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Abstract. We derive an anthropic bound on the extra neutrino species, ∆Neff , based on
the observation that a positive ∆Neff suppresses the growth of matter fluctuations due to
the prolonged radiation dominated era, which reduces the fraction of matter that collapses
into galaxies, hence, the number of observers. We vary ∆Neff and the positive cosmological
constant while fixing the other cosmological parameters. We then show that the probability
of finding ourselves in a universe satisfying the current bound is of order a few percents for
a flat prior distribution. If ∆Neff is found to be close to the current upper bound or the
value suggested by the H0 tension, the anthropic explanation is not very unlikely. On the
other hand, if the upper bound on ∆Neff is significantly improved by future observations,
such simple anthropic consideration does not explain the small value of ∆Neff . We also study
simple models where dark radiation consists of relativistic particles produced by heavy scalar
decays, and show that the prior probability distribution sensitively depends on the number
of the particle species.
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1 Introduction

The ΛCDM paradigm has been hugely successful in explaining various cosmological observa-
tions with high accuracy. Remarkably, with only six parameters, it gives a very nice fit to the
observed cosmic microwave background (CMB) temperature and polarization anisotropies [1].

Recently, however, the ΛCDM paradigm is challenged by the findings of possible tensions
among different observations. In particular, there seems to be a rather clear tension in the
estimate of the Hubble constant, H0, In other words, the Hubble constant measured locally is
higher than the value inferred from the Planck CMB observation based on the ΛCDM model.
The recent improved analysis of the local measurements of H0 strengthened the tension to be
4.4σ [2]. While it is not trivial to entirely remove the H0 tension by introducing new physics
without invoking other tensions, there are several ways that can ameliorate the tension [3–14].
One of such extensions is to introduce new relativistic particles, the so-called dark radiation.
It is customary to express the amount of dark radiation in terms of the extra neutrino species,
∆Neff . One needs ∆Neff & 0.4− 0.5 to reduce the H0 tension significantly [2, 7].

There are a variety of candidates for dark radiation. In most of the scenarios, dark
radiation consists of unknown massless or extremely light particles such as sterile neutrinos,
axions, hidden photons, etc. The existence (or non-existence) of dark radiation has rich
implications for physics beyond the SM as well as the evolution of the early Universe. For
instance, if dark radiation was in thermal equilibrium with the standard model (SM) particles,
they must have sizable couplings that can be constrained by direct search experiments or
astrophysics [15–19]. On the other hand, dark radiation may be produced non-thermally
by the decay of heavy particles (see e.g. Refs. [20–24]). Indeed, in the string theory, there
often appear many light hidden particles (such as axions and hidden photons), and if the
inflaton is universally coupled to the light particles including the SM ones, we expect that
the Universe is likely filled with hidden particles, which is not consistent with what we
observe [25]. Therefore, if the existence of dark radiation is ubiquitous in the landscape,
there may be some reason to suppress its abundance.

In this Letter, we examine an anthropic explanation of the dark radiation under the
assumption that ∆Neff is an environmental parameter which takes random values in the
multiverse. A similar assumption is made in the anthropic explanation of the observed small
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cosmological constant [26–30]. Specifically, we vary both ∆Neff (or Neff) and the positive
cosmological constant while fixing the other cosmological parameters. Although we do not
give a rigorous UV completion that provides such a mechanism to distribute different values
of ∆Neff , it is possible to imagine that the abundances of such light particles depend on
their couplings with the inflaton, which may depend on the choice of the universe. We
shall study simple toy models along this line, and show that the prior distribution of ∆Neff

sensitively depends on the number of particle species that constitute dark radiation. Since it
is notoriously difficult to quantify various anthropic conditions, we will adopt a very simple
ansatz which seems to be successful in explaining the observed cosmological constant [30, 31]:
the number of observers in a universe is proportional to the fraction of matter that collapses
into galaxies. In fact, we note that one can extend the anthropic argument on the cosmological
constant to derive the anthropic bound on ∆Neff and its likely values. In this sense, our
anthropic explanation of dark radiation is on the same footing with that of the cosmological
constant.

2 Anthropic bound on dark radiation

2.1 Probability distribution of ∆Neff and ΩΛ

The effective neutrino number in the standard cosmology is N
(std)
eff ' 3.046. The energy

density of dark radiation ρDR is conveniently described by a change of the effective neutrino

number ∆Neff ≡ Neff −N
(std)
eff as

∆Neff =
4

7

ρDR

(π2/30)T 4
ν

, (2.1)

where Tν is the neutrino temperature. We can express the radiation density parameter, Ωrad,
as a function of ∆Neff :

Ωrad ' Ω
(std)
rad × (1 + 0.13∆Neff) , (2.2)

where Ω
(std)
rad ' 4.18× 10−5h−2 is the radiation density parameter in the standard cosmology.

In this Letter, we calculate the conditional probability distribution of ∆Neff and the
density parameter of the cosmological constant ΩΛ in the multiverse, assuming that the
probability is proportional to the number of observers in each universe. It is estimated
by [32]

P (∆Neff ,ΩΛ) ∝ Pprior(∆Neff ,ΩΛ)

∫
dMnG(∆Neff ,ΩΛ,M)Nobs(∆Neff ,ΩΛ,M), (2.3)

where nG dM is the comoving number density of galaxies with mass between M and M+dM ,
and Nobs is the number of observers per galaxy with mass M in each universe with ∆Neff

and ΩΛ. We define the density parameters as Ωi = ρi/ρc (i = rad,Λ), where ρc is the critical
density of the present universe, and ρi is evaluated when the energy density of dark matter
in each universe becomes equal to the current density. The prior distribution Pprior depends
on the production mechanism and will be discussed in the next section.

The number of observers Nobs in a galaxy is expected to be proportional to its mass M .
We assume that Nobs is insensitive to ∆Neff and ΩΛ, because Nobs is determined locally in
galaxies decoupled from cosmic expansion, while ∆Neff and ΩΛ change only global properties
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of the universe.1 We also assume that the integral in Eq. (2.3) is dominated by large galaxies
with mass M &MG ∼ 1012M� like the Milky Way. This is because the metals generated by
the first-generation stars must be retained in the galaxy for the planetary formation. Under
these assumptions, we can rewrite the probability as

P (∆Neff ,ΩΛ) ∝ Pprior(∆Neff ,ΩΛ)F (M > MG,∆Neff ,ΩΛ), (2.4)

where F is the fraction of matter that clusters into galaxies with mass larger than MG:

F (M > MG,∆Neff ,ΩΛ) ≡
∫ ∞
MG

dMnG(M)M. (2.5)

This can be estimated by using a spherical collapse model.
The observations of CMB revealed that primordial density perturbations are well ap-

proximated by a Gaussian. The time evolution of density perturbations can be studied by
the linear perturbation theory. Hence it is reasonable to represent the distribution of density
perturbations smoothed over a comoving scale R by

Pδ(R, t,∆Neff ,ΩΛ) ∝ exp

[
− δ2

2σ2(R, t,∆Neff ,ΩΛ)

]
, (2.6)

where δ = δρ/ρ is the matter density perturbation, and σ is its variance. Note that the
variance grows with time.

We are interested in the comoving scale RG leading to the formation of a galaxy with
mass MG where planets and observers are formed. They are related by the mass conservation
as

RG(MG) =

(
3MG

4πρm,0

)1/3

(2.7)

' 1.3h−1 Mpc

(
Ωmh

2

0.12

)−1/3(
h

0.7

)(
MG

1012M�

)1/3

, (2.8)

where ρm,0 and Ωm are the present matter density and density parameter, respectively, and
h is the reduced Hubble constant. MG must be large enough to retain metals synthesized
in the first-generation stars for the subsequent formation of planets and life. It is not clear,
however, which value of MG is appropriate to use for the present analysis. In the following
we adopt MG = 1012M� as a reference value, which is close to the Milky Way mass. In some
case we will also show the results for different values, MG = 106M�, 109M�, and 1013M�,
roughly corresponding to the masses of globular clusters, dwarf galaxies and galaxy groups,
respectively.

2.2 Evolution of density perturbations

The variance of density perturbation smoothed over a scale R is calculated from the power
spectrum Pδ(k) as

σ2(R, t,∆Neff ,ΩΛ) =

∫ ∞
0

4πk2dk

(2π)3
Pδ(k)W 2(kR), (2.9)

W (x) =
sinx− x cosx

x3/3
, (2.10)

1 The change of ∆Neff affects the expansion rate at the BBN epoch and thus the primordial helium
abundance. Since the stellar evolution depends on the initial helium abundance, the number of observers may
depend on ∆Neff . In the present analysis we drop the dependence assuming the change is minor.
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where 〈
δ(k)δ∗(k′)

〉
= (2π)3Pδ(k)δ(3)(k − k′), (2.11)

δ(k) =

∫
d3x δ(~x)ei

~k·~x. (2.12)

Note that the power spectrum Pδ(k) is the Fourier transform of the correlation function for
the density perturbation, which is different from Pδ(R) in Eq. (2.6).

From the Poisson equation, the density perturbation δ can be calculated from the grav-
itational potential Φ as

δ(k, t) =
2

3

k2aΦ(k, t)

ΩmH2
0

, (2.13)

The time-evolution and k-dependence of Φ are conveniently factorized as

Φ(k, t) =
9

10
Φp(k)T (κ)

D(a)

a
, (2.14)

where T (κ) is the transfer function, D(a) is the growth function,2 and Φp is the primordial
gravitational potential. The numerical factor 9/10 represents the evolution of super-horizon
modes around the matter-radiation equality. The comoving wavenumber in the unit of a
horizon scale at the matter-radiation equality, κ, is given by

κ =

√
2k

aeqH(aeq)
=

√
Ωrad

Ωm

k

H0
, (2.15)

where aeq (= Ωrad/Ωm) is the scale factor at the matter-radiation equality. The matter power
spectrum is then related to the power spectrum of the primordial curvature perturbation Pζ
as

Pδ(k) =
8π2

25

k

Ω2
mH

4
0

Pζ(k)T (κ)2D(a)2, (2.16)

where

Pζ(k) ' 2.101× 10−9

(
k

kpivot

)ns−1

, (2.17)

with kpivot = 0.05Mpc−1 and ns ' 0.965 [1].
The transfer function describes the wavenumber dependence and the growth function

describes the scale-factor dependence of the gravitational potential. Here we briefly comment
on the qualitative features of these functions. The density perturbation corresponding to the
scale RG enters the horizon before the matter-radiation equality. It is known that the density
perturbation at subhorizon scales grows only logarithmically during the radiation dominated
era due to the Meszaros effect. The duration of this effect depends on the scale factor at
the matter-radiation equality, aeq, and therefore δ ∝ ln Ωrad, where Ωrad is related to ∆Neff

through Eq. (2.2). On the other hand, the density perturbation grows as a (i.e., D(a) ∝ a)

2 We normalize D such that D = a during the matter dominated era, which is different from the one used
in Refs. [32, 33] by a factor of 2aeq/3. We normalize the scale factor a such that a = 1 at present when the
matter energy density is equal to the observed value.
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during the matter dominated epoch. For larger Ωrad, the matter-radiation equality is delayed,
and the duration of the matter-dominated epoch decreases. Hence the density perturbation
grows less until the present epoch. Combining these effects, we obtain δ ∝ (ln Ωrad)/Ωrad.
Below we will estimate δ (or σ) quantitatively and will see the result is consistent with this
qualitative picture.

The fitting formula for the transfer function can be read from, e.g., Eq. (6.5.12) in
Ref. [34]:

T (κ) =
ln
(
1 + (0.124κ)2

)
(0.124κ)2

√
1 + (1.257κ)2 + (0.4452κ)4 + (0.2197κ)6

1 + (1.606κ)2 + (0.8568κ)4 + (0.3927κ)6
. (2.18)

For the modes that enter the horizon before the matter-radiation equality, i.e., κ � 1, we
obtain T (κ) ∝ lnκ/κ2. The logarithmic dependence results from the Meszaros effect.

It is convenient to define a new time variable x as

x ≡ ρΛ

ρm(t)
=

ΩΛ

Ωm
(1 + z)−3. (2.19)

At the matter-radiation equality, it is given by

x−1/3
eq =

(
x(obs)

eq

)−1/3
(

ΩΛ

Ω
(obs)
Λ

)−1/3(
Ωrad

Ω
(std)
rad

)−1

, (2.20)

and (xeq/x)−1/3 = (aeq/a)−1, where (x
(obs)
eq )−1/3 ' 2820 and Ω

(obs)
Λ ' 0.69 [1]. The growth

factor D(a) is given by [33]

D(a) =
2aeq

3

[
1 +

3

2
x−1/3

eq G(x)

]
, (2.21)

where G(x) is the growth factor in a flat universe filled with matter and vacuum energy,
given by

G(x) ≡ 5

6

(
1 + x

x

)1/2 ∫ x

0

dx′

x′1/6(1 + x′)3/2
, (2.22)

≈ x1/3

(
1 +

(
x

G3(∞)

)α)−1/(3α)

. (2.23)

Here the second line is a fitting formula with

α =
159

200
= 0.795, (2.24)

G(∞) =
5Γ(2/3)Γ(5/6)

3
√
π

' 1.44. (2.25)

For the scales of our interest, we can safely neglect the first term in Eq. (2.21).
The variance of the density perturbation after smoothing over a scale R (see Eq. (2.9))

is now given by

σ2(R, t,∆Neff ,ΩΛ) =

∫ ∞
0

d ln kPζ(k)W 2(kR)
4

25

k4T 2(κ)

Ω2
mH

4
0

D2(a), (2.26)
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where Pζ(k), T (κ), and D(a) are given by Eqs. (2.17), (2.18), and (2.21), respectively. The
dependence of the variance on the parameters can be read by setting k = 1/RG in the
integrand, and it reads

σ(R, t,∆Neff ,ΩΛ)t→∞

' σ(std)(RG)

(
1 + 0.18 ln

Ωrad

Ω
(std)
rad

)(
ΩΛ

Ω
(obs)
Λ

)−1/3(
Ωrad

Ω
(std)
rad

)−1(
G(∞)

G(xp)

)
, (2.27)

where

σ(std)(RG) ≡ σ(RG, tp,∆Neff = 0,Ω
(obs)
Λ ) ' 3.2, (2.28)

is the variance at present (t = tp) evaluated by the linear theory, Eq. (2.26), and xp ≡
Ω

(obs)
Λ /Ωm. The parameter dependence can be understood by noting how the duration of

matter domination depends on the density parameters. That is to say, the matter radiation
equality is delayed if we increase the radiation energy. The cosmological constant comes to
dominate earlier if we increase the cosmological constant. Since the matter density fluctuation
grows efficiently only in the matter dominated epoch, the increase of the density parameters
Ωrad and ΩΛ suppress the growth of the density perturbations. The logarithmic dependence
on Ωrad is due to the Meszaros effect.

2.3 Anthropic bound

When the density perturbation grows and exceeds the critical value δc, an overdense region
collapses to form a galaxy. The critical value can be calculated based on the spherical collapse
model [30] (see also Ref. [35]):

δc '
9

5
2−2/3G∞ ' 1.63. (2.29)

According to [31], the fraction of matter that collapses into galaxies during the entire history
of the Universe, F , is given by

F (M > MG,∆Neff ,ΩΛ) ∝
∫ ∞
β

dy
e−y

s
√
y +
√
β
, (2.30)

where the parameter β is given by

β ≡ δ2
c

2σ2(RG, t,∆Neff ,ΩΛ)t→∞
. (2.31)

Here, s is a shape parameter that takes account of the fraction of the surrounding underdense
region that also collapses into the galaxies. If we set s → ∞, the result is proportional to
the one given by the Press-Schechter formalism. We take s = 1, which is a reasonable case
where the overdense region is surrounded by the underdense region with the same volume.

Assuming that the number of observers in a universe is proportional to the mass that
collapses into galaxies, we can calculate the probability distribution of ∆Neff and ΩΛ by
using Eq. (2.4) and Eq. (2.30). The integral in Eq. (2.30) is exponentially suppressed for
β � O(1). This means that the fraction of matter that clusters into galaxies with M > MG

is exponentially suppressed for σ � δc, while it is of order unity for σ & δc. Roughly

– 6 –



speaking, the condition σ & δc is the anthropic bound. Since σ depends on ∆Neff and
ΩΛ, we can estimate their likely values that satisfy σ & δc. From the simplified expression
Eq. (2.27), we can see that ΩΛ and Ωrad(∆Neff) cannot be much larger than the observed
values from the anthropic argument.

The normalized probability distribution of ∆Neff and ΩΛ is shown in Fig. 1. Here we as-
sume a flat prior distribution Pprior for both ∆Neff and ΩΛ in Eq. (2.4) and set MG = 1012M�
as a reference value. In the upper panel, we show a contour plot of log[ΩΛ∆NeffP (∆Neff ,ΩΛ)].
One can see that the most likely values of ∆Neff and ΩΛ are larger than those in our universe.

In the lower panel, we plot the probability distribution ∆NeffP (∆Neff ,Ω
(obs)
Λ ) as a function

of ∆Neff , where the blue solid line is based on the numerical estimate of Eq. (2.26), while the
red dashed line is based on the analytic one Eq. (2.27). The two lines agree well with each
other. One can also see that the typical value of ∆Neff is O(10).

The Planck data combined with the BAO observation gives the constraint [1]

Neff = 3.27± 0.15, (2.32)

which is shown as the blue dot with an error bar in the upper panel of Fig .1. Interestingly,
there is currently the so-called H0 tension: the Hubble constant inferred by the Planck and
BAO (assuming ∆Neff = 0) reads H0 = (69.32 ± 0.97) km/s/Mpc, while the local Hubble
parameter measurement gives H0 = (74.03 ± 1.42) km/s/Mpc [2]. The significance of the
tension is greater than 4σ. In fact, Neff and H0 are correlated with each other in the Planck
analysis; ∆Neff > 0 makes the sound horizon smaller, which can be partially cancelled by
larger H0 because the last scattering surface becomes closer to us. The tension can be relaxed
if ∆Neff & 0.4− 0.5. The H0 tension may hint at a sizable amount of dark radiation.

Now we shall discuss how likely the point ∆Neff = 0.5 (1) and ΩΛ = Ω
(obs)
Λ are under

the anthropic consideration. First, we note that the probability of finding ourselves in a

universe with the present Ω
(obs)
Λ or smaller is about 3% for the case of ∆Neff = 0. We define

the probability ∆Neff ≤ ∆N
(max)
eff for ΩΛ = Ω

(obs)
Λ by

N−1

∫ ∆N
(max)
eff

0
d∆NeffP (∆Neff ,Ω

(obs)
Λ ), (2.33)

where3

N =

∫ ∞
0

d∆NeffP (∆Neff ,Ω
(obs)
Λ ). (2.34)

Then we find that the probability to find ourselves in a universe with ∆Neff ≤ 0.5 (1) is
about 0.03 (0.06). See also the lower panel of Fig. 1. Thus we conclude that ∆Neff = 0.5 (or
1) is not unlikely based on the anthropic argument.

When we vary both ∆Neff and ΩΛ, the probability to find ourselves in a universe with

∆Neff ≤ ∆N
(max)
eff and 0 < ΩΛ ≤ Ω

(obs)
Λ is given by∫ ∆N

(max)
eff

0
d∆Neff

∫ Ω
(obs)
Λ

0
dΩΛP (∆Neff ,ΩΛ). (2.35)

3 Precisely speaking, ∆Neff cannot be arbitrarily large as we assume a period of matter domination after
the matter-radiation equality before the cosmological constant comes to dominate the universe. This does not
affect our results, though, because the number of observers is significantly suppressed as the matter dominated
epoch is shortened.
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Figure 1. The probability distribution of parameters ∆Neff and ΩΛ in the multiverse with a flat prior
distribution, Pprior = 1. In the upper panel, we show a contour plot of log[ΩΛ∆NeffP (∆Neff ,ΩΛ)]. In

the lower panel, we show the normalized differential probability at ΩΛ = Ω
(obs)
Λ . The blue solid line

corresponds to MG = 1012M�. The dotted lines correspond to MG = 106M�, 109M�, and 1013M�,
respectively from right to left. The red dashed line is based on the simplified expression Eq. (2.27)
with MG = 1012M�, which is in good agreement with the blue solid one.

We find that this is about 0.003 (0.006) for ∆N
(max)
eff = 0.5(1) and Ω

(obs)
Λ = 0.69.

The probability distributions for MG = 106M�, 109M�, and 1013M� are also shown as
dotted lines from right to left in the lower panel of Fig. 1. One can see that the probability to
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find small values of ∆Neff increases as MG increases. Specifically, we find that the probability
to find ourselves in a universe with ∆Neff ≤ 0.5 (1) is about 0.01 (0.02) for MG = 106M�,
0.015 (0.03) for MG = 109M� and 0.04 (0.07) for MG = 1013M�.

The CMB-S4 experiment will improve the 1σ error for the dark radiation as δ(Neff) =
0.0156 [36, 37]. If the value of ∆Neff in our universe is determined by the anthropic principle,
we would expect that the CMB-S4 experiment will find a nonzero value of ∆Neff close to the
current upper bound. On the other hand, if its result is consistent with ∆Neff = 0, we may
conclude that the amount of dark radiation is not determined by the anthropic principle but is
determined by some other mechanism. For example, the energy of inflation may dominantly
converted to the SM particles at the time of reheating.

Finally, we comment on the anthropic bound on the number of neutrino flavors Neff

instead of ∆Neff .4 The effective number of neutrinos Neff can be smaller than the value
in the standard cosmology, N

(std)
eff ' 3.046, if the rehearing temperature is comparable to

or lower than the neutrino decoupling temperature [38–41]. We can also consider a case
in which a low-energy effective theory which is similar to the standard model but with a
different number of generations is realized in the multiverse, and the number of generations
may be considered as an environmental parameter. In the latter case, Neff will be close to an
integer number corresponding to the number of generations (if there is no dark radiation).
Motivated by such possibilities, we vary Neff and ΩΛ assuming the flat prior distribution. In
Fig. 2 we show the probability distribution of Neff and ΩΛ in the linear plot . We find that
the probability to find ourselves in a universe with Neff ≤ 3 is about 0.15. Thus, the universe
with three neutrino flavors is not unlikely at all based on the anthropic argument, if the prior
distribution is flat.

3 Reheating and prior distribution

In this section, we discuss a couple of simple models that predict dark radiation from re-
heating. Suppose that the inflaton decays into dark radiation as well as the SM particles
and that the dark radiation is completely decoupled from the SM sector. The extra neutrino
species, which is proportional to the energy density of dark radiation, is then determined by
the branching ratio into the dark radiation:

∆Neff =
43

7

(
43/4

g∗

)1/3 ΓD
ΓSM

, (3.1)

Here, we denote by g∗ (' 106.75) the number of degrees of freedom of the SM particles
at the time of reheating. The prior distribution of ∆Neff is then given by the probability
distribution of ΓD/ΓSM.

3.1 Case of a single dark radiation component

In superstring theories, scalar fields with flat potentials, called moduli, arise via compactifi-
cations on a Calabi-Yau space, and some of them may be present in the low energy effective
field theory [42]. Inflation may be realized in the moduli space, and the decay of the infla-
ton induces the reheating. Alternatively, coherent oscillations of moduli may dominate the
energy density of the Universe after inflation and the subsequent moduli decay reheats the
Universe. In either case the reheating occurs due to the moduli decay. In this section we

4 We thank Satoshi Shirai and an anonymous referee for raising this issue.
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Figure 2. Same as Fig. 1 but with a linear plot for Neff (instead of ∆Neff) and ΩΛ. We set
MG = 1012M�.

focus on a single modulus that dominates the universe and decays into the SM and dark
radiation.

The modulus T has a shift symmetry along its imaginary component, the axion, which
remains massless at the perturbative level. We assume that the axion is almost massless, and
so, once it is produced it contributes to dark radiation. This is the case if the real component
of the modulus is stabilized by supersymmetry breaking effects. Let us consider the following
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Kähler potential of the no-scale form:

K = −3 log

[
T + T † − 1

3

(
|Hu|2 + |Hd|2 + (cSMHuHd + h.c.)

)]
+ . . . , (3.2)

where we show only relevant terms and omit higher order terms responsible for e.g. the
modulus stabilization, and cSM denotes a coupling constant. For simplicity, we assume that
the superpotential and the gauge kinetic function are irrelevant for the modulus decay. Then
the modulus decays only into the axion and the Higgs fields. The ratio of the decay rate is
given by [21–23]

ΓD
ΓSM

=
1

2c2
SM

. (3.3)

For a more generic Kähler potential, the modulus decay rate into axions is proportional to
(∂3K/∂T 3)2 (≡ c2), which may vary depending on the details of the compactification etc. So
let us parametrize the ratio as

ΓD
ΓSM

=
c2

c2
SM

, (3.4)

where we take cSM = O(0.1).

We assume that the coupling constant c that determines ΓD is randomly distributed
in the multiverse and its probability distribution is given by a flat distribution in the range
of |c| ≤ σ (= O(1)). We fix the decay rate into the SM particles for simplicity. Since the
branching ratio into the dark sector is proportional to the coupling constant squared, the
probability distribution of ΓD can be read from

P (c2/σ2) =

{
1

2
√
c2/σ2

for c2/σ2 ≤ 1

0 for c2/σ2 > 1,
(3.5)

and is proportional to 1/
√

ΓD ∝ 1/
√

∆Neff for c2/σ2 ≤ 1. Thus the distribution of ∆Neff

is biased toward a smaller value. The probability distribution of ∆Neff and ΩΛ is shown in
Fig. 3 for the case of Pprior ∝ 1/

√
∆Neff .5 We can see that the typical value of ∆Neff is

O(1) in this case. The probability to obtain ∆Neff ≤ 0.5(1) is given by 0.10(0.14) based on
Eq. (2.33). If we also vary ΩΛ, the probability to obtain ∆Neff ≤ 0.5(1) and ΩΛ ≤ 0.69 is
0.01(0.02) based on Eq. (2.35).

3.2 Case of multiple dark radiation components

We now consider how the probability distribution changes if there are multiple dark radiation
components. In fact, the flux compactification of the higher-dimensional space in the string
theory predicts a large number of axions and gauged dark sectors in the low-energy effective
field theory. Inflation may occur in the axion field space, the so-called axion landscape [43–
48]. For instance, the reheating could occur via the decay into gauge fields. If there are
unbroken U(1) gauge fields in the dark sector, they contribute to dark radiation after the

5 We implicitly assume that the typical value of ∆Neff is much larger than O(1) in the prior distribution.
This is the case when c/cSM � 1. If this is not the case, the final distribution of ∆Neff is not strongly affected
by the anthropic bound but is mainly determined by the prior distribution.
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Figure 3. Same as Fig. 1 but with Pprior ∝ 1/
√

∆Neff .

reheating. In this case, the number of particle species of the dark radiation, N , can be larger
than unity [49] and we parametrize the branching into the dark sector as

ΓD
ΓSM

=

∑
i c

2
i

c2
SM

. (3.6)
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As in the previous case, we assume that the probability distributions of coupling con-
stants ci are given by flat distributions in the ranges of |ci| ≤ σi (= O(1)). For simplicity,
we set a universal value for the range, σi = σ. We also define x ≡

∑
i c

2
i /σ

2 ∝ ΓD. Since
∆Neff & O(100) for

∑
c2
i & 1 and cSM = O(0.1),6 we are interested in the regime where

x� 1. The probability distribution of x is then calculated from7

P (x) =
d

dx

∫ σ

−σ

dc1

2σ
· · ·
∫ σ

−σ

dcN
2σ

∣∣∣∣
x<

∑
i c

2
i /σ

2

(3.7)

' πN/2

2NΓ(N/2)
xN/2−1 for x ≤ 1. (3.8)

Thus the prior distribution is almost flat for N = 2, while it is strongly biases toward a large
∆Neff for N > 2. In this case, the probability to obtain ∆Neff ≤ 0.5 is strongly suppressed.
Thus we conclude that the anthropic argument does not explain the current bound on ∆Neff ,
if the dark radiation that consists of N(� 1) different particle species produced by the heavy
scalar decay.

If one assumes that the probability distributions of the coupling constants ci are given by
Gaussian distributions with zero mean and a universal variance σ, the probability distribution
of x ≡

∑
i c

2
i /σ

2 (∝ ΓD) is then given by the χ2-distribution with N degrees of freedom:

P (x) = χ2(N) =
1

2N/2Γ(N/2)
xN/2−1e−x/2. (3.9)

Note that the result for the case of a single dark radiation component can be read from this
formula by setting N = 1. For a small x, the probability distribution is proportional to
xN/2−1. Since we are interested in a small x, the result is the same with that for the flat
distribution.

4 Discussion and Conclusions

We have discussed the anthropic bound on the amount of dark radiation, assuming that the
number of observers in each universe is proportional to the fraction of matter that clusters
into galaxies with mass larger than the Milky Way galaxy. The matter-radiation equality
is delayed if we increase the radiation energy. The matter density at subhorizon scales
grows only logarithmically before the matter-radiation equality while it grows linearly in
terms of the scale factor after that until the cosmological constant comes to dominate. As
a result, larger radiation energy leads to smaller density perturbations and hence a lower
fraction of matter that clusters into galaxies. We have found that the number of observers is
exponentially suppressed when the extra effective neutrino number exceeds of order 10. If the
prior distribution is flat, the probability to find ourselves in a universe with ∆Neff ≤ 0.5(1)
is about 0.03(0.06), which is comparable to the probability to find ourselves in a universe
with the observed cosmological constant or smaller. Therefore, the anthropic explanation of
∆Neff is not unlikely, if it is found to be around the current upper bound. We have also
found that the probability to find ourselves in a universe with less than or equal to three
neutrino flavors is about 0.15 assuming the flat prior distribution in the multiverse.

6 The explicit values of those parameters are not important for our discussion as long as the typical value
of ∆Neff is larger than O(100), because of P (∆Neff)� 1 for ∆Neff & O(100).

7 The closed form of the probability distribution has been derived in Ref. [50] (see also Ref. [51]).
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We have also discussed a couple of examples in which dark radiation is produced during
the reheating process. If a modulus is the inflaton or coherent oscillations of the modulus
comes to dominate the universe after inflation, the universe will be reheated by the modulus
decay. The modulus may also decay into dark radiation in addition to the SM particles.
For instance, if the modulus is stabilized by supersymmetry breaking effects, the modulus
generically decays into its axionic partners with a sizable branching fraction [21–24]. Alter-
natively, the modulus may decay into multiple dark photons or axions. Assuming a flat prior
distributions for the coupling constants, we have found that the prior distribution of ∆Neff is
proportional to (∆Neff)N/2−1, where N is the number of particle species that constitute dark
radiation. In particular, if N = 1, the energy density is biased toward smaller values and
the probability to find ourselves in a universe with ∆Neff ≤ 0.5(1) is about 0.10(0.14). On
the other hand, for N � 1, the prior distribution of ∆Neff is strongly biased toward larger
values. In this case, the probability to find ourselves in a universe with ∆Neff . 1 is strongly
suppressed. In the latter case, some mechanism to dominantly reheat the SM sector may be
required.
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