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The recent astonishing realization of the negative absolute temperature (NAT) for motional de-
grees of freedom [1] inspires its possible application to the early universe. The existence of the upper
bound on the energy of the system is the sufficient requirement for a NAT and this might correspond
to the Planck scale at the Big Bang model. It has been argued that standard inflation requires an
initial patch that is smooth over distance scales a bit larger than the causal horizon at the onset of
inflation. We show that this initial condition problem can be solved if the NAT fermion, dubbed
“NATON”, occupies the Universe before the standard inflation is ignited by providing mini inflation
prior to the standard one. As long as NATON dominated era lasts until at least ten times older
than the Planck time, it makes the Universe homogeneous enough to derive the successful standard
inflation.

PACS numbers:

I. INTRODUCTION

Current observations on the thermal history of the Universe and the growth of cosmic structures are in good
agreement with the predictions of the Big Bang model despite its drawback of fine-tuning problems [2]. Inflation
models based on the scalar field(s) not only solve these initial value problems but also generate the seed for the large
scale structure and anisotropies of the cosmic microwave background [2].

Even though the inflationary paradigm makes a great achievement in the prediction of the current Universe, inflation
should arise without requiring special initial conditions in order to be a successful model. It requires an initial patch
should be smooth over distance scales a bit larger than the causal horizon at the onset of inflation. At present, the
naturalness of initial conditions (ICs) for inflation is still being debated [3–23]. One of the main reasons for these IC
problems stems from the assumption on the fact that the early universe after the Big Bang is dominated by radiations
(or matters) before the inflation starts.

Since Onsager adopts the concept of the negative absolute temperature (NAT) to characterize the equilibria of the
turbulent flow with long-range interacting point vortices in 1949 [24], both theoretical and experimental pioneer works
using the nuclear spin systems related to NAT are followed at the 1950s [25, 26]. It takes more than half a century
that the first experiment of NAT in a system with motional degrees of freedom (an ultra-cold bosonic gas) is realized
[1].

The NAT is produced when the system has more population in the high energy states compared to the low energy
ones [27]. In equilibrium statistical mechanics, an inverse temperature parameter (also known as coldness) β = (kBT)−1
can range in the full infinite real line (−∞,+∞) without any inconsistency. The essential requirement for a NAT is the
existence of an upper bound to the energy of the system in order to describe the normalizable matter distribution.
Either an absolute upper bound or an energy gap allowing a metastable population inversion can act as the upper
bound in the condensed matter system. At the early universe, the Planck energy scale is the maximum energy scale
where the current theory of space and time properly work.

Thus, one can naturally expect that there can be a NAT dominated epoch right after the Big Bang due to this
existence of an upper bound (Planck) scale. In equilibrium, the requirement of the maximum entropy principle leads
to the same sign of both the absolute pressure and temperature (∂S/∂V |eq ≡ P/T > 0). Thus, a NAT implies a
negative pressure. If the Universe is dominated by a negative pressure component, then the expansion of the Universe
is accelerated. Since a NAT is hotter than all positive absolute temperatures (PAT), if it thermally contacts with the
PAT components, then it will lose the heat and becomes a PAT. The duration of this process is very short in the
laboratory (typically microseconds) and that is why it is not easy to find the NAT system in a daily life experience.
However, the time period between the Big Bang and the inflation is 10−43 ∼ 10−34 seconds. Thus, the typical duration
time of the laboratory NAT experiments is extremely long enough compared to the epochs of the early universe.
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The above description explains all the necessary ingredients to solve the IC problems of the standard inflation
models. In this manuscript, we propose that the Universe is dominated by NAT fermion, dubbed “NATON”, right
after the Big Bang and it causes the mini inflationary epoch prior to the stand inflationary one. As NATON is thermally
contacted with the radiation components having a positive temperature, it becomes a usual matter component (P = 0
as shown in the context). Thus, the Universe becomes the radiation (or matter) dominated epoch right before the
beginning of the standard inflation. Compared to the traditional inflation scenario, the existence of the mini inflation
due to the NATON between the Big Bang and the standard inflation makes the Universe naturally homogeneous and
it can solve the IC problems of the standard inflation models.

This manuscript is organized as follows. In the next section, we investigate the properties of NATON and explicitly
show the analytic forms of its number density, energy density, and pressure. A brief review on the IC problems of
inflation models is given in section III. In section IV, the mechanism of how the existence of a NATON dominated
epoch solves the IC problems is explained. We also show how long it should dominate the Universe to solve the
problems. We summarize and conclude in section V.

II. NEGATIVE ABSOLUTE TEMPERATURE

In this section, we investigate the role and the properties of a NATON in the early Universe. The existence of
the finite upper limit of the system’s energy might permit a system of NAT. The Big Bang model naturally provides
this upper limit on the energy scale and NATON might exist between the Big Bang and the standard inflation. We
assume that the NATON is a fermion and this argument is similar to that in [28]. However, we explicitly show the
analytic forms of energy density and the pressure of a NATON. Also, the role of a NATON is producing the epoch of
mini inflation prior to the standard inflation. This model has not been proposed yet.

A. Maximum number density and maximum energy density of NATON

The density of states of a particle with the internal degrees of freedom g is given by g/(2π~)3. If one considers
fermions, then one uses the phase space distribution function with Fermi-Dirac (FD) one

f (®x, ®p, t) = f (p) = 1

eβ(E−µN ) + 1
, (1)

where we use the fact that distribution is homogeneous and isotropy to use f (®x, ®p, t) = f (p). We also use the definition

of the reciprocal of the thermodynamic temperature β = (kBT)−1, the magnitude of the energy E =
√
| ®p|2c2 + m2c4,

the chemical potential µ, and the total number of particle N. Then, the number density n and the energy density ρ
are given by

n(β, µ,m) ≡ g

(2π~)3
∫ pPl

0

d3p f (p) = g

2π2~3

∫ pPl

0

p2

exp
[
β

(√
p2c2 + m2c4 − µN

)]
+ 1

dp

=
g

2π2 (~c)3
∫ ΛPl

mc2

E
√

E2 − m2c4

exp [β (E − µN)] + 1
dE , (2)

ρ(β, µ,m) ≡ g

(2π~)3
∫ pPl

0

d3pE(p) f (p) = g

2π2~3

∫ pPl

0

p2
√

p2c2 + m2c4

exp
[
β

(√
p2c2 + m2c4 − µN

)]
+ 1

dp

=
g

2π2 (~c)3
∫ ΛPl

mc2

E2
√

E2 − m2c4

exp [β (E − µN)] + 1
dE , (3)

where p2Plc
2 = Λ2

Pl − m2c4, ΛPl = mPlc2 is the Planck energy, and m is the mass of a NATON. One can introduce the

dimensionless parameters ξ ≡ βpc, x ≡ βmc2, and y ≡ βµN to rewrite the above equations

n(β, y, x) ≡ g

2π2
1

(β~c)3
∫ ξPl

0

ξ2

exp
[√
ξ2 + x2 − y

]
+ 1

dξ , (4)

ρ(β, y, x) ≡ g

2π2
β−1

(β~c)3
∫ ξPl

0

ξ2
√
ξ2 + x2

exp
[√
ξ2 + x2 − y

]
+ 1

dξ . (5)
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The integrals in the above equations (4) and (5) have to be evaluated numerically. However, as β→ −∞ (i.e. T → −0),
the FD distribution becomes 1 and one can obtain the maximum possible values of n and ρ without considering the
number change (i.e. y = 0)

nmax(−0, 0,m) ≡ g

2π2
1

(β~c)3
∫ ξPl

0

ξ2dξ =
g

6π2

(
ΛPl

~c

)3 (
1 − m2c4

Λ2
Pl

)3/2
≡ g

6π2
1

l3
Pl

(
1 − m2c4

Λ2
Pl

)3/2
, (6)

ρmax(−0, 0,m) ≡ g

2π2
β−1

(β~c)3
∫ ξPl

0

ξ3dξ =
g

8π2

(
ΛPl

~c

)3
ΛPl

©­­«
(
1 − m2c4

2Λ2
Pl

) √
1 − m2c4

Λ2
Pl

− m4c8

2Λ4
Pl

ln


1 +

√
1 − m2c4/Λ2

Pl

mc2/ΛPl


ª®®¬

≡ g

8π2
ΛPl

l3
Pl

©­­«
(
1 − m2c4

2Λ2
Pl

) √
1 − m2c4

Λ2
Pl

− m4c8

2Λ4
Pl

ln


1 +

√
1 − m2c4/Λ2

Pl

mc2/ΛPl


ª®®¬ , (7)

where we use the definition of the Planck length lPl = ~c/ΛPl. As shown in the Fig.1, both its maximum number
density nmax and the maximum energy density ρmax depend on the mass of the NATON. The values on vertical axis
are normalized by their maximum values. If its mass is about the same magnitude as Planck mass, then both nmax

and ρmax become zero. Thus, if the mass of the NATON is close to Planck mass, then it will not contribute to
the dynamics of the Universe. If the mass is one order of magnitude smaller than the Planck mass 10−1mPl, then
both values reach to their saturated maximum values, g/(6π2l3Pl) and gΛPl/(8π2l3Pl), respectively. In the left panel of
this figure, the values of nmax for the different NATON mass are depicted. Its maximum value saturates to nmax as
β approaches to the negative infinity. And nmax becomes zero as the mass approaches to Planck mass. The mass
dependence of rhomax on NATON mass m are shown in the right panel of Fig.1. Its behavior is quite similar to that
of nmax.
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FIG. 1: The maximum number density nmax and the maximum energy density ρmax of NATON as a function of its mass m. a)
When the NATON mass approaches to the Planck mass, the maximum number density goes to zero. As the mass is less than
10 % of the Planck, then nmax saturates to its maximum value g/(6π2l3

Pl
). b) The mass dependence of the maximum energy

density. As m increases, ρmax decreases. It reaches to the saturation value gΛPl/(8π2l3
Pl
) as m decreases.
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B. Energy density and pressure of NATON

Because we focus on the early epoch of the Universe and also from the fact that the contribution of the NATON
is only important when its mass is much smaller than the Planck mass, it is suitable to consider only the relativistic
limits (βmc2 → 0) case. For the cosmological consideration, one needs to investigate the pressure of the NATON.
This can be obtained from the grand potential ΦG which is defined as 1

ΦG ≡ U − TS − µN ≡ −kBT lnZ ≡ − 1

β
lnZ , (8)

where U =
∑

i Ei is the total internal energy, S is the entropy, N =
∑

i Ni is the total number of particles, and Z is the
partition function of the grand canonical ensemble (GCE) Z = ∑

i e−β(Ei−µiNi ). The total derivative of ΦG is given by

dΦG = dU − TdS − SdT − µdN − Ndµ
= −SdT − PdV − Ndµ, (9)

≡
(
∂ΦG

∂T

)
V,µ

dT +
(
∂ΦG

∂V

)
T,µ

dV +
(
∂ΦG

∂µ

)
V,T

dµ

where P and V indicate the pressure and the volume, respectively. We use the first thermodynamics law (dU =
TdS − PdV + µdN) in the second equality. Subscripts in each term denote their constant values of corresponding
quantities. From the equation (9), one can obtain the definition of S, P, and N as

S ≡ −
(
∂ΦG

∂T

)
V,µ

, P ≡ −
(
∂ΦG

∂V

)
T,µ

, N ≡ −
(
∂ΦG

∂µ

)
V,T

. (10)

The (Gibbs) entropy of the GCE is given by

SG = kB
∂

∂T
(T lnZ) . (11)

In equilibrium, one can replace the grand potential with the negative work (ΦG = −W = −PV) to obtain the relation
between the pressure, the energy density, and the entropy density as

TS = U + PV − µN → TsV = (ρ + P − µn)V
P = −ρ + sT + µn , (12)

where s is the entropy density. The pressure is obtained from the grand potential as defined in the equation (10). For
fermions, the partition function is given by

Z =
∑
s

e−β(Es−µNs ) =
∑
Ni

∏
i

e−β(εi−µ)Ni =
∏
i

(
1 + e−β(εi−µ)

)
, (13)

where s are the states of the whole system, Ns means a sum over all possible combinations of Ni, and i denotes the
different one-particle states, εi and Ni represents their energy and occupation number, respectively. By using the Eqs.
(8), (10), and (13) and taking the continuous limit, one obtains

P(β, µ,m) = g

2π2
1

(~c)3
1

β

∫ ΛPl

mc2
E2 ln

[
1 + e−β(E−µN )

]
dE . (14)

In the relativistic limits, one can rewrite equations (4), (5), and (14) as

n(β, 0, 0) ≡ g

2π2
1

(β~c)3
∫ ξPl

0

ξ2

eξ + 1
dξ , (15)

ρ(β, 0, 0) ≡ g

2π2
β−1

(β~c)3
∫ ξPl

0

ξ3

eξ + 1
dξ . (16)

P(β, 0, 0) ≡ g

2π2
β−1

(β~c)3
∫ ξPl

0

ξ2 ln
[
1 + e−ξ

]
dξ . (17)

1 If a system contains several different types of particles then one needs to replace the last term in the first equality with
∑

i µiNi .
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All of the above integral are related to the (in)complete FD integral 2 which has the solution as the polylogarithm
function of a order n, Lin[z] [29]. In the relativistic limits with µ = 0, then n, ρ, and P are given by

n(β) = g

6π2l3
Pl

1

β3Λ3
Pl

(
β2Λ2

Pl

(
βΛPl − 3 ln

[
1 + eβΛPl

] )
− 6βΛPlLi2

[
−eβΛPl

]
+ 6Li3

[
−eβΛPl

]
+

9

2
ζ[3]

)
≡ n(0)max

(
1 −

3 ln
[
1 + eβΛPl

]
βΛPl

−
6Li2

[
−eβΛPl

]
β2Λ2

Pl

+
6

β3Λ3
Pl

(
Li3

[
−eβΛPl

]
+

3

4
ζ[3]

) )
, (18)

ρ(β) = gΛPl

8π2l3
Pl

1

β4Λ4
Pl

(
β3Λ3

Pl

(
βΛPl − 4 ln

[
1 + eβΛPl

] )
− 12βΛPl

(
βΛPlLi2

[
−eβΛPl

]
− 2Li3

[
−eβΛPl

] )
− 24Li4

[
−eβΛPl

]
− 7π4

30

)
≡ ρ(0)max

(
1 −

4 ln
[
1 + eβΛPl

]
βΛPl

−
(
Lisum(β) +

7π4

30

) )
, (19)

P(β) = gΛPl

8π2l3
Pl

1

β4Λ4
Pl

1

3

(
− 3β4Λ4

Pl − 12βΛPl

(
βΛPlLi2

[
−eβΛPl

]
− 2Li3

[
−eβΛPl

] )
− 24Li4

[
−eβΛPl

]
− 7π4

30

)
= −ρ(0)max

(
1 +

1

3

(
Lisum(β) +

7π4

30

) )
, where (20)

Lisum(β) ≡
12Li2

[
−eβΛPl

]
β2Λ2

Pl

−
24Li3

[
−eβΛPl

]
β3Λ3

Pl

+
24Li4

[
−eβΛPl

]
β4Λ4

Pl

, (21)

where ζ is the Riemann zeta function, Lin[z] is the Polylogarithm function of order n [29], and n(0)max

(
ρ
(0)
max, P

(0)
max

)
denotes nmax(m = 0)

(
ρmax(m = 0), Pmax(m = 0)

)
.
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FIG. 2: The dependence of the number density, the energy density, and the pressure on β. a) The number density reaches to
its maximum values at the highest temperature, T = −0 (i.e. β = −∞). Then, it decreases as T does. b) The energy density is
maximum at the highest temperature. The energy density also decreases as T does. c) The values of the pressure asymptotically
approach to the constant values at both the highest and the lowest temperature (P(T = −0) = −ρ, P(T = 0) = 0). Thus, NATON
acts like the cosmological constant at T = −0 and behaves like the matter at T = 0.

The behaviors of n, ρ, and P as a function of β are depicted in Fig.2. In the left panel, the number density of
NATON dependence on the β is described. As the temperature reaches the maximum , T = −0 (i.e. β = −∞),
n reaches to its maximum value nmax. When the NATON is in thermal equilibrium with the positive temperature
component at β = 0, the system obtains the maximum entropy and its number density becomes half of its maximum
value. If the temperature of NATON drops and reaches to zero, then there exists no more NATON. In the middle

2 The FD integral of order n is given by
∫ ∞
0

tn−1
et−x+1 dt = −Γ[n]Lin(−ex ) where Γ is the Euler beta function and Lin[z] is the polylogarithm

function.
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panel of Fig.2, we show the behavior of ρ as a function of β. Its behavior is almost the same as that of n. The energy
density becomes the maximum at the highest temperature and it goes to zero at the zero temperature. The pressure
of a NATON is described in the right panel of the same figure. Interestingly its effective pressure becomes negative
with the absolute magnitude as ρmax when the temperature becomes negative zero. Thus, it causes the accelerating
expansion of the Universe when NATON is dominated. After the thermal contact with the positive temperature
component, NATON becomes cooler and its pressure becomes zero. Thus, NATON behaves like a matter after the
thermal equilibrium with PAT. One should be noticed that the above results are only true for the relativistic limits.
When the temperature drops as low as the mass of NATON, then one will not be able to use this result.

C. Mini inflation and graceful exit due to NATON

The Big Bang provides the upper limit of energy where our classical still holds. Thus, at the beginning of the
Universe, the Universe might have a chance to have a period dominated by NATON. As we show in the previous
subsection II B, the mass of NATON should be much smaller than the Planck mass in order to have enough density.
In the current laboratory observation, the duration of the existence of NAT system is about microsecond and that
is why it is difficult to be observed in a daily life experience. However, the typical time scale around Big Bang is
10−43 second and it is sufficient time for NATON to contribute to the dynamics of the early Universe right after Big
Bang. Especially, NATON might cause mini inflation prior to the standard one. This short inflationary epoch will
solve the initial condition problems of standard inflation models. Also, this mini inflationary epoch can be naturally
terminated due to the thermal contact of NATON with the radiation (or matter). It is well known that the thermal
contact between the NAT system with the system of the PAT always produces a system with final PAT [27]. Let us
briefly review this. Initially, there are both NAT and PAT systems and the total entropy of this system is given by

SI = SNAT

(
EI

NAT

)
+ SPAT

(
EI

PAT

)
, (22)

while, after the thermal contact, it becomes

SF = SNAT

(
EF

NAT

)
+ SPAT

(
EF

PAT

)
, (23)

where EI
NAT
+ EI

PAT
= EF

NAT
+ EF

PAT
. The final energy of NAT system, EF

NAT
is determined by the equilibrium condition that

SF takes the maximum possible value

βF
NAT
≡
∂SNAT

(
EF

NAT

)
∂EF

NAT

=
∂SPAT

(
EF

NAT

)
∂EF

PAT

≡ βF
PAT

(24)

Since βPAT is positive for every value of EPAT, the final common temperature must also be positive.This shows that
the temperature of the NATON becomes positive after it thermally contacted with a PAT system. Thus, NATON
scenario will not suffer from the graceful exit problem. The NATON causes the early mini inflation prior to standard
inflation and becomes the matter component after it is in thermal equilibrium with other components. In section IV,
we suggest the existence of NATON as a possible solution for the initial condition problems of the standard inflation
model which is briefly introduce in III.

III. A BRIEF REVIEW OF INITIAL CONDITION PROBLEMS OF INFLATION MODELS

Even though the inflation models are generally accepted as a successful mechanism to supplement the drawback
of the Big Bang model, the naturalness of its initial condition is still under debate [5]. These problems have been
investigated for the model with curvature term, the anisotropic universes, and an inhomogeneous universe. The effects
of the kinetic term and of the background curvature and the influence of the anisotropy and of perturbations around
a cosmological constant on the onset of inflation are relatively easy to consider and are well understood. However,
the initial inhomogeneity of the inflaton is the most serious problem and still in debate [3–23]. This problem can be
separated as either an energy balance or a dynamical effect. The former is related to the magnitude of the gradient
term of the inflaton compared to that of potential term. The latter indicates the back-reaction effects of the initial
inhomogeneities on the background which might destroy the homogeneous background itself preventing the onset of
inflation. We briefly summarize these problems in the following subsections III A and III B.
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A. Initial condition problem as a energy balance

The effective energy density and the pressure of the inflaton field can be written as

ρφ =
1

2

(
~
∂φ

∂t

)2
+ V(φ) + 1

2a2
(~c∇φ)2 ≡ ρhomφ + ρinhφ , (25)

Pφ =
1

2

(
~
∂φ

∂t

)2
− V(φ) − 1

6a2
(~c∇φ)2 ≡ Phom

φ + Pinh
φ , (26)

(27)

where (∇φ)2 = ∂φ
∂xi

∂φ
∂xi

and xi is the comoving distance which is related to the physical distance ri and the scale factor

a, as ri(t) = a(t)xi(t). In the standard inflation models, one ignores the gradient term 1
2a2 (~c∇φ)2 ≡ ρinhφ by assuming

the homogeneous background of the Universe at the beginning of the inflation. For example, the Friedmann equation
for the chaotic inflation model is given by

H2
I '

8πG
3c2

V(φ) = 4π

3c2
~c
m2

Pl

(
mφc2φ

)2
=

4π

3

m2
φ

m2
Pl

(
~cφ2

)
c2 ≡

m2
φ

m2
Pl

l3Pl

L3

(
c

lPl

)2
≡ 1

2

m2
φ

m2
Pl

l3Pl

L3
H2

Pl , (28)

where G ≡ ~c
m2

Pl

, HPl ≡
√

2c
lPl

≡
√

2

tPl

, L−3 ≡ 4π

3
mPlc2φ2 .

The above equation (28) shows the ratio of the Hubble radius between Planck and inflation

HI

HPl

=

√
1

2

mφ

mPl

(
lPl

L

)3/2
. (29)

In chaotic inflation models, φ = (ΛPll3Pl)−1/2 (i.e. in natural units φ = mPl). However, the effects of inhomogeneity
might be critical and the large inhomogeneity can prevent inflation. To obtain the accelerating expansion, the potential
should be a dominant component compared to both the kinetic and the gradient terms. In the usual slow-roll condition,
the former condition is satisfied. Thus, one needs to make sure the condition for

V(φ) > ρinhφ −→ 3c2

8πG
H2
I >
(~c)2

2a2
I

(∇φI )2 −→ aI∆I >

√
4π

3
l3/2
Pl

√
mPlc2φ2c ≡

(
lPl

LI

)3/2 c
HI

, (30)

where ∆I is the comoving wavelength of the initial perturbation of inflaton. This means that the physical length at
the beginning of the inflation aI∆I should be larger than a few Hubble radius at the same epoch c/HI because O(LI ) '
O(lPl) in the chaotic inflation models. This means that the pre-inflationary universe should be quite homogeneous.
Otherwise, a large initial inhomogeneity might prevent inflation itself.

B. Initial condition problem as a dynamical effect

The dynamical effect of the gradient term might influence the evolution of inflaton and which might prevent
inflation. This dynamical effect can be understood in the following way. There exists a region where the scalar field
is homogeneous and suitable for inflation. There is also a sharp change in the inflaton outside of this region and it is
improper for the inflation [3]. The interior region inflates with its exponentially growing volume. The perturbation
of the scalar field moves inwards and the surface of this region contracts. In order that the inwardly moving surface
does not catch up with the expanding interior, it is required that its initial size must be sufficiently large. If the
surface contracts at the speed of light, the inflation will be continued if the interior is larger than the initial horizon.
It means that the initial homogeneity on a scale at least comparable to the initial horizon, aI∆I > cH−1I , is required
independently of the specific inflationary model. This argument can also be used to obtain an upper limit on the
required size of the homogeneous region. If the scalar field is suitable for inflation in a region with an initial size
of 3cH−1I . The perturbation from the exterior will propagate inwards when the interior inflates. During one Hubble
time, the perturbation propagates at most a distance of cH−1I . At the same time, the innermost region will grow by
a factor of e ' 3. After one Hubble time, the size of an inner region becomes 3cH−1I which is suitable for inflation.
Thus, the innermost region will keep inflating in spite of the perturbation on the boundary. In this case, the inflating
region will not grow and its size will always remain as 3cH−1I . If the initial size is slightly larger, then the inner region
will grow and expand. This shows that aI∆I > 3cH−1I is a sufficient condition for the onset of inflation.
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IV. A SOLUTION FOR INITIAL CONDITION PROBLEMS OF INFLATION MODELS

As we show in the previous section III, the main problem of the initial condition on the onset of the inflation stems
from the fact that the physical size when inflation starts should be bigger than that of Hubble radius during the
inflation. This problem is similar to a horizon problem of standard Big Bang which can be cured by introducing
an inflationary expanding epoch. In the standard inflation models, one assumes that the universe is dominated by
a radiation (or matter) component during the period between Big Bang and the inflation epoch. In this case, the
Hubble radius continuously increases during this epoch and the Hubble radius at the inflation is larger than that of
before the inflation. This causes the IC problems in the standard inflation models.

A. Mini inflation due to NATON

In this subsection, we explicitly show the modified expansion history of the Universe due to the existence of the
NATON. Traditionally, one assumes that the Universe is dominated by radiation before the standard inflation starts.
In section II, however, we show that the existence of the upper limit on the energy scale can naturally produce the
system of NAT. Thus, we introduce the possibility of the existence of a NATON between the Big Bang and radiation
dominated epoch prior to the standard inflationary epoch. As we show in subsection II B, the NATON behaves like
the cosmological constant P = −ρ right after the Big Bang before it thermally contacts with the radiation component.
Thus, it provides the de Sitter expansion of the early Universe prior to the usual standard inflation

aNT(t) = aPl exp

[√
ρNT

ρPl

HPl

(
t − tPl

) ]
= aPl exp

[√
2ρNT

ρPl

(
t − tPl

tPl

)]
= aPl exp

[√
g

6π

(
t − tPl

tPl

)]
, (31)

where we use equation (7) and ρPl = 3mPl/(4πl3Pl). We also use the fact that ρ = ρmax at T ' −0 (i.e. β ' −∞). In
Fig.3, we describe the modification of the timeline of the Universe when we include the NATON in our traditional
Big Bang model. The Planck time tPl indicates the beginning of our classical universe and it corresponds to the
beginning of the NATON dominated epoch. The Universe is dominated by a NATON between tPl and tNT. Thus,
the universe expanded at an accelerating rate given in equation (31) during this period. When a NATON couples
with radiation at tNT, it becomes like a matter component and terminates the mini inflation. During this period the
Hubble radius is decreasing and this is the essential point of this model to solve the initial condition problems of the
standard inflation models. The detail discussion for this is followed in the next subsection IV B. Radiation (or matter)
component dominates the Universe between tNT and tIn. During this period, the Hubble radius is increasing and it is
the main source of the IC problems of standard inflation models. tIn denotes the epoch of the onset of the standard
inflationary epoch.

NTD RD ΦD

t Pl t NT t In

FIG. 3: This shows the modified timeline of the early Universe including a NATON dominated epoch. Right after the Big
Bang, the Universe is supposed to be dominated by a NATON. During this period from tPl to tNT, the Universe experience mini
inflation. After a NATON becomes in thermally equilibrium with radiation at tNT, the dominant component of the Universe is
either radiation or matter. Thus, the expansion of the Universe was decelerating prior to standard inflation. And the standard
inflation is ignited at tIN. NTD, RD, φD denote NATON dominated, radiation dominated, and inflaton dominated epochs,
respectively.
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B. Solution for initial condition problems

We quickly review the Hubble radius before explaining how NATON can solve IC problems. The physical distance
r(t) and the comoving distance ∆ are related to each other by the scale factor a(t) as r(t) = a(t)∆. By differentiating
the above relation and replacing physical velocity with the speed of light c, one obtains the definition of the Hubble
radius RH

RH ≡
c

aH
. (32)

Thus, the Hubble radius is the comoving distance over which particles can travel in the course of one expansion time.
If the comoving separation of two particles is larger than the Hubble radius at some epoch, then the particles are
causally disconnected with each other at that epoch. In section III, we show that sufficient condition is ∆I > 3c/(aH)
In order to solve the IC problems. The mini inflation due to the NATON can satisfy this condition easily. We
investigate this in both qualitatively and quantitatively.

NTD RD ΦD

t Pl t NT t In

c

a In H In

D I >
3 c

a In H In

c

a H

FIG. 4: The evolution of the Hubble radius c/(aH) as a function of time. In NATON model, RH decreases during a NATON
dominated epoch because the expansion of the Universe is accelerating during this epoch. After tNT, the Universe is under a
decelerating expansion during the radiation dominated epoch and RH increases and reaches its values c/(aInHIn) at tIn. The
expansion of the Universe is accelerating again at tIn to give decreasing RH again.

It is easy to understand qualitatively how NATON which causes mini inflation can solve the IC problems from
figure 4. In this figure, we show the evolution of the Hubble radius at the early Universe. The solid inclined lines
correspond RH at different epoch. It decreases from the Big Bang to right before the onset of radiation dominated
epoch. Thus, the earlier the tPl relative to tNT, the larger the RH(tPl). After tNT, RH increases until it reaches to its
intermediated maximum value RH(tIn). If there exists no NATON dominated epoch, then the Hubble radius keeps
increasing as time increases in the radiation dominated epoch. This is indicated as the dotted inclined line. When the
inflation is ignited, RH decreases again and this solves the standard horizon problems, flatness problems, and etc. As
shown in this figure, the existence of mini inflationary era prior to the standard inflationary epoch makes it possible
to have the comoving distance which is bigger than 3c/(aInHIn) at the onset of the standard inflation. This solves the
IC problems and makes standard inflation models free from the fine-tuning problem.

Now we are ready to investigate the solution of IC problems quantitatively. The scale factors in both NATON and
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radiation dominated epochs are given by

a(t) = aNT exp
[

HNT

(
t − tNT

) ]
when tPl ≤ t ≤ tNT , (33)

a(t) = aNT

√
2HNT

(
t − tNT

)
+ 1 when tNT ≤ t ≤ tIn , (34)

(35)

where HNT =
√
g/(6π)HPl =

√
g/(3π)t−1Pl . From the above equations (33)-(34), one can also obtain the inverse Hubble

radius divided by the speed of light c

a(t)H(t) = aNTHNT exp
[

HNT

(
t − tNT

) ]
when tPl ≤ t ≤ tNT , (36)

a(tIn)H(tIn) = aNTHNT

(
2HNT

(
tIn − tNT

)
+ 1

)−1/2
when t = tNT . (37)

(38)

In order to solve the IC problem, we need a condition that NATON dominated epoch should be last at least until at
t∗

c
a(t∗)H(t∗)

≥ 3
c

a(tIn)H(tIn)
. (39)

One can insert Eqs.(36) and (37) into equation (39) to obtain

exp

[
−2

√
g

3π

(
t∗
tPl

− tNT

tPl

)]
≥ 9

(
2

√
g

3π

(
tIn
tPl

− tNT

tPl

)
+ 1

)
, (40)

→ tNT ≥
√

3π

4g
ln

[√
108g

π

tIn
tPl

]
tPl ' 34 tPl ,

where we use the fact that
tIn
tPl

>>
tNT

tPl
>> t∗

tPl
. Thus, the standard inflation models have the enough homogeneous

region as long as NATON dominates the Universe until roughly 30 times longer than the Planck time. And this is
quite plausible.

V. DISCUSSIONS AND CONCLUSIONS

We show that there might be a negative absolute temperature system in the early Universe due to the natural
existence of an upper bound to the energy of its system, dubbed “NATON”. Even though its duration is very short
compared to daily life experience, it is a long enough time in the early Universe to give its effect to the dynamics of
the Universe. It provides negative pressure and it causes the accelerating expansion of the early Universe prior to the
standard inflationary epoch. This mini inflation solves the initial condition problems of the standard inflation and
makes it a natural theory. In order to solve the initial condition problem, NATON requires to exists until 30 times
bigger than the Planck time. NATON dominated epoch is terminated by thermal contact with the positive absolute
temperature system. Thus, it will not suffer the graceful exit problem either.

There have been several nice investigations related the NAT with dark energy [1, 28, 30]. However, we think this
might be more difficult to be realized than the NATON model because of two reasons. The first is related to the
existence of the upper bound in the energy. In order to realize the NAT, there should be the upper bound but there
might not be any upper energy bound in the late Universe. The second is the problem of the duration of NAT.
Because if any NAT system can give effect on the dynamics of the Universe, it should last until the present age of
the Universe. However, it can exist only microsecond in most case and it might not give any effect on the Universe
even though it exists. There is also condensed matter experiment which claims that system mimics the expansion of
the Universe [31]. It is interesting to see attempts to implement the evolution of the universe in the laboratory and
it might be able to give us any clue about the universe.

One also might think about the observational effects of the NATON dominated epoch on cosmic microwave back-
ground or large scale structure. Previously, there have been interesting works related to the effect of radiation
dominated epoch prior to the standard inflation era on cosmological observables [32–38]. It will be interesting if one
can find any effect of NATON on those observables. However, this is beyond the scope of this manuscript and this
subject will be discussed in the following manuscript.
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