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A Maxwell principle for generalized Orlicz balls

Samuel G. G. Johnston and Joscha Prochno

Abstract

In [A dozen de Finetti-style results in search of a theory, Ann. Inst. H. Poincaré Probab. Statist.

23(2)(1987), 397–423], Diaconis and Freedman studied the low-dimensional projections of ran-

dom vectors from the Euclidean unit sphere and the simplex in high dimensions, noting that the

individual coordinates of these random vectors look like Gaussian and exponential random vari-

ables respectively. In subsequent works, Rachev and Rüschendorf and Naor and Romik unified

these results by establishing a connection between ℓN
p balls and a p-generalized Gaussian dis-

tribution. In this paper, we study similar questions in a significantly generalized and unifying

setting, looking at low-dimensional projections of random vectors uniformly distributed on sets

of the form

B N
φ,t :=

{

(s1, . . . , sN ) ∈R
N :

N
∑

i=1

φ(si ) ≤ t N
}

,

where φ : R→ [0,∞] is a function satisfying some fairly mild conditions; in particular, we cover

the case of Orlicz functions. Our method is different from both Rachev-Rüschendorf and Naor-

Romik, based on a large deviation perspective in the form of quantitative versions of Cramér’s

theorem and the Gibbs conditioning principle, providing a natural framework beyond the p-

generalized Gaussian distribution while simultaneously unraveling the role this distribution plays

in relation to the geometry of ℓN
p balls. We find that there is a critical parameter tcrit at which there

is a phase transition in the behaviour of the low-dimensional projections: for t > tcrit the coordi-

nates of random vectors sampled from B N
φ,t behave like uniform random variables, but for t ≤ tcrit

however the Gibbs conditioning principle comes into play, and here there is a parameter βt > 0

(the inverse temperature) such that the coordinates are approximately distributed according to a

density proportional to e−βtφ(s).

Keywords. Generalized Orlicz balls, Gibbs conditioning principle, Gibbs measures, Maxwell prin-

ciple, low-dimensional projections, quantitative Cramér theorem

MSC. Primary 60F05; Secondary 52A20, 60F10.

1 Introduction

1.1 The Maxwell principle

Over a century ago, Borel [2, Chapter 5] observed, independently of Maxwell, that if one chooses a

random vector uniformly from the sphere in dimension N , then when N is large any given coordinate

of the random vector is approximately Gaussian distributed. This result is commonly known as the

Maxwell-Borel lemma or the Maxwell principle. More precisely, consider the Euclidean sphere

SN−1
2 :=

{

(s1, . . . , sN ) ∈R
N :

N
∑

i=1

s2
i = N

}

of radius
p

N in R
N , with the normalization here taken to ensure that the typical coordinate of an

element of SN−1
2 has unit order when N is large. Suppose now (Θ1, . . . ,ΘN ) is a random vector cho-

sen according to σN , the unique rotationally invariant probability measure on SN−1
2 . For k < N , let
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σN→k denote the probability density function on R
k associated with the marginal law of the first k

coordinates (Θ1, . . . ,Θk ) of (Θ1, . . . ,ΘN ), which is given by

σN→k (s1, . . . , sk) :=
Γ( N

2 )

Γ( N−k
2

)(πN )k/2



1−

∑k
j=1

s2
j

N





N−k−1
2

11{s2
1 + . . .+ s2

k ≤ N }.

It turns out that when N is large and k is small compared to N , the probability density σN→k on R
k is

very close to the k-dimensional product γ⊗k of the standard Gaussian density

γ(s) :=
1

p
2π

e−s2/2, s ∈R.

(Here and throughout we write ν⊗k for the product measure on R
k associated with a measure ν on

R.) More specifically, in [5] Diaconis and Freedman supply the explicit bound

∫

Rk
|σN→k (s)−γ⊗k (s)|ds ≤

2(k +3)

N −k −3

on the total variation distance between the two probability density functions.

Diaconis and Freedman go on to observe seemingly connected phenomena in different settings.

Indeed, in place of SN−1
2 take instead the simplex

DN−1 :=
{

(s1, . . . , sN ) ∈R
N : si ≥ 0,

N
∑

i=1

si = N

}

, (1)

and this time for k < N let µN→k denote the probability density function of the first k coordinates of a

random vector selected uniformly from DN−1. Diaconis and Freedman also give an explicit bound on

the total variation distance between µN→k and the k-dimensional product of the standard exponen-

tial density ρ(s) := 11[0,∞)(s)e−s , though proclaim in their paper to not have the right general theorem

unifying these different but seemingly related observations.

A few years later, Rachev and Rüschendorf [17] connected these phenomena in the setting of the

ℓN
p spheres (we write p-spheres)

SN−1
p :=

{

(s1, . . . , sN )∈R
N :

N
∑

i=1

|si |p = N

}

, p ≥ 1,

establishing an ℓp -version of the classical Maxwell-Borel lemma. Indeed, to outline this connection

here, consider the standard p-Gaussian density

γp (s) :=
1

2p1/pΓ(1+1/p)
exp

(

−|s|p /p
)

, s ∈R.

Rachev and Rüschendorf study random vectors in R
N distributed according to the cone measure µN

p

on SN−1
p , which may be constructed as follows. If ζ is distributed according to γ⊗N

p , then the nor-

malised vector ζ/||ζ||p takes values in the p-sphere and is distributed according to µN
p . Rachev and

Rüschendorf use this probabilistic construction to analyze the marginal density µN→k
p of the first k

coordinates (X1, . . . , Xk ) of a random vector (X1, . . . , XN ) distributed according to the cone measure

µN
p (see, e.g., [14, Proof of Lemma 4] for a representation of µN→k

p ). Indeed, they show that when

N →∞ with k = o(N ), we have the total variation estimate

∫

Rk
|µN→k

p (s)−γ⊗k
p (s)|ds =

√

2

πe

k

N
+o (k/N ) . (2)
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We warn the reader that our definition of total variation is twice that of Rachev and Rüschendorf.

It transpires that the cone measure and surface measure coincide precisely when p ∈ {1,2,∞}, and

the result of Rachev and Rüschendorf [17] beautifully connects the previously disparate observations

of Diaconis and Freedman above: the case p = 2 connects the Gaussian distribution to the Euclidean

sphere SN−1
2 , and modulo certain symmetries, the p = 1 case connects the exponential distribution to

the simplex DN−1. Rachev and Rüschendorf remarked that an analysis of the k-dimensional projec-

tions of a random vector from the arguably more natural surface measure σN
p on SN−1

p would require

a different treatment from that of the cone measure µN
p .

With a view to tackling this problem with the surface measure σN
p , Naor and Romik [14] stud-

ied the discrepancy between the cone measure µN
p and the surface measure σN

p , finding a constant

Cp ∈ (0,∞) such that the total variation distance between the two measures in N -dimensions may

be bounded above by Cp /
p

N . They used their bound on the total variation between σN
p and µN

p

in conjunction with Rachev and Rüschendorf’s bound (2) to show that we have the total variation

bound

∫

Rk
|σN→k

p (s)−γ⊗k
p (s)|ds ≤Cp

(

k

N
+

1
p

N

)

on the k-dimensional projections of σN
p and the k-dimensional product of p-Gaussians.

1.2 A brief statement of our main result

While the works of Rachev and Rüschendorf [17] and Naor and Romik [14] certainly provide a grat-

ifying answer to Diaconis and Freedman’s [5] appeal for a unified theory, the purpose of the present

paper is to show that these phenomena may be generalized significantly further in the setting of gen-

eralized Orlicz balls

B N
φ,t :=

{

(s1, . . . , sN )∈R
N :

N
∑

i=1

φ(si ) ≤ t N

}

, (3)

where t > 0 andφ :R→ [0,∞] is a potential — a function satisfying some fairly mild conditions. These

conditions are given in Definition 1.1 below, but let us just say here that with the restrictions imposed

on φ, our framework includes the simplex as well as the ℓN
p balls for p > 0 and the more general case

of Orlicz balls (where φ is an even and convex function such that φ(0) = 0 and φ(t ) > 0 for t 6= 0),

though in general the sets B N
φ,t we consider need not be convex, symmetric, simply connected or

even compact. These generalisations are made possible through a different perspective based on the

large deviation theory and the Gibbs conditioning principle.

We call Dφ := {s ∈R : φ(s) <∞} the domain of φ. Giving a very brief outline of our main result here,

we find that there is a phase transition in the behaviour of the low-dimensional projections at the

critical value tcrit = tcrit(φ) ∈ (0,∞] given by

tcrit :=
{

1
|Dφ|

∫

Dφ
φ(s)ds : |Dφ| <∞,

∞ : |Dφ| =∞,

where |Dφ| is the Lebesgue measure of Dφ. More specifically, we have the following:

• For t > tcrit (so that |Dφ| < ∞), in high dimensions the ball B N
φ,t is volumetrically similar (in

sense that their intersection carries a lot of mass) to the N -fold product DN
φ of the domain Dφ,

so that the density on R
k associated with the marginal distribution of the first k coordinates
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of a random vector uniformly distributed on B N
φ,t is close in total variation distance to the k-

dimensional product of the uniform density

γφ,uni(s) :=
11Dφ

(s)

|Dφ|
, s ∈R

on Dφ, where |Dφ| denotes the Lebesgue measure of Dφ.

• When t ≤ tcrit, the Gibbs conditioning principle comes into play, and the density on R
k as-

sociated with the distribution of the k-dimensional projections of a random vector uniformly

distributed on B N
φ,t are close in total variation distance to the k-dimensional product of the

Gibbs density

γφ,−βt
(s) := e−βtφ(s)11Dφ

(s)/Z (−βt ), s ∈R

where Z (−βt ) ∈ (0,∞) is the normalisation constant known as partition function, and βt > 0

is a parameter, in statistical mechanics parlance referred to as inverse temperature, chosen so

that
∫∞

−∞
φ(s)γφ,−βt

(s)ds = t .

Roughly speaking, this suggests that the coordinates of balls B N
φ,t are distributed according to

a density with respect to Lebesgue measure for which larger values of φ are penalised. The

exponential parameter βt increases as t decreases, so that this penalisation becomes stronger

as the size of the ball B N
φ,t shrinks.

That concludes our very brief outline of our main results, in the next section we provide a more

complete picture, where precise statements on the behaviour of the low-dimensional projections are

given in terms of total variation distance.

1.3 Main results

We now present our definition for the class of functions φ : R→ [0,∞] determining the generalized

Orlicz balls B N
φ,t we consider. We call such functions potentials.

Definition 1.1. A measurable function φ : R→ [0,∞] is a potential if it is piecewise differentiable, the

essential infimum of φ is zero, for y < ∞ the level sets {s ∈ R : φ(s) = y} of φ are finite, and setting

Dφ := {s ∈R :φ(s) <∞}, the partition function

Z (α) :=
∫

Dφ

eαφ(s) ds (4)

is finite and positive for all α in some non-empty interval (−∞,αmax) whereαmax := sup{α ∈R : Z (α)<
∞}.

Remark 1.2. As mentioned above, we call the set Dφ = {s ∈R : φ(s) <∞} the domain of φ, and write

|Dφ| ∈ (0,∞] for its Lebesgue measure. Whenever |Dφ| =∞, clearly Z (α) may only exist for negative

values of α. We also note that the existence of the partition function Z (α) for some α guarantees that

for each y <∞, φ−1
(

[0, y]
)

:= {s ∈R : φ(s)∈ [0, y]} has finite Lebesgue measure, so that B N
φ,t is a subset

of φ−1 ([0, t N ])N , and hence also has finite Lebesgue measure. In particular, whenever φ is a potential

it always makes sense to say a vector is uniformly distributed on B N
φ,t .
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The generalized Orlicz balls B N
φ,t include various sets of interest. All subsets of RN considered in

Section 1.1 are boundaries of generalized Orlicz balls: by taking φ(s) = |s|p we recover the ℓN
p ball of

radius (t N )1/p , and the function φ(s) :=∞11(−∞,0)(s)+ s corresponds to the simplex DN−1 defined in

(1). Moreover, the classical Orlicz balls also fall into this framework, being those sets corresponding

to φ(0) = 0, φ(t ) > 0 for t 6= 0, and φ is even and convex (note that then the set of points of non-

differentiability is at most countable); see [9, Equation (3)].

Let us emphasise however that we make no further restrictions on φ, so that while the sets B N
φ,t

we consider have finite N -dimensional Lebesgue measure and are invariant under permutations of

the coordinate axes, as mentioned above they need not be centered, convex, symmetric, simply con-

nected or even compact. For an example of a set with none of these properties, we invite the reader

to consider the set B N
φ,t associated with the potential

φ(s) :=
{

s if s ∈ [k ,k +2−k) for some k ∈ {1,2, . . .},

∞ otherwise.

We now define two key quantities related to φ. The first, the domain supremum of φ, to be the essen-

tial supremum of φ on its domain, i.e.

tsup := inf
{

y ∈R :
∣

∣φ−1
(

(y,∞)
)∣

∣= 0
}

∈ (0,∞],

where |A| denotes the Lebesgue measure of a measurable set A. It is easily verified using the fact that

Z (α) <∞ for some α that |Dφ| = ∞ implies tsup =∞. Our second quantity, which we already gave

above, is the domain average of φ, given by

tcrit :=
{

1
|Dφ|

∫

Dφ
φ(s)ds : |Dφ| <∞,

∞ : |Dφ| =∞,

where we emphasise that the integral in the former case may be infinite even when |Dφ| < ∞. Of

course tcrit ≤ tsup.

Now for any α such that Z (α) <∞, we may define a Gibbs probability density

γφ,α(s) :=
eαφ(s)11Dφ

(s)

Z (α)
, s ∈R.

In the case where Dφ has finite Lebesgue measure, Z (0)= |Dφ| <∞, so that we may write

γφ,uni(s) :=γφ,0(s)=
11Dφ

(s)

|Dφ|
, s ∈R,

for the uniform density on the domain of φ.

Let us remark that

∂

∂α
log Z (α) =

∫

Dφ
φ(s)eαφ(s)ds

∫

Dφ
eαφ(s)ds

=
∫∞

−∞
φ(s)γφ,α(s)ds.

In particular, W (α) := ∂
∂α log Z (α) is an increasing function from (−∞,αmax) to (0, tsup) satisfying

W (0) = tcrit. The following lemma, which follows from Petrov’s results [15] (see also [3, Theorem

6.2]), guarantees that for every t ∈ (0, tsup) the existence of a parameter αt such that the expectation

of φ against γφ,αt
(s)ds is equal to t .
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Lemma 1.3. For each t ∈ (0, tsup) there exists a unique parameter αt ∈ (−∞,αmax) such that

W (αt ) =
∫∞

−∞
φ(s)γφ,αt

(s)ds = t .

Clearly since W is increasing and satisfies W (0) = tcrit, whenever t > tcrit, αt > 0, and t < tcrit

implies αt < 0.

We are now ready to present our main results on the low-dimensional projections of random vec-

tors uniformly sampled from generalized Orlicz balls. Here and below, µN→k
φ,t denotes the marginal

density of the first k coordinates (X1, . . . , Xk ) of a random vector (X1, . . . , XN ) chosen according to the

uniform measure µN
φ,t on the generalized Orlicz ball B N

φ,t . That is

µN→k
φ,t (s1, . . . , sk) :=

1

|B N
φ,t

|

∫

RN−k
11B N

φ,t
(s1, . . . , sk , sk+1, . . . , sN )dsk+1 . . .dsN

With tcrit and tsup now defined, shortly we state our main result, Theorem A. Beforehand however,

let us briefly highlight that the case t ≥ tsup is trivial. Here, the generalized Orlicz ball is identical to

the N -fold product of the domain of φ, that is B N
φ,t = DN

φ =
{

(s1, . . . , sN ) ∈R
N : si ∈ Dφ

}

, and hence the

coordinates of B N
φ,t are independent and uniformly distributed on Dφ. In particular, µN→k

φ,t = γ⊗k
φ,uni

.

Our main statement, Theorem A (which is actually a condensed statement of more detailed theo-

rems which we state in full in Sections 5 and 6), concerns the low-dimensional projections of B N
φ,t in

the more interesting setting in which t < tsup. Here we find that a phase transition occurs at the point

t = tcrit.

Theorem A. If tcrit < t < tsup, then the k-dimensional projections of a random vector uniformly sam-

pled from B N
φ,t are close in distribution to a k-dimensional product of γφ,uni. More specifically, there

exist constants C = C (φ, t ),c = c(φ, t ) ∈ (0,∞) depending on φ and t such that for all k , N ∈ N with

k ≤ N , we have

∫

Rk

∣

∣

∣µN→k
φ,t (s)−γ⊗k

φ,uni(s)
∣

∣

∣ds ≤C e−cN . (5)

On the other hand, if t ≤ tcrit, then the k-dimensional projections of a random vector uniformly sam-

pled from B N
φ,t are close in distribution to a k-dimensional product of γφ,αt

, where αt is as in Lemma

1.3. More specifically, there exists a constant C =C (φ, t ) ∈ (0,∞) depending on φ and t such that for all

k , N ∈N with k ≤ N , we have

∫

Rk

∣

∣

∣µN→k
φ,t (s)−γ⊗k

φ,αt
(s)

∣

∣

∣ds ≤C
k

N
. (6)

In fact, the statement of our main results in Theorem A has been abbreviated somewhat for the

sake of clarity. In Sections 5 and 6 the two cases tcrit < t and t ≤ tcrit are considered seperately, and

in both settings we obtain fine estimates of the total variations occuring on the left-hand sides of (5)

and (6). These estimates lead to the rougher bounds given in the statement of Theorem A.

1.4 Further discussion

Our approach to proving Theorem A is based around ideas from the theory of large deviations and

statistical mechanics, specifically those centered around Cramér’s theorem, the Gibbs conditioning

principle, and Gibbs measures. Indeed, the framework of Gibbs measures in particular seems to be

the natural one and demystifies the appearance of the p-Gaussian distribution when taking a prob-

abilistic approach to the geometry of ℓN
p balls. In fact, our approach, which is completely different

from [14] and [17] and of independent interest, is based around a quantitative version of the Gibbs
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conditioning principle that appears in a different paper by Diaconis and Freedman [6]. Somewhat

surprisingly this result was neither cited in [14] nor [17] (or the recent paper [13]) even though it

already contains ideas towards a unified and generalized theory in the sense of Rachev and Rüschen-

dorf [17]. But this exact paper [6] of Diaconis and Freedman shall be the starting point for us. Let us

also mention that the Gibbs conditioning principle and Gibbs measures have been successfully used

to tackle other problems of a geometric flavor using probabilistic methods, e.g., [9] and [12, 13].

We now outline briefly how these approaches feature in our analysis. Take the first case tcrit < t <
tsup considered in Theorem A. The intuition here is that while t < tsup ensures that B N

φ,t is a proper

subset of the cube DN
φ , for each t of this form we have the convergence

|B N
φ,t |

|DN
φ |

→ 1, as N →∞ (7)

in the ratios of the Lebesgue measures of the two sets. Roughly speaking this entails that in high

dimensions, B N
φ,t behaves a lot like the product set DN

φ , so that the marginal density of the low-

dimensional projection is close in total variation to the product of the uniform density on Dφ in

the sense of (5). More specifically, we use a quantitative version of Cramer’s theorem from large devi-

ation theory to estimate the discrepancy in volume in the two sets, ultimately showing that it decays

exponentially in N , leading to the bound in (5).

Now let us consider on the other hand the situation where t < tcrit, which we regard as the most

interesting case. Here we find that in contrast to (7), either |Dφ| =∞, or even when |Dφ| <∞, we have

|B N
φ,t |

|DN
φ
|
→ 0, as N →∞. (8)

In any case, here we require a more delicate approach based on the Gibbs conditioning principle,

for which we now provide a very rough outline. Suppose Y1,Y2, . . . are independent and identically

distributed random variables distributed according to a probability density ν on the real line, and

suppose further that E[Y1] < t0. The Gibbs conditioning principle is concerned with the asymptotic

distribution of first k coordinates (Y1, . . . ,Yk ) conditioned on the large deviation event {Y1+ . . .+YN <
t N }. The Gibbs conditioning principle states that when N is large and k is small compared to N ,

then under certain conditions these first k coordinates are approximately distributed according to a

k-dimensional product of the density

ναt
(s) := eαt sν(s)/Z (αt ), s ∈R,

where Z (αt ) is a normalisation constant and αt < 0 is a parameter chosen so that
∫∞
−∞ sναt

(s)ds is

equal to t .

With a view to relating the Gibbs conditioning principle to our problem, in the setting where |Dφ| is

finite, we take a sequence of random variables X1, X2, . . . sampled uniformly and independently from

Dφ, and consider the transformed sequence Y1,Y2, . . . given by Yi := φ(Xi ). This transformation al-

lows us to a express membership of a random vector (X1, . . . , XN ) in the subset B N
φ,t of DN

φ in terms of

the large deviation event {φ(X1)+ . . .+φ(XN ) ≤ N t }= {Y1+ . . .+YN ≤ N t }, and therefore use the Gibbs

conditioning principle to understand the low-dimensional projections of (Y1, . . . ,Yk ), and hence ulti-

mately (X1, . . . , Xk ) on this event. It transpires that we are able to adapt our proof to ultimately make

sense of sampling uniformly from Dφ even when the Lebesgue measure of Dφ is infinite, and by using

a quantitative version of the Gibbs conditioning principle due to Diaconis and Freedman, we obtain

the bound (6). Finally let us mention that in our treatment we regard the case t = tcrit as fitting into

the framework of Gibbs conditioning in correspondence with the parameter αt = 0. In particular, the
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convergence in total variation in this critical case happens at the linear (6) rather than exponential

rate (5).

We close the introduction by taking a moment to clarify a small difference between the statement

of Theorem A with the function φ(s) = sp and the frameworks considered by Diaconis and Freedman

[5], Rachev and Rüschendorf [17], and Naor and Romik [14]. Namely, the above authors consider the

boundary of the ℓN
p ball, while we consider the interior of such sets. Ultimately we recover the same

result despite the slightly different setting, namely that the low-dimensional projections are approxi-

mately p-Gaussian. Of course, let us also note that in many situations there is no difference between

the results for the uniform distribution or the distribution with respect to the cone probability mea-

sure, even though sometimes different methods are required (see, e.g., [8, 10, 11, 16, 18]).

That concludes the introduction. We now take a moment to overview the remainder of the paper.

1.5 Overview

The remainder of the paper is structured as follows:

• In Section 2 we study the stability of certain Gibbs measures under truncations of their tail

mass, proving stability of these truncations under various metrics, including large deviation

and moments. Our work in this section allows us to consider potentials φ with non-compact

domains {x : φ(x) <∞} so that one cannot sample ‘uniformly’ from the domain of φ as we have

done above in the proof sketch above.

• In Section 3, we study how total variation distances are preserved under pushforwards and

pullbacks, giving us the tools necessary to study potentials that are many-to-one.

• In Section 4 we supply quantitative statements of Cramer’s theorem and the Gibbs condition-

ing principle that are used in the following two sections to prove Theorem A.

• In Section 5 we give a proof of the Theorem A in the case t > tcrit.

• In Section 6 we give a proof of Theorem A in the case t ≤ tcrit.

• In the appendix of the paper we give a proof sketch of the quantitative version of the Gibbs

conditioning principle, Lemma 4.2.

2 Total variation and Gibbs truncations

The main task of this section is the statement and proof of Lemma 2.2 below concerning asymp-

totics of certain truncations of measures. First, we start with a quick lemma on the tail moments of

probability measures with exponential moments.

Lemma 2.1. Suppose f : [0,∞) → [0,∞) is a function such that there exist constants c ,C ∈ (0,∞) such

that

f (s) ≤C e−cs.

Then, for all κ≥ 0, and all L >κ/c, we have

∫∞

L
sκ f (s)ds ≤

C Lκe−cL

c −κ/L
≤C ′e−c ′L

for constants C ′,c ′ ∈ (0,∞) depending on κ but independent of L.
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Proof. We have

∫∞

L
sκ f (s)ds ≤C

∫∞

L
sκe−cs ds =C Lκe−cL

∫∞

0

(

1+
s

L

)κ
e−cs ds.

Now use the bound
(

1+ s
L

)κ ≤ eκs/L .

Before stating Lemma 2.2, we give a brief informal statement. Suppose we have a probability mea-

sure ν on (0,∞) with exponential moments, and we create a truncated version ν〈L〉 of the measure

restricted to taking values in [0, y), but exponentially tilted so that ν〈L〉 has the same mean as ν. The

following lemma states that the measure ν〈L〉 is stable under tail truncations, in that when L is large,

it has similar moments to ν and is close in total variation distance to ν.

Lemma 2.2. Let ν : [0,∞) → [0,∞) be a probability density satisfyingν(s) ≤C e−cs for all s ≥ 0 and with

expectation
∫∞

0 sν(s)ds = t . Given L > t , we define the tilted truncation ν〈L〉 of ν to be the probability

density function

ν〈L〉(s) :=
eαs11{s<L}ν(s)
∫L

0 eαsν(s)ds
,

on [0,∞), where α=α(L) is the unique parameter chosen so that
∫L

0 sν〈L〉(s)ds = t .

Then there exist constants C ′,c ′,L0 ∈ (0,∞) such whenever L ≥ L0, we have the following bounds:

1. The size of α(L) is bounded by α(L) ≤C ′e−c ′L .

2. The total variation between ν〈L〉 and ν is bounded by

||ν〈L〉−ν|| :=
∫∞

0

∣

∣ν〈L〉(s)−ν(s)
∣

∣ ds ≤C ′e−c ′L .

3. The difference between the j th moment of ν and ν〈L〉 is bounded by

∣

∣

∣

∣

∫∞

0
s jν(s)ds −

∫∞

0
s jν〈L〉(s)ds

∣

∣

∣

∣

≤
C ′

0

1− j /L0
L j+1e−c ′

0L .

Proof. In the case that ν is supported on [0,L], α(L) = 0 and the measure ν〈L〉 is identical to ν, so that

all three statements are immediate. For the remainder of the proof we therefore assume without loss

of generality that ν is not supported on [0,L].

We begin by showing that when L is large, α(L) is small. First we note that the generating function

G(α) :=
∫∞

0 eαs ν(s)ds exists in a subset that contains (−∞,c) and satisfies G(0) = 1,G ′(0) = t , with

G ′′(0) > t 2 since ν is non-degenerate.

Define the function

Q(α,L) :=
∫L

0 seαs11{s<L}ν(ds)
∫L

0 eαsν(ds)
. (9)

Then since ν is non-degenerate, Q(α,L) is monotone increasing in the α variable, and hence α(L)

is the unique solution to the equation Q (α(L),L) = t . Since ν is not supported on [0,L], we have

Q(α,L) < t and therefore α(L) > 0.

We now develop a lower bound for Q(α,L). Extending the range of the integral in the denominator

to obtain the first inequality below, and then using the fact that G(α) ≥ 1 whenever α ≥ 0 to obtain

the second, we have

Q(α,L) =
∫∞

0 seαsν(ds)−
∫∞

L seαsν(ds)
∫L

0 eαsν(ds)

9



≥
∫∞

0 seαsν(ds)−
∫∞

L seαsν(ds)
∫∞

0 eαsν(ds)

≥ K (α)−
∫∞

L
seαsν(ds), (10)

where K (α) := ∂
∂α logG(α). With a view to bounding Q(α,L) below, we now control the two quantities

appearing on the right-hand-side of (10).

First we note that K (0) = t . Moreover, K ′(0) > 0 since G ′′(0) > G ′(0)2, so that in particular, there

exists a δ> 0 and a ρ > 0 such that for all α ∈ [0,δ],

K (α) ≥ t +ρα. (11)

As for the integral in the final line of (10), recall that ν(s) ≤ C e−cs for all s. In particular, setting

f (s)= eαsµ(s) in Lemma 2.1, we see that there are constants c1,C1 such that for all α ∈ [0,c/2],

∫∞

L
seαsν(ds)≤C1e−c1L . (12)

Combining (11) and (12) in (10), we obtain

Q(α,L) ≥ t +ρα−C1e−c1L for α ∈ [0,δ∧c/2].

Now let L0 be sufficiently large so that for all L ≥ L0 we have C1

ρ e−c1L ≤ δ∧ c/2. Then plainly, for all

L ≥ L0, we have

Q(α,L) ≥ t +ρα−C1e−c1L for α ∈
[

0,
C1

ρ
e−c1L

]

. (13)

It follows that for all L ≥ L0, Q
(

C1

ρ e−c1L ,L
)

≥ t , and hence α(L) ≤ C1

ρ e−c1L, establishing the first state-

ment of Lemma 2.2. Throughout the remainder of the proof we assume that L ≥ L0.

We now turn to proving the second point concerning the total variation distance between the mea-

sure and its tilted truncation. Since ν〈L〉 is supported on [0,L], we have

∫∞

0

∣

∣ν〈L〉(s)−ν(s)
∣

∣ ds =
∫L

0

∣

∣

∣

∣

∣

eα(L)s

∫L
0 eα(L)sν(s)ds

−1

∣

∣

∣

∣

∣

ν(s)ds +
∫∞

L
ν(s)ds. (14)

First we note that by Lemma 2.1 there are constants C2,c2 ∈ (0,∞) so that the latter integral on the

right-hand side of (14) may be bounded by

∫∞

L
ν(s)ds ≤C2e−c2L . (15)

We turn to bounding the former integral on the right hand side of (14). To this end, we note that since

α(L) ≤ C1

ρ
e−c1L , there are constant C3,c3 ∈ (0,∞) such that for all s ∈ [0,L] we have

1 ≤ eα(L)s ≤ e
C1
ρ

Le−c1L

≤ 1+C3e−c3L . (16)

On the other hand, again using Lemma 2.1 and the fact that eα(L)s ≥ 1 to obtain the lower bound

below, and the upper bound in (16) to obtain the upper bound below, it may be seen that there are

constants C4,c4 ∈ (0,∞) such that

1−C4e−c4L ≤
∫L

0
eα(L)sν(s)ds ≤ 1+C4e−c4L . (17)
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Combining (16) with (17), we see that there exist constants C5,c5 ∈ (0,L) such that for every s ∈ [0,L],
∣

∣

∣

∣

∣

eα(L)s

∫L
0 eα(L)sν(s)ds

−1

∣

∣

∣

∣

∣

≤C5e−c5L . (18)

Using the fact that ν is a probability measure, (18) entails

∫L

0

∣

∣

∣

∣

∣

eα(L)s

∫L
0 eα(L)sν(s)ds

−1

∣

∣

∣

∣

∣

ν(s)ds ≤C5e−c5L . (19)

In particular, using the bounds (15) and (19) in (14), we obtain the second point of the lemma.

It remains to prove the third point concerning the difference between moments of ν and its tilted

truncation ν〈L〉, the proof of which follows quickly from the bound (18). Indeed, using the triangle

inequality to obtain the first inequality below, and (18) to obtain the second we have

∣

∣

∣

∣

∫∞

0
s jν(s)ds −

∫∞

0
s jν〈L〉(s)ds

∣

∣

∣

∣

≤
∫L

0

∣

∣

∣

∣

∣

eα(L)s

∫L
0 eα(L)sν(s)ds

−1

∣

∣

∣

∣

∣

s jν(s)d s +
∫∞

L
s jν(s)ds.

≤C5e−c5L

∫L

0
s jν(s)d s +

∫∞

L
s jν(s)ds

≤C5L j e−c5L +C6e−c6L ,

where the final inequality above follows from the fact that ν is a probability measure to deal with the

first term, and an application of Lemma 2.1 to handle the second. It particular there exist C7,c7 ∈
(0,∞) such that

∣

∣

∣

∣

∫∞

0
s jν(s)ds −

∫∞

0
s jν〈L〉(s)ds

∣

∣

∣

∣

≤C7e−c7L ,

completing the proof of the third statement in Lemma 2.2.

3 Total variation, pushforwards and potentials

In this section, and throughout the paper, we use the following definition.

Definition 3.1. Whenever π is a probability density on R
N , we write πN→k for the marginal density

on R
k of the first k coordinates (X1, . . . , Xk ), where (X1, . . . , XN ) is a random vector in R

N distributed

according to π(s)ds.

3.1 Total variation

In this section we collect several results on how the total variation metric interacts with product mea-

sures and pushforwards. While most of the tools we develop in the section are well known, we have

included proofs with a view towards completeness.

When π and λ are measures on a measurable space (E ,E ), we write

||π−λ|| := 2sup
A∈E

|π(A)−λ(A)|

for the total variation distance betweenπ andλ. Suppose thatπ andλ are both absolutely continuous

with respect to a measure ν, so that by the Radon-Nikodym theorem, we have dπ= f dν and dλ= g dν

for some measurable functions f , g : E → [0,∞]. Then it is easily verified that we have the alternative

integral representation

||π−λ|| =
∫

E
| f − g |dν (20)

for the total variation distance between π and λ.

11



3.2 Total variation, product measures, containments and projections

The following simple lemma on the total variation distances between product measures is well known,

dating back at least as far as Blum and Pathak [1]. We omit a proof.

Lemma 3.2 (Total variation summing lemma). Let π and λ be probability measures on (E ,E ), and let

π⊗k and λ⊗k be their respective product measures on the k-dimensional product space (E k ,E ⊗k). Then

||π⊗k −λ⊗k || ≤ k ||π−λ||.

Suppose π and λ are probability measures on (E ,E ) and F is a sub-σ-algebra of E . We write

||π−λ||F := 2 sup
F∈F

|π(F )−λ(F )|.

Our next lemma states that if two measures on R
N are close in total variation, so are their projec-

tions.

Lemma 3.3. Let π and λ be probability densities on R
N . Then with πN→k and λN→k as in Definition

3.1 we have

∫

Rk

∣

∣

∣πN→k (s)−λN→k (s)
∣

∣

∣ds ≤
∫

RN
|π(s)−λ(s)|ds.

Proof. This is a straightforward application of the triangle inequality. Indeed, for s = (s1, . . . , sk ) ∈ R
k

and ζ= (ζ1, . . . ,ζN−k ) ∈R
N−k , write (s,ζ) := (s1, . . . , sk ,ζ1, . . . ,ζN−k )∈R

N . Then

∫

Rk

∣

∣

∣πN→k (s)−λN→k (s)
∣

∣

∣ds =
∫

Rk

∣

∣

∣

∣

∫

RN−k
π(s,ζ)−λ(s,ζ) dζ

∣

∣

∣

∣

ds

≤
∫

Rk

∫

RN−k
|π(s,ζ)−λ(s,ζ)|dζds

=
∫

RN
|π(s)−λ(s)|ds,

which completes the proof.

Our next lemma states that if A ⊆ B , and B \ A is small, then the projections of uniform random

vectors from A and B are close in total variation distance.

Lemma 3.4. Let A ⊆B be measurable subsets of RN with finite Lebesgue measure, and let µA anud µB

denote the uniform densities on A and B. Then with µN→k
A

and µN→k
B

defined using Definition 3.1, we

have

∫

Rk

∣

∣

∣µN→k
A (s)−µN→k

B (s)
∣

∣

∣ds ≤ 2
|B \ A|
|B |

.

Proof. Using Lemma 3.3 to obtain the inequality below, we have

∫

Rk

∣

∣

∣µN→k
A (s)−µN→k

B (s)
∣

∣

∣ds ≤
∫

RN

∣

∣

∣µA(s)−µB (s)
∣

∣

∣ds = 2
|B \ A|
|B |

,

completing the proof.
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3.3 Total variation and pushforwards

We now relate total variation distances under pushforwards of certain probability measures. Let

(E ,E ) and (F,F ) be measurable spaces. If µ is a measure on E , and Φ : E → F is a measurable func-

tion, we write Φ
#µ for the pushforward measure on F , defined by

Φ
#µ (B ) :=µ

(

Φ
−1(B )

)

for measurable subsets B of F . If µ is a probability measure on E , and X is a random variable dis-

tributed according to µ, then Φ
#µ is the law of Φ(X ). It is straightforward to check that if µ is abso-

lutely continuous with respect to λ, then Φ
#µ is absolutely continuous with respect to Φ

#λ.

The following lemma may be regarded as a more measure-theoretic formulation of Diaconis and

Freedman’s sufficiency lemma, [5, Lemma (2.4)], stating that that total variation of certain measures

is preserved under pushforwards.

Lemma 3.5. Let E and F be measurable spaces, suppose µ is a measure on E and suppose further that

Φ : E → F is a measurable function. Suppose that π and λ are probability measures on E that are

absolutely continuous with respect to µ, and such that there exist f , g : F → [0,∞] such that

dπ

dµ
= f ◦Φ and

dλ

dµ
= g ◦Φ.

Then

||π−λ|| = ||Φ#π−Φ
#λ||. (21)

Proof. It is easily verified that

dΦ#π

dΦ#µ
= f and

dΦ#λ

dΦ#µ
= g .

In particular, using (20) to obtain the outer equalities below, and changing variable to obtain the

central equality, we have

||Φ#π−Φ
#λ|| =

∫

F
| f (y)− g (y)|Φ#µ(dy)=

∫

E
| f (Φ(s))− g (Φ(s))|µ(ds) = ||π−λ||

as required.

3.4 The pushforward by a potential

We will occasionally abuse notation in the following sense: if ν is a probability density on R and

f :R→R is a measurable mapping, we write f #ν for the probability density on R associated with the

pushforward by f of the measure ν(s)ds. Now given our potential φ and a probability measure on R,

we would like to understand the densities associated with pushforwards using φ. To this end, con-

sider the increasing function F : [0,∞) → [0,∞) given by letting F (y) denote the Lebesgue measure of

the set of all points s ∈R for which φ(s) ≤ y , that is F (y) :=
∣

∣φ−1[0, y]
∣

∣. Suppose φ is differentiable at s

for all s ∈φ−1(y). Then it is easily verified that

ψ(y) := F ′(y) =
∑

s∈φ−1(y)

1/|φ′(s)|, (22)

with the understanding that ψ(y) is equal to +∞ whenever there is an s ∈φ−1(y) such that φ′(s) = 0.

The function ψ is defined for almost-all y ∈ [0,∞), and has the property that for all f such that f (φ(s))

is integrable,
∫∞

−∞
f
(

φ(s)
)

ds =
∫∞

0
f (y)ψ(y)dy. (23)
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In particular, whenever ν : R→ [0,∞) is a probability density of the form ν(s) = f (φ(s)), the pushfor-

ward φ#ν of the measure ν(s)ds has density φ#ν(y) := f (y)ψ(y).

Recall the partition function Z (α) :=
∫

Dφ
eαφ(s)ds defined in Section 1.3. We note that by (23) we

may alternatively write

Z (α) :=
∫∞

0
eαyψ(y)dy. (24)

Now for all α such that Z (α) <∞ we may define the α-tilted probability density on [0,∞) by

ψα(y) :=
eαyψ(y)

Z (α)
. (25)

In particular, in the setting where the Lebesgue measure of Dφ is finite so that Z (0) = |Dφ| < ∞,

whenever X is uniformly distributed on Dφ, the random variable φ(X ) is distributed according to the

probability density

ψ0(y) :=
ψ(y)

|Dφ|
. (26)

Note that ψα =φ#γφ,α where γφ,α was defined in Section 1.3.

Finally, define the multivariate potential Φ : Rk → R
k by Φ(s1, . . . , sk ) :=

(

φ(s1), . . . ,φ(sk )
)

. We note

that whenever ν is a measure on R, we have

(φ#ν)⊗k =Φ
#(ν⊗k ).

4 The quantitative Cramér Theorem and Gibbs conditioning principle

In this section we provide further background on both Cramér’s theorem and the Gibbs condition-

ing principle, ultimately giving quantitative versions of both principles that are used in the proof of

Theorem A.

To this end, let Y1,Y2, . . . be a sequence of independent random variables identically distributed

according to a probability density ψ on R, and suppose that E[Y1] = t0. Suppose further that the

moment generating function Z (α) :=
∫∞
−∞ eαyψ(y)dy associated with the density exists in an open

interval containing the origin. Fix k ∈N and let t > t0.

According to Cramer’s theorem, [4, Section 2.2], we have

lim
N→∞

1

N
logP(X1 + . . .+XN > t N )= I (t ), (27)

where I : [t0,∞) → [0,∞] is a rate function given by

I (t ) :=αt t − log Z (αt ),

where αt is the solution to ∂
∂α log Z (α) = t .

In the present paper we will appeal to a quantitative version of Cramér’s theorem. Setting

σ2
t :=

∂2

∂α2
log Z (α)|α=αt

,

we have the following.
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Lemma 4.1 (Theorem 3 of Petrov [15]). We have

P(Y1 + . . .+YN > t N )= (1+εN )
1

√

2πσ2
t N

e−N I (t ), (28)

where there exists a constant C ∈ (0,∞) such that |εN | ≤C /
p

N .

We now turn to discussing the Gibbs conditioning principle [4, Section 7.3], which asserts that as

N →∞, conditioned on the event {Y1 + . . .+YN ≤ t N }, the k-dimensional random vector (Y1, . . . ,Yk )

converges in distribution to the k-dimensional product of the measure with density

ψαt
(y) := eαt yψ(y)/Z (αt ),

where αt < 0 is chosen so that
∫∞
−∞γαt

(y)ydy = t .

The quantitative Gibbs conditional principle, which we state shortly, gives a statement of this result

in terms of total variation distances. Namely, define the constants

ξk :=
1

2
E

[

∣

∣

∣

∣

1−
Z1 + . . .+Zk −kE[Z1]

√

kVar[Z1]

∣

∣

∣

∣

]

.

By the central limit theorem, as k →∞,

ξk → ξ :=
1

2

∫∞

−∞

e− 1
2

s2

p
2π

|1− s2|ds =
√

2

πe
,

where the final equality above follows from noting d
du

(

ue−u2/2
)

= (1−u2)e−u2/2. Now for θ ∈ (0,1)

define

Q(θ) :=
∫∞

−∞

∣

∣

∣1−
p

1−θeθζ2/2
∣

∣

∣

1
p

2π
exp

(

−
1

2
ζ2

)

dζ.

It is easily verified that Q ′(0) = ξ.

We now state our quantitative version of the Gibbs conditioning principle, with a minor restate-

ment of the form given in [6].

Lemma 4.2 (Theorem 1.6 of [6]). Let ψN→k
≥t be the marginal density of (Y1, . . . ,Yk ) conditioned on the

event {Y1 + . . .+YN ≥ t N }. Let αt be the such that ∂
∂α

log Z (α)
∣

∣

∣

α=αt

= t . Then

∫

Rk

∣

∣

∣ψN→k
≥t (y)−ψ⊗k

αt
(y)

∣

∣

∣dy =



















(

1+ε(1)
k ,N

)

ξk ,αt

k
N

: k fixed, N →∞,
(

1+ε(2)
k ,N

)

ξ k
N : k = o(N ),k , N →∞,

(

1+ε(3)
k ,N

)

Q(θ) : k ∼ θN ,k , N →∞,

where there is a universal constant C ∈ (0,∞) such that setting C ′ :=C E[|X−E[X ]|4]
Var[X ]3/2 we have

|ε(1)
k ,N

| ≤C ′

√

k

N
, |ε(2)

k ,N
|, |ε(3)

k ,N
| ≤C ′

(

1
p

k
+

1
p

N −k

)

.

We now have all the tools at hand to prove Theorem A, which we do over the next two sections.
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5 Proof of Theorem A: the t > tcrit case

Recall that according to the first point in Theorem A, for all tcrit < t < tsup there are constants C ,c ∈
(0,∞) depending on φ and t such that for all k , N ∈N with k ≤ N , we have

∫

Rk

∣

∣

∣µN→k
φ,t (s)−γ⊗k

φ,uni(s)
∣

∣

∣ds ≤C e−cN . (29)

As mentioned in the introduction, we in fact prove the following stronger statement, of which the

bound (29) is a consequence.

Theorem 5.1. If tcrit < t < tsup,

∫

Rk

∣

∣

∣µN→k
φ,t (s)−γ⊗k

φ,uni(s)
∣

∣

∣ds = (2+εN ,k )
1

√

2πσ2
t N

e−I (t )N ,

where the rate function I : [0, tsup) → [0,∞] is given by I (t ) := tαt − log Z (αt ), σ2
t := ∂2

∂α2 log Z (α)|α=αt

and there are constants C = C (φ, t ),c = c(φ, t ) ∈ (0,∞) such that |εN ,k | ≤ C
(

1p
N
+ k

N +e−c
p

k
)

for all

k , N .

In the remainder of this section we prove Theorem 5.1. We begin by consider the probability den-

sity QN→k
φ,t

on R
k given by the conditional law of the first k coordinates of a random vector uniformly

distributed on DN
φ \ B N

φ,t . Namely,

QN→k
φ,t (s) :=

1

|Dφ|N −|B N
φ,t |

∫

RN−k
11{

(s,ζ)∈DN
φ \B N

φ,t

}dζ, (30)

where for s = (s1, . . . , sk ) ∈ R
k and ζ = (ζ1, . . . ,ζN−k ) ∈ R

N−k , we write (s,ζ) := (s1, . . . , sk ,ζ1, . . . ,ζN−k ) ∈
R

N . Moreover, we note that by definition µN→k
φ,t may also be written as an integral over RN−k :

µN→k
φ,t (s) :=

1

|B N
φ,t

|

∫

RN−k
11{

(s,ζ)∈B N
φ,t

}dζ. (31)

We now work to express the total variation distance between µN→k
φ,t

(s) and γ⊗k
φ,uni

in terms of QN→k
φ,t

.

Indeed, by definition we have

∫

Rk

∣

∣

∣µN→k
φ,t (s)−γ⊗k

φ,uni(s)
∣

∣

∣ds :=
∫

Rk

∣

∣

∣

∣

∫

RN−k

{

11{(s,ζ)∈B N
φ,t

}

|B N
φ,t

|
−

11{(s,ζ)∈DN
φ

}

|DN
φ
|

}

dζ

∣

∣

∣

∣

ds. (32)

Now, for each s ∈R
k , since B N

φ,t ⊆ DN
φ we have

∫

RN−k

{

11{(s,ζ)∈B N
φ,t

}

|B N
φ,t

|
−

11{(s,ζ)∈DN
φ

}

|DN
φ
|

}

dζ

=
(

1

|B N
φ,t |

−
1

|Dφ|N

)

∫

RN−k
11{

(s,ζ)∈B N
φ,t

}dζ−
1

|Dφ|N

∫

RN−k
11{

(s,ζ)∈DN
φ \B N

φ,t

}dζ

=
(

1−
|B N

φ,t |

|Dφ|N

)

(

µN→k
φ,t (s)−QN→k

φ,t (s)
)

, (33)
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where we used (30) and (31) to obtain the final equality above. Plugging (33) into (32), we obtain

∫

Rk

∣

∣

∣µN→k
φ,t (s)−γ⊗k

φ,uni(s)
∣

∣

∣ds =
(

1−
|B N

φ,t |

|Dφ|N

)

∫

Rk

∣

∣

∣QN→k
φ,t (s)−γ⊗k

φ,uni(s)
∣

∣

∣ds. (34)

The following lemma is the main part of the proof, giving a fine estimate of the integral occuring

in (34).

Lemma 5.2. Fix θ ∈ (0,1). There are constants C =C (θ),c = c(θ) ∈ (0,∞) such that for all integers k , N

such that k ≤ θN we have
∫

Rk

∣

∣

∣QN→k
φ,t (s)−γ⊗k

φ,uni(s)
∣

∣

∣ds = 2−εN ,k ,

where 0 ≤ εN ,k ≤C
(

k
N
+e−ck

)

.

Proof. Note that both QN→k
φ,t and γ⊗k

φ,(αt )
are supported on Dk

φ. Moreover, consider now that the

density QN→k
φ,t may be written QN→k

φ,t (s) = f (Φ(s)), where Φ : Dk
φ → [0,∞) is given by Φ(s1, . . . , sk ) :=

(φ(s1), . . . ,φ(sk )) and f : [0,∞)k → [0,∞) is given by

f (y1, . . . , yk ) :=
1

|Dφ|N −|B N
φ,t

|

∫

RN−k
11{

φ(ζ1)+...+φ(ζN−k>t N−
∑k

i=1 yi

}dζ1 . . .dζN−k .

Similarly, we may also write γ⊗k
φ,uni

(s) := g (Φ(s)), where g (y1, . . . , yk) := 1
|DN

φ
| (i.e. a multiple of the

constant function). In particular, we are in the setting of Lemma 3.5 with E = Dk
φ, F = [0,∞)k , with µ

equal to the k-dimensional Lebesgue measure on E . It follows that

∫

Rk

∣

∣

∣QN→k
φ,t (s)−γ⊗k

φ,uni(s)
∣

∣

∣ds =
∫

[0,∞)k

∣

∣

∣Φ
#QN→k

φ,t (y)−Φ
#γ⊗k

φ,uni(y)
∣

∣

∣dy, (35)

where Φ
#QN→k

φ,t
and Φ

#γ⊗k
φ,uni

denote the respective densities on [0,∞)k of the random vectors

(φ(X1), . . . ,φ(Xk )) and (φ(Y1), . . . ,φ(Yk )) where (X1, . . . , Xk ) is distributed according to density QN→k
φ,t

and (Y1, . . . ,Yk ) is distributed according to density γ⊗k
φ,uni

.

Now note that Φ#QN→k
φ,t is precisely the conditional density of

(

φ(X1), . . . ,φ(Xk )
)

conditioned on

the event
{

φ(X1)+ . . .+φ(XN ) > t N
}

where X1, . . . , XN are independent and uniformly distributed on

Dφ. Equivalently, by (26), Φ#QN→k
φ,t is the conditional density of (Y1, . . . ,Yk ) conditioned on the event

{Y1+. . .+YN > t N }, where Y1, . . . ,YN are independent and identically distributed with densityψ0(y) :=
ψ(y)/|Dφ|. In particular, applying Lemma 4.2 to the variables Y1, . . . ,Yk , and extracting a rather rough

bound from Lemma 4.2, we see that there is a constant C =C (φ, t ) ∈ (0,∞) such that for all k , N ∈N

with k ≤ N

∫

Rk

∣

∣

∣Φ
#QN→k

φ,t (y)−ψ⊗k
αt

(y)
∣

∣

∣dy ≤C
k

N
(36)

where αt is chosen so that t = ∂
∂α log Z (α)|α=αt

. (We remark that the extra precision granted by

Lemma 4.2 is used more finely in the next section in our study of the case t ≤ tcrit.)

In particular, using (35), (36) and the triangle inequality we have

∫

Rk

∣

∣

∣QN→k
φ,t (s)−γ⊗k

φ,uni(s)
∣

∣

∣ds =
∫

[0,∞)k

∣

∣

∣Φ
#γ⊗k

φ,uni(y)−ψ⊗k
αt

(y)
∣

∣

∣dy +∆k ,N , (37)

where |∆k ,N | ≤C k/N .
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We now note that Φ#γ⊗k
φ,uni

=ψ⊗k
0 . In particular,

∫

[0,∞)k

∣

∣

∣Φ
#γ⊗k

φ,uni(y)−ψ⊗k
αt

(y)
∣

∣

∣dy = 2 sup
A⊆[0,∞)k

∣

∣

∣

∫

A
ψ⊗k

αt
(y)dy −

∫

A
ψ⊗k

0 (y)dy
∣

∣

∣

is the total variation between the distributions of (Y1, . . . ,Yk ) and (Y ′
1 , . . . ,Y ′

k
), where the Yi are i.i.d.

with density ψ, and in particular have mean tcrit, and Y ′
i

are i.i.d. with density ψαt
, and in particular

have mean t . We are going to show that this total variation is nearly equal to 2 when k is large. Indeed,

if we set

u :=
tcrit + t

2
,

then for large k it is likely that
{

Y1+...+Yk

k
≤ u

}

but unlikely that
{

Y ′
1+...+Y ′

k

k
≤u

}

. More explicitly, setting

Au :=
{

(y1, . . . , yk ) ∈ [0,∞)k : y1 + y2 + . . .+ yk > uk
}

and extracting a rather rough bound from the

quantitative Cramér theorem, Lemma 4.1, we see that there exist constants C = C (φ, t ),c = c(φ, t ) ∈
(0,∞) such that

∫

Au

ψ⊗k (y)dy ≤C e−ck and

∫

Au

ψ⊗k
α (y)dy ≥ 2−C e−ck .

In particular, two previous two estimates imply that

2 ≥
∫

[0,∞)k

∣

∣

∣Φ
#γ⊗k

φ,uni(y)−ψ⊗k
αt

(y)
∣

∣

∣dy ≥ 2−2C e−ck . (38)

Combining (37) with (38), we obain the result.

We are now ready to prove Theorem 5.1.

Proof of Theorem 5.1. Consider the large-N asymptotics of the right hand side of (34).

On the one hand, we may write

(

1−
|B N

φ,t |

|Dφ|N

)

=P
[

φ(V1)+ . . .+φ(VN ) > t N
]

,

where Vi are independent random variables distributed according to γφ,uni, the uniform density on

Dφ. By the quantitative version of Cramer’s theorem, Lemma 4.1, we have

(

1−
|B N

φ,t |

|Dφ|N

)

= (1+εN )
1

√

2πσ2
t N

exp(−I (t )N ),

where |εN | <C /
p

N for a constant C =C (φ, t ) ∈ (0,∞) not depending on N .

On the other hand, by Lemma 5.2 we have

∫

Rk

∣

∣

∣QN→k
φ,t (s)−γ⊗k

φ,uni(s)
∣

∣

∣ds = 2−εN ,k ,

where for a different constant C ′ =C ′(φ) we have |εN ,k | ≤C ′
(

k
N +e−c

p
k
)

.

In particular, by (34),

∫

Rk

∣

∣

∣µN→k
φ,t (s)−γ⊗k

φ,uni(s)
∣

∣

∣ds = (1+εN )(2−εN ,k )
1

√

2πσ2
t N

exp(−I (t )N ),
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where |εN ,k | ≤C ′
(

k
N +e−c

p
k
)

and |εN | <C /
p

N . Set ρN ,k to be the solution to

1+ρN ,k = (1+εN )(1−
1

2
εN ,k )

Then plainly there are constants c ,C ∈ (0,∞) such that |ρN ,k | ≤ C
(

1p
N
+ k

N
+e−ck

)

, completing the

proof of Theorem 5.1.

6 Proof of Theorem A: the t ≤ tcrit case

6.1 A full statement and overview

We now turn to proving Theorem A in the case where t ≤ tcrit. We recall from Section 1.3 that αt ≤ 0

is a parameter chosen so that if γφ,α(s) is the tilted density

γφ,α(s) := eαφ(s)11Dφ(s)/Z (α),

then
∫∞
−∞φ(s)γφ,α(s)ds.

As in the t > tcrit, we actually prove the following sharper result, giving a fine estimate of the total

variation which implies (6).

Theorem 6.1. If t ≤ tcrit, then with αt as in Lemma 1.3 we have

∫

Rk

∣

∣

∣µN→k
φ,t (s)−γ⊗k

φ,αt
(s)

∣

∣

∣ds =



















(

1+ε(1)
k ,N

)

ξk ,αt

k
N

: k fixed, N →∞,
(

1+ε(2)
k ,N

)

ξ k
N : k = o(N ),k , N →∞,

(

1+ε(3)
k ,N

)

Q(θ) : k ∼ θN ,k , N →∞,

and for a constant C =C (φ, t ) ∈ (0,∞) we have

|ε(1)
k ,N

| ≤C

√

k

N
, |ε(2)

k ,N
|, |ε(2)

k ,N
| ≤C

(

1
p

k
+

1
p

N −k

)

.

Theorem 6.1 is proved in the remainder of this section. The proof is divided into three steps:

• Step 1. We assume that the Lebesgue measure of Dφ is finite, and under this assumption

Lemma 6.2 below estimates the total variation between the pushforwardsΦ#µN→k
φ,t andΦ

#γ⊗k
φ,αt

.

• Step 2. We will continue to assume |Dφ| < ∞, and use our work in Section 3 to show that we

may ‘pullback’ the result obtained in Lemma 6.2 to estimate the total variation between the

densities µN→k
φ,t

and γ⊗k
φ,t

.

• Step 3. Finally, we will show that the assumption |Dφ| <∞ may be lifted, completing the proof

of Theorem 6.1. This part is based on a truncation argument, in which the domain Dφ of infi-

nite Lebesgue measure is approximated by sets with finite Lebesgue measure.

The next three sections correspond to the three steps outlined above.
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6.2 Step 1

The following lemma may be regarded as a pushforward version of Theorem 6.1

Lemma 6.2. Suppose |Dφ| <∞ and t ≤ tcrit. Then, with αt ≤ 0 as in Definition 1.3, we have

∫

Rk

∣

∣

∣

∣

Φ
#µN→k

φ,t (y)−ψ⊗k
αt

(y)

∣

∣

∣

∣

dy =



















(

1+ε(1)
k ,N

)

ξk ,αt

k
N

: k fixed, N →∞,
(

1+ε(2)
k ,N

)

ξ k
N : k = o(N ),k , N →∞,

(

1+ε(3)
k ,N

)

Q(θ) : k ∼ θN ,k , N →∞,

where there is a universal constant C with the following property. Namely, if X is a random variable

distributed according to ψαt
, then setting C ′ :=C E[(X−E[X ])4]

Var[X ]2 we have

|ε(1)
k ,N

| ≤C ′

√

k

N
, |ε(2)

k ,N
|, |ε(3)

k ,N
| ≤C ′

(

1
p

k
+

1
p

N −k

)

.

Proof. Since |Dφ| <∞, the uniform density γφ,uni(s) :=
11Dφ

(s)

|Dφ| on Dφ exists. Suppose now X1, . . . , XN

are independent random variables distributed according to the uniform density γφ,uni on Dφ, and

consider the transformed variables φ(Y1), . . . ,φ(YN ), which are distributed according to ψ0, where ψ0

is given in (26). Noting that by definition µN→k
φ,t is the marginal density of (X1, . . . , Xk ) conditioned on

the event {φ(X1)+ . . .+φ(XN ) ≤ t N }, it follows that the pushforward Φ
#µN→k

φ,t is the marginal density

of (Y1, . . . ,Yk ) conditioned on the event {Y1 + . . .+YN ≤ t N }. In other words, we are in the setting of

Lemma 4.2, from which the result follows immediately.

6.3 Step 2

The next lemma ‘pulls back’ the previous result, replacing the estimate of the total variation between

Φ
#µN→k

φ,t and ψ⊗k
αt

with one between µN→k
φ,t and γ⊗k

αt
. This next result amounts to preicsely the state-

ment of Theorem 6.1 in the case where the Lebesgue measure of Dφ is finite.

Lemma 6.3. Suppose |Dφ| <∞ and t ≤ tcrit. Then, with αt ≤ 0 as in Definition 1.3, we have

∫

Rk

∣

∣

∣

∣

µN→k
φ,t (s)−γ⊗k

αt
(s)

∣

∣

∣

∣

ds =



















(

1+ε(1)
k ,N

)

ξk ,αt

k
N : k fixed, N →∞,

(

1+ε(2)
k ,N

)

ξ k
N

: k = o(N ),k , N →∞,
(

1+ε(3)
k ,N

)

Q(θ) : k ∼ θN ,k , N →∞,

where there is a universal constant C with the following prooperty. Namely, if X is a random variable

distributed according to ψαt
, then setting C ′ :=C E[(X−E[X ])4]

Var[X ]2 we have

|ε(1)
k ,N

| ≤C ′

√

k

N
, |ε(2)

k ,N
|, |ε(3)

k ,N
| ≤C ′

(

1
p

k
+

1
p

N −k

)

.

Proof. We would like to use Lemma 3.5, withΦ : Rk → [0,∞]k defined as in Section 3.4: i.e. Φ(s1, . . . , sk) =
(

φ(s1), . . . ,φ(sk )
)

. To this end note that we may write µN→k
φ,t (s)= f (Φ(s)), where

f (y1, . . . , yk ) :=
1

|B N
φ,t

|

∫

RN−k
11{

φ(ζ1)+...+φ(ζN−k )≤t N−
∑k

i=1 yi

}dζ1 . . .dζN−k .

Moreover, clearly γ⊗k
φ,αt

(s) = g (Φ(s)), where g (y1, . . . , yk ) = eαt (y1+...+yk )

Z (α)k . In particular, we are in the set-

ting of Lemma 3.5, so that
∫

Rk

∣

∣

∣

∣

µN→k
φ,t (s)−γ⊗k

φ,αt
(s)

∣

∣

∣

∣

ds =
∫

Rk

∣

∣

∣

∣

Φ
#µN→k

φ,t (y)−Φ
#γ⊗k

φ,αt
(y)

∣

∣

∣

∣

dy.

The result follows by noting that Φ#γ⊗k
αt

=ψ⊗k
αt

, and using Lemma 6.2.
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6.4 Step 3

In the previous section, we proved Lemma 6.3, which is precisely the statement that Theorem 6.1

holds whenever Dφ has finite Lebesgue measure. Here we will show that this assumption may be

lifted, thereby completing the proof of Theorem 6.1.

Proof of Theorem 6.1. We approximate an arbitrary potential φ by a potential φL whose domain has

finite Lebesgue measure. Namely, for L > 0 let φL(s) := φ(s)+∞11{φ(s) > L}, so that in particular φ

agrees with φL on the set {s ∈R : φ(s) ≤ L}.

Define the truncated partition function

ZL(α) :=
∫

DφL

eαφL(s)ds =
∫

φ−1([0,L])
eαφ(s)ds =

∫L

0
eαyψ(y)dy,

where the final equality above is a truncated analogue of (24), and follows from an application of (23).

For t ∈R let αt ,L denote the solution to ∂
∂α ZL(α)|α=αt ,L

= t .

Now by the triangle inequality, for any L > 0 we have the inequalities

||µN→k
φ,t −γ⊗k

φ,αt
|| ≤ ||µN→k

φL ,t −γ⊗k
φL ,αt ,L

||+ ||µN→k
φL ,t −µN→k

φ,t ||+ ||γ⊗k
φL ,αt ,L

−γ⊗k
φ,αt

||

and

||µN→k
φ,t −γ⊗k

φ,αt
|| ≤ ||µN→k

φL ,t −γ⊗k
φL ,αt ,L

||− ||µN→k
φL ,t −µN→k

φ,t ||− ||γ⊗k
φL ,αt ,L

−γ⊗k
φ,αt

||.

In particular, we may write

∫

Rk

∣

∣

∣

∣

µN→k
φ,t (s)−γ⊗k

φ,αt
(s)

∣

∣

∣

∣

ds =
∫

Rk

∣

∣

∣

∣

µN→k
φL ,t (s)−γ⊗k

φL ,αt ,L
(s)

∣

∣

∣

∣

ds +∆L, (39)

where

|∆L | ≤
∫

Rk
|γ⊗k

φL ,αt ,L
(s)−γ⊗k

φ,αt
(s)|ds +

∫

Rk

∣

∣

∣µN→k
φL ,t (s)−µN→k

φ,t (s)
∣

∣

∣ds. (40)

We now show that for all ρ > 0, there exists an L0 such that whenever L ≥ L0, |∆L| < ρ. On the

one hand, we note that the truncated Orlicz ball B N
φL ,t is a subset of B N

φ,t , both of which have finite

Lebesgue measure. Moreover, as L →∞, B N
φ,t \ B N

φL ,t →∅, so that by the continuity of Lebesgue mea-

sure we have |B N
φ,t \ B N

φL ,t | → 0. In particular, by Lemma 3.4 there is an L1 such that whenever L ≥ L1,

we have

∫

Rk

∣

∣

∣µN→k
φL ,t (s)−µN→k

φ,t (s)
∣

∣

∣ds ≤ ρ/2. (41)

On the other hand, using Lemma 3.2 we have

∫

Rk
|γ⊗k

φL ,αt ,L
(s)−γ⊗k

φ,αt
(s)|ds ≤ k

∫

R

|γφL ,αt ,L
(s)−γφ,αt

(s)|ds (42)

Now consider that γφ,αt
(s) = eαt φ(s)

Z (αt ) and γφL ,αt ,L
(s) := eαt ,Lφ(s)

ZL (αt ) are both densities that may be written as

a function of φ. In particular, we are in the setting of Lemma 3.5 with Φ=φ : R→ [0,∞], so that

∫

R

|γφL ,αt ,L
(s)−γφ,αt

(s)|ds =
∫∞

0
|φ#γφL ,αt ,L

(y)−φ#γφ,αt
(y)|dy. (43)
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We now note that in the notation of Section 2, we have φ#γφL ,αt ,L
=

(

φ#γφ,αt

)

〈L〉, so that making the

relevant substitution in (43) we have
∫

R

|γφL ,αt ,L
(s)−γφ,αt

(s)|ds =
∫∞

0
|
(

φ#γφ,αt

)

〈L〉 (y)−φ#γφ,αt
(y)|dy.

Now by the second point in Lemma 2.2, there is exists an L2 such that for every L ≥ L2,

∫∞

0
|
(

φ#γφ,αt

)

〈L〉 (y)−φ#γφ,αt
(y)|dy ≤ ρ/2k . (44)

In particular, combining (44) and (42) with (41) in (40), we see that for all L ≥ L0 :=max{L1,L2},

|∆L | ≤ ρ. (45)

Finally, since the truncated potential φL has a domain of finite Lebesgue measure, by Lemma 6.3 we

have

∫

Rk

∣

∣

∣

∣

µN→k
φL ,t (s)−γ⊗k

φ,αt ,L
(s)

∣

∣

∣

∣

ds



















(

1+ε(1)
k ,N ,L

)

ξk ,αt

k
N

: k fixed, N →∞,
(

1+ε(2)
k ,N ,L

)

ξ k
N : k = o(N ),k , N →∞,

(

1+ε(3)
k ,N ,L

)

Q(θ) : k ∼ θN ,k , N →∞,

(46)

where there is a universal constant C ∈ (0,∞) such that if XL is distributed according to
(

γαt

)

〈L〉, then

with C ′
L :=C E[(XL−E[XL])4

Var[XL]2 we have

|ε(1)
k ,N ,L

| ≤C ′
L

√

k

N
, |ε(2)

k ,N ,L
|, |ε(3)

k ,N ,L
| ≤C ′

L

(

1
p

k
+

1
p

N −k

)

.

Now by applying the third point of Lemma 2.2 to the truncated density
(

γαt

)

〈L〉, we see that there

exists a constant M ∈ (0,∞) depending on φ, t but independent of L such that for all L ≥ L0 we have

E[(XL −E[XL])4

Var[XL]2
≤ M ,

so that for all L ≥ L0 by setting C ′ =C M we have

|ε(1)
k ,N ,L

| ≤C ′

√

k

N
, |ε(2)

k ,N ,L
|, |ε(3)

k ,N ,L
| ≤C ′

(

1
p

k
+

1
p

N −k

)

. (47)

In particular, since ρ > 0 and L are arbitrary, by combining (39), (45), (46) and (47) we obtain the

result.

Appendix

In this appendix we sketch a few details of the proof of Lemma 4.2, which is very similar to the proof

of Theorem 1.6 in [6].

Proof of Lemma 4.2. Since the proof runs almost identically to Section 3 of Diaconis and Freedman

[6], we will only sketch the details in the case where k ∼ θN .

Now, whenever ν is a probability density on R
k of a random variable (X1, . . . , Xk ), let ν̄ denote the

probability density on R
1 of X1 + . . .+Xk . According to the sufficiency Lemma 2.4 of [6], we have the

equality in total variation

||ψN→k
≥t −ψ⊗k

αt
|| = ||ψ̄N→k

≥t − ψ̄⊗k
αt

||.
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Write fk (s) := ψ̄⊗k
αt

(s). We remark that if ψ⋆k (s) is the k-fold convolution of the density ψ, then

fk (s)=
eαt sψ⋆k (s)

Z (αt )k
. (48)

Using (48) to obtain the second equality below, and the definition of ψ̄N→k
≥t to obtain the first, the

density associated with ψ̄N→k
≥t is given by

ψ̄N→k
≥t (s) =

ψ⋆k (s)
∫∞

t N−s ψ
⋆(N−k)(u)du

∫∞
t N ψ⋆N (u)du

=
fk (s)

∫∞
t N−s e−α(u−t N+s) fN−k (u)du
∫∞

t N e−(u−t N) fN (u)du
.

In particular, we have

||ψ̄N→K
≥t − ψ̄⊗k

≥t || =
∫∞

−∞
fk (s)

∣

∣

∣

∣

∣

∫∞
t N−s e−α(u−t N+s) fN−k (u)du

∫∞
t N e−(u−t N) fN (u)du

−1

∣

∣

∣

∣

∣

ds

We now consider a recentering. Let g j denote the density of

X1 + . . .+X j − j t

σ
√

j

so that when j is large, g j is close to the Gaussian density. Indeed, changing variable we have

||ψ̄N→K
≥t − ψ̄⊗k

≥t || =
∫∞

−∞
gk (s)

∣

∣

∣

∣

∣

∣

∫∞
−φs e−ασ

p
N−k(u+φs)gN−k (u)du

∫∞
0 e−ασ

p
N u gN (u)du

−1

∣

∣

∣

∣

∣

∣

ds, (49)

where φ=
√

k
N−k . We now use the Edgeworth expansion to estimate the ratio

∫∞
−φs e−ασ

p
N−k(u+φs)gN−k (u)du

∫∞
0 e−ασ

p
N u gN (u)du

(50)

as a function of the external variable s. Indeed, according to the Edgeworth expansion (see, e.g., [7,

Section XVI])

g j (s) =
1

p
2π

e−s2/2

(

1+
κ(αt )
√

j
(s3 −3s)

)

+ε j (s), (51)

where for a random variable X with density hαt
, κ(αt ) := E[(X −E[X ])3]/Var[X ]3/2 and there is a uni-

versal constant C such that
∣

∣

∣ε j (s)
∣

∣

∣≤
CE[(X −E[X ])4]

Var[X ]2

1

j
.

We begin with estimating the ratio (50) when k = θN . Here, it is easily seen that

∫∞
−φs e−ασ

p
N−k(u+φs)gN−k (u)du

∫∞
0 e−ασ

p
N u gN (u)du

=
1

αtσt

p
2π(N−k)

exp
(

−1
2

(φs)2
)

+O( 1
N−k

)

1

αtσt

p
2πN

+O(1/N )

=
1

p
1−θ

exp

(

−
1

2

θ

1−θ
s2

)

+εk ,N (s), (52)

where there is a universal constant C ∈ (0,∞) such that for all s ∈R we have

|εk ,N (s)| ≤C
E[|X −E[X ]|4]

Var[X ]3/2

1
p

N −k

By plugging (52) into (49), and using the central limit theorem, we prove the statement of Lemma 4.2

in the setting where k ∼ θN .

We omit the proof of the case k = o(N ), which is similar.
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