continue to assume |Dy| < oo, and use our work in Section 3 to show that we
may ‘pullback’ the result obtained in Lemma[6.2] to estimate the total variation between the

densities ,ug ~*and yiﬁ .

* Step 3. Finally, we will show that the assumption |Dy| < co may be lifted, completing the proof
of Theorem[6.1l This part is based on a truncation argument, in which the domain Dy of infi-
nite Lebesgue measure is approximated by sets with finite Lebesgue measure.

The next three sections correspond to the three steps outlined above.
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6.2 Stepl

The following lemma may be regarded as a pushforward version of Theorem[G.1]

Lemma 6.2. Suppose|Dy| < oo and t < teic. Then, with a; <0 as in Definition[L.3, we have

1+85€1,)1V Ekrat% :kﬁxed) N — o0,
ka <I>#u$7k(y)—1ﬂ§,k(w’dy: 1+e?)ek k=0, kN — oo,

(1+e)]QO)  :k~0N,kN— oo,

where there is a universal constant C with the following property. Namely, if X is a random variable
4
distributed according toy o,, then settingC' := C EXEXN ] 1pe have

Var[X]2
eI =C =, Lyl le} |sc’(—+ )
k,N N k,NV" kN vk VN—Fk
1p,(s)
Proof. Since |Dgy| < oo, the uniform density ¥, uni(s) := IDDL;IS on Dy exists. Suppose now Xj, ..., Xy
are independent random variables distributed according to the uniform density Yy uni 0n Dy, and
consider the transformed variables ¢(Y7),...,¢(Yy), which are distributed according to v, where ¥

is given in (26). Noting that by definition ,ug ;’k is the marginal density of (Xj, ..., Xj) conditioned on

the event {¢p(X;) +...+ d(Xy) < tN}, it follows that the pushforward <I>#yg ;’k is the marginal density
of (Y1,...,Y}) conditioned on the event {Y¥; +...+ Yy < tN}. In other words, we are in the setting of

Lemmal4.2] from which the result follows immediately. O
6.3 Step2

The next lemma ‘pulls back’ the previous result, replacing the estimate of the total variation between
Q#ug ;’k and 1//25“ with one between ug{ ;’k and yf’;tk. This next result amounts to preicsely the state-
ment of Theorem[6.1lin the case where the Lebesgue measure of Dy is finite.

Lemma 6.3. Suppose |Dy| < oo and t < tyi. Then, with a; <0 as in Definition[L3, we have

J.

where there is a universal constant C with the following prooperty. Namely, if X is a random variable

. . . . ~EIX-E[XD?]
distributed according toy q,, then setting C' := CW

k 1 1
een=C\ % leinblepnl =C' (ﬁ = k).
Proof. We would like to use Lemma[3.5] with @ : R¥ — [0,00]* defined as in Section3.4t i.e. ®(sy, ..., SK) =
(¢(s1),...,¢(sk)). To this end note that we may write ,ug;’k(s) = f (®(s)), where

1
f,.ope) = —IBQ}[I fRN_k o ttp@up=in-xt, y 01 dON—-

1 k.
1+ |k, Kk fixed, N — oo,

ds={(1+eP J¢£ k= 0(N),k,N— oo,

L+e0|QO)  :k~ON,k N— oo,

w7 F () —yak(s)

we have

Moreover, clearly yfz’;t(s) = g (®(s)), where g(y1,..., k) = % In particular, we are in the set-

ting of Lemma[3.5] so that
N—k ok —
jl;k ’ud)rt (S) - Y¢rat(8) dS - \[Rk

The result follows by noting that ®*y® tk =y tk, and using Lemmal6.21 O

o gy F () - g, (1)|dy.
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6.4 Step3

In the previous section, we proved Lemma [6.3] which is precisely the statement that Theorem
holds whenever Dy has finite Lebesgue measure. Here we will show that this assumption may be
lifted, thereby completing the proof of Theorem[6.11

Proof of Theorem[6.1l We approximate an arbitrary potential ¢ by a potential ¢; whose domain has
finite Lebesgue measure. Namely, for L > 0 let ¢p1(s) := ¢(s) + ocoll{¢p(s) > L}, so that in particular ¢
agrees with ¢y on the set {se R : ¢(s) < L}.

Define the truncated partition function

L
Zi(a) :zf e“‘l’"(”ds:f e"‘d’(”ds:f ey (y)dy,
Dy, ¢~1(10,L) 0

where the final equality above is a truncated analogue of (24), and follows from an application of (23).
For t € Rlet a;, denote the solution to %ZL(a)Ia:at_,‘ =t.
Now by the triangle inequality, for any L > 0 we have the inequalities

®k N—»k k N—k —k
|I,u¢ —Yq,,atll_llu ~Yorao T 1Hg, ¢ ,uw |I+|IY¢, a,,—wa,ﬂ
and
N—k N—»k k N—k N—k
Ikt ¢ —Yd,atll_llu Yﬁ,‘,a[,ll—llu ~ M, I|—I|Y¢, a[,—ywtll.

In particular, we may write

ds+Ap, 39)

[ ro-vat ofas= [ azo-rite.o

where
IAL|<f |Y¢7LatL(S) y (s)Ids+f |“(1/\)’L—"tk(s) ,ug;’k(s)|d5- (40)

We now show that for all p > 0, there exists an Ly such that whenever L = L, |Ar] < p. On the
one hand, we note that the truncated Orlicz ball BN ; is a subset of Bg »» both of which have finite
Lebesgue measure. Moreover, as L — oo, Bé;{ A\ B(’JY[ = @, so that by the continuity of Lebesgue mea-
sure we have IBN \ BN ;| — 0. In particular, by Lemma[5.4lthere is an L; such that whenever L > L,

we have

f e -y TE e |ds < pr2. (41)

On the other hand, using Lemmal[3.2lwe have
f |Y¢L,a,L(S) y¢ o, (S)lds = kf 1Yora..(8) = Yo, (5)lds (42)
Now consider that y q,(s) = Z( A and Yor,a.(8):= % are both densities that may be written as

a function of ¢. In particular, we are in the setting of Lemma[B.5with ® = ¢: R — [0,00], so that

fR Yoraes (8) = Yga, (9)]ds = fo 10" Y o0 () — & Ve, (1)1 (43)
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We now note that in the notation of Section 2] we have (p#Y(vaat,L = (qﬁm,m) 1y SO that making the
relevant substitution in (43) we have
oo
fR Y pra00(8) = Yoa,()Ids = fo | (@ Yp.0) 1y D) =" ¥, WIdy.

Now by the second point in Lemmal[2.2] there is exists an L, such that for every L = L,

[o0]
fo | (¢#Y¢yaz)(L) ) _Qb#Yqb,a[(J/”dy < p/2k. (44)
In particular, combining (44) and with (@I) in (40), we see that for all L = Ly := max{Li, Ly},
ALl < p. (45)

Finally, since the truncated potential ¢b; has a domain of finite Lebesgue measure, by Lemmal6.3we
have

1+ fk,a,% : k fixed, N — oo,

k,N,L
Lk’ugﬁk(s)—yf;fflu(s) ds{ (1460 )% k=0, kN — oo, (46)
1460y ]QO  tk~ON kN — oo,

where there is a universal constant C € (0,00) such that if X; is distributed according to (Ya,) then

. 1 ~EIX —E[XD*
with CL = CW we have

(L)’

k 1 1
m 1 @ 3 /
|Ek,N,L|SCL\/N’ |Ek,N,L|’|€k,N,L|SCL(ﬁ+\/N—_k)‘
Now by applying the third point of Lemma to the truncated density (yq,) «1y» We see that there
exists a constant M € (0,00) depending on ¢, ¢ but independent of L such that for all L = Ly we have

ElXL—ELXLD* _
Var[X; ]2

’

so that for all L = L, by setting C' = CM we have

| 1) |< C/ E | 2) | | 3) |< Cl L‘F 1 (47)
Eene!= N GNP RN =S TET e )
In particular, since p > 0 and L are arbitrary, by combining (39), (45), and (@7) we obtain the
result. O

Appendix

In this appendix we sketch a few details of the proof of Lemma[.2] which is very similar to the proof
of Theorem 1.6 in [6].

Proof of Lemmal4.2 Since the proof runs almost identically to Section 3 of Diaconis and Freedman
[6], we will only sketch the details in the case where k ~ O N.

Now, whenever v is a probability density on R of a random variable (Xj,..., Xx), let ¥ denote the
probability density on R! of X +...+ Xj. According to the sufficiency Lemma 2.4 of [6], we have the
equality in total variation

N—k ®k -N—k -®k
Iy Y ki = 1k - g gk,
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Write fi(s) := 1/_/2 f“ (s). We remark that if 1//*k (s) is the k-fold convolution of the density v, then
ea,suj*k(s)
ACHLES
Using @8) to obtain the second equality below, and the definition of Y~ k¥ to obtain the first, the
density associated with WN ~k is given by
w*k(s) fm_sw*(N—k)(u) du _ fk(s) f[(;?]—s e—a(u—tN+S)fN_k(u) du
SN N(w) du B Jive @) fy(w) du

fie(s) = (48)

w7k ) =

In particular, we have

f[N s alu— l’N+Sf k(u)du
Sine @t fy(u) du

-1|ds

||wN*K—w>t||—f fr(s)

We now consider a recentering. Let g; denote the dens1ty of
X1+...+Xj—jt

ov/j

so that when j is large, g; is close to the Gaussian density. Indeed, changing variable we have

00 —aoVN-k(u+¢s)
192 - 92l = f [ SN s (49)
f(;’o e—aa\/ﬁugN(u) du
where ¢ =/ ;7. We now use the Edgeworth expansion to estimate the ratio
ffz)s e—aUvN—k(LH‘PS)gN_k(u)du 50)

fOOO e—aamugN(u) du

as a function of the external variable s. Indeed, according to the Edgeworth expansion (see, e.g., [7}
Section XVI])

x(ay)

gi(s) =Le_s 21 4+
J \/ﬂ \/7

where for a random variable X with density hg,, k(@) := E[(X - E[X D31/Var[X]3/? and there is a uni-
versal constant C such that

(s —35)) +e(9), (51)

CEI(X —E[XD! 1
Var[X]?
We begin with estimating the ratio when k = 0N. Here, it is easily seen that

|£j(s)|s

ff(j)s e_atf\/N—k(u+¢$)gN_k(u) du 3 mexp (_%((ps)Z) + O(ﬁ)

_ 1
f(;’oe “U\/N”gN(u)du m+0(1/]\7)

= ( 1_9 2)+ (s) (52)
= exp|—— s £ s),
-0 p 21-0 kN

where there is a universal constant C € (0,00) such that for all s € R we have
E[1X —E[X]14] 1
Var[X]32 /N—k

By plugging into (49), and using the central limit theorem, we prove the statement of Lemmal[4.2]
in the setting where k ~ 0 N.
We omit the proof of the case k = 0(V), which is similar. O

lek,n(s)=C
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