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DIRICHLET FORMS AND POLYMER MODELS BASED ON
STABLE PROCESSES

LIPING LI AND XIAODAN LI

ABSTRACT. In this paper, we are concerned with polymer models based on
a-stable processes, where o € (g, d A 2) and d stands for dimension. They are
attached with a delta potential at the origin and the associated Gibbs measures
are parametrized by a constant vy playing the role of inverse temperature.
Phase transition exhibits with critical value v = 0. Our first object is to
formulate the associated Dirichlet form of the canonical Markov process X (7)
induced by the Gibbs measure for a globular state v > 0 or the critical state v =
0. Approach of Dirichlet forms also leads to deeper descriptions of probabilistic
counterparts of globular and critical states. Furthermore, we will characterize
the behaviour of polymer near the critical point from probabilistic viewpoint
by showing that XM s convergent to X0 a5 v 1 0 in a certain meaning.
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1. INTRODUCTION

Polymers are chemical compounds consisting essentially of repeating units, called
monomers. Real polymers are complex objects on their own, typically fluctuating
in a solvent as well as with other portion of themselves. The study of polymer
models has been a very active area of research in mathematical physics for a long
time. It began to develop in 1930’s under the influence of chemical and biological
applications. Research into these models led to a great number of impressive ad-
vances, from the explanation of rubber elasticity to the creation of the theory of
helix-coil transitions in proteins and nucleic acids. Many physically relevant prob-

lems on polymer chains have been outlined in e.g. a review of Lifschitz, Grosberg
and Khokhlov [20].
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In simplified discrete models, the configuration of a polymer, i.e. the sequence
of locations of the monomers, follows the trajectory of a random walk on a lattice;
see e.g. [I5]. As a continuous generalization, a continuum polymer model was
constructed by Cranston et al. (see e.g. [7HI]) in the context of Brownian motions.
Let us use a few lines to explain some details. It starts with a system of finite
size T, which means the length of the polymer. Let Q7 := C([0,T],R%), i.e. the
family of all continuous paths of size T in R%, be the configuration space of the
system. Then the polymer model is described by a Gibbs ensemble at each inverse
temperature 8 (> 0), realized as a probability measure Pg r on Qp, which is also
called a Gibbs measure. More precisely, the underlying probability measure Pg 7 is
identified with the Wiener measure on (27 in this model, and we also denote it by
Pr in abbreviation. For 8 > 0, Pg r is determined by the so-called Hamiltonian
Hrp, which is given by a certain potential function v on R in the following manner:

(1.1) Hr(w) = —/O v(w(t))dt, w e Qr.
In other words,
T
(1.2)  Par(dw) = wPT(dw) _ exp{ fOZﬂviw(t))dt} P (dw),

where Zg 1 := Ep exp{—fHr} is the so-called partition function. From probabilis-
tic viewpoint, the phenomenon of phase transition is observed by letting 7" 1 oo
with certain tactic. It is shown in [7] that there is a critical value f.. such that
for 8 < B¢ and B > B, the polymer manifests different behaviours and is called
in the diffusive state and in the globular state respectively. In the former state,
the canonical process induced by the limiting measure is nothing but Brownian
motion. However in the latter state, the limiting measure induces another diffusion
process enjoying a certain ergodic measure 7,/1[23 (z)dz. From analytic viewpoint, the
(self-adjoint) operator

1
Hy=5A+8 v L*(RY) — L*(RY),

where A is the Laplacian operator and v is the potential function in (I, plays
an important role in characterizing the phase transition. In the case that v €
C>(R%) is non-negative and not identically equal to 0, it is well known that the
spectrum of Hg consists of the absolutely continuous part (—oo,0] and at most a
finite number of non-negative eigenvalues A;(5), i.e. o(Hg) = (—o0,0] U {X;(8) :
0 <j < N}. We enumerate the eigenvalues in a decreasing order and particularly,
Xo(B) = max{\;(B) : 0 < j < N} if {)\;(8)} # 0. When 8 < B, supo(Hg) = 0.
When > ., it holds that A\g(3) > 0 and 3 — A\g(8) is increasing and continuous
with limg g, Ao(8) = 0 and limgyc Ao(B) = oo (see [7, Lemma 4.1]). These facts
about o(Hg) are another reflection of phase transition. It is worth noting that in
a globular state, the density function g appearing in the above ergodic measure
is exactly the ground state of Hg, i.e. its eigenfunction with eigenvalue A\o(8).
In addition, Ag(8) coincides with the rate of growth of Zg r (also called the free
energy of the ensemble), i.e. A\o(8) = limryso (log Zg,7) /T, and the asymptotics of
Ao(B) as B | Ber demonstrate universality in that they depend only on dimension
(see [7, Theorem 6.1]).

More interestingly, another particular and significant case with v = dg, i.e. the
delta function at the origin, is explored in e.g. [IL[8] and similar phase transition
appears only for d = 3. Note that Hz are not self-adjoint any more and should be
replaced by self-adjoint extensions, parametrized by a constant v € {—oco} UR as
shown in [8, Theorem 2.1], of 1 A restricted to C°(R*\{0}). Denote the family of all
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these self-adjoint extensions by {£~ : v € R or —oo}. Meanwhile, the Hamiltonian

should be understood as a limit — lim, o fOT Ac - 1(_c )(we)dt in a certain manner,
where A; (1 o0 as € | 0) is a constant depending on ~. This parameter v plays the
role of inverse temperature in associated Gibbs measure, which exhibits a phase
transition with critical value 7., = 0, and v = —oo corresponds to the underlying
case. Indeed, in the diffusive state v < 0, P, r converges to the Wiener measure
under suitable scaling as T' 1 oo and o(£,) = (—0o0, 0]. Note that when v = —o0, L,
is exactly the Laplacian operator. In the globular state v > 0, o(£,) = (—o0,0] U
{Ao(7) :=7?/2} and the limiting process has the ergodic measure 2 (z)dz, where
1., is the eigenfunction of £, with the solo eigenvalue A\o(7y) = 7%/2. The behaviours
of polymer near 7., = 0 are also analysed in [8].

In this paper, we are concerned with a generalization based on a-stable process
We with a € (0,2) of this continuum polymer model with delta potential. For the
sake of brevity, we only consider the isotropic case, where the transition density of
W is given by (21)). Particularly, A®/? := —(—=A)*/2 not %Aa/2, is the generator
of W, This generalization was first raised in [I0] mainly from analytic viewpoint.
At a heuristic level, the analogical operator, denoted by A, of £, may be informally
written as

(1.3) A, = A2 LB -5y,

where 3, is a certain constant depending on v (such that S_., = 0; see [10} §3])
and v plays the role of inverse temperature. Strictly speaking, A, is a self-adjoint
extension on L?(R?) of A®/? restricted to C°(R®\ {0}). The rigorous statement
is phrased in [I0, Theorem 3.3] for either of the following cases:
(i) d=1and a > 1;
(ii) d=1or 2 and o = d
(iii) d/2 < a < d.
In the cases (i) and (iii), phase transition exists with critical value v, = 0. In the
globular state v > 0, A, possesses a solo eigenvalue A, > 0. Meanwhile universality
is demonstrated in the concrete expression of A as presented in [10] §3.1 and §3.3];
but at this time, not only dimension d but also « is involved. However in the case
(ii), no phase transitions exhibit and every -y corresponds to a globular state. The
associated Gibbs measure (at ) in a strict sense is also obtained in [I0]. In abuse
of notation, we still denote the configuration space by Q7 = D([0,T],R%), i.e. the
family of all cadlag paths in R?. Fix a starting point 2 of the underlying process
W (we take z = 0 in (I.I)) tacitly). Let p,(t,z,y) be the fundamental solution of
ou
E = .A,Yu.

When v = —o0, we write p for p_. (i.e. the transition density of W) in abbre-
viation. Then the partition function, denoted by Z, r(z), and the Gibbs measure,
denoted by PZ 5., are formulated as follows:

ZWGT(:E) = /]Rd p'y(T,.’L',y)dy,

(14) P?T({w € Qp: w(tl) S Al, cee ,w(tn) S An})

= Z;lT(fE)/ H py(ti — tim1, i1, @) dTn g - - dan,
A1 XX A, xR 1<i<n+1

where Ap,---, A, are Borel subsets of R% g = z and 0 = tg < t; < -+ <

tn, < tpy1 =T. The case 7y = —oo corresponds to the truncated a-stable process

and for 7 in the globular state, PZ 1 converges to a probability measure PZ on

Q := D([0, 00),R?) inducing a canonical process with an ergodic measure 2 (x)dz,
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h-transform (&.1])
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FIGURE 1. Globular or critical state under A-transform

where 1., is the ground state of A,, as T 1 oo (see [10, Theorem 4.1]). To our
knowledge, however, no analogical limits were obtained for a non-globular state.
Note incidentally that the analogical approach of (I4]) for Hg or L, is still available,
see e.g. [1].

Our paper aims to study this polymer model of non-local type from proba-
bilistic viewpoint by means of so-called Dirichlet forms. Although a conception
in functional analysis, Dirichlet forms are closely linked with Markov processes in
probability theory due to several seminal works by Fukushima in 1970’s. It is now
well known that a Dirichlet form satisfying so-called regular condition is always
associated with a nice Markov process. The notions related to them are referred
to [4114].

The first main result stated in Theorem 2.I] derives the associated Dirichlet form
of the Markov process X () induced by P for a globular state y > 0, i.e. Xt('Y) (W) :=
w(t) for allw € Q and ¢ > 0. This Dirichlet form denoted by (&), .#()) is regular
with a core C2°(R?). Formulation of it builds a new bridge between analytic and
probabilistic characterizations of globular states. On one hand, A, is linked with
the generator of (£(7),.Z()) in &B). On the other hand, more properties of X ()
can be obtained by virtue of the theory of Dirichlet forms. For example, X () is
irreducible, recurrent and consequently ergodic as explained in (2.).

As we see in (2), the Dirichlet space .Z(¥) is a weighted Sobolev space of
fractional order, the weight function ., in which is nothing but the resolvent density
of W with parameter A, in (Z3]). Recall that the limiting Gibbs measure is not
obtained for the critical case v = 0 in [I0]. However, the above Dirichlet form
can be extended to the one with parameter v = 0 in a truly straightforward way:
Replace the weight function v, by ¢ := uo, i.e. the Riesz potential kernel as
presented in (23] (note that lim, g A, = 0). This extension works for the third case
d/2 < a < d, since the existence of ug relies on the transience of W. Analogically
we will show in Theorem 2 that this new Dirichlet form, denoted by (&), .7 ),
is also regular with a core C2°(R?). Again its associated Markov process X (%) is
irreducible and recurrent. But the symmetric measure of it is not finite, thus the
ergodicity manifests a different limiting behaviour. There are at least two evidences
for that X(® should correspond to the right Gibbs measure at v = 0. Firstly, the
generator of (6?0, Z(©) is linked with Ag in the same manner as ([2.6). Secondly,
as will be explained later, X () is convergent to X (9 as v | 0 in a certain meaning.
This continuity in 7 is in agreement with the behaviour of polymer near the critical
point 7., = 0 exhibited by the continuity of v — A, near v.,.

Approach of Dirichlet forms has far more advantages in characterizing the prob-
abilistic counterparts of globular and critical state. In §5 we shall figure out a
clear relation between X (V) and W for every v > 0. The first crucial fact is that
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the origin 0 is of positive capacity relative to X (*) as stated in Theorem 5.1l This
illustrates that X () feels a strong attraction to the origin (see (Z9)), as usually
appears in one-dimensional models. At a heuristic level, it is a reflection of that
A, has infinite potential at 0 as we can see in (I3)). In addition, the part process
of X1 outside the origin, obtained by killing X (") once upon leaving R?\ {0}, is
identified with the h-transformed process, denoted by , W) of W with h = Py.
On the contrary, X ) is the unique one-point reflection of , W) at 0 in the sense
of [5]. As a result, we can summarize these probabilistic counterparts in a road map
illustrated in Figure[Il Further interesting properties of X () can be obtained from
this alternative characterization. For example, 0 is regular for itself with respect to
X and the paths of X () are not only cadlag but also continuous at the moments
t when Xtm) = 0, although its associated Dirichlet form contains no diffusion part.

Another main result is that X () converges to X(®) as v | 0 in the following
sense: Take v, | 0 and a non-negative function ¢ on R¢ such that

/vy, € L*(RY), ¢(z)dr =1,
R4

then P2 () := [pu P2 (-)p(x)dx converges to P)(-) i= [ou PE()o(2)dz weakly
on ) endowed with the Skorohod topology as n — oo. The theory of Dirichlet
forms plays an important role in the proof of it as well. Indeed, Mosco convergence
of (&0n), F(m)) demonstrated in Theorem leads to the convergence of finite
dimensional distributions of X (=) and to prove their tightness, an inequality con-
cerning capacity, analysis of quasi-continuous functions and so-called Fukushima’s
decomposition are all employed.

Throughout this paper we will concentrate in globular and critical states for the
case % < a < d. For another two cases mentioned earlier, the characterization
by means of Dirichlet forms is still available but only for globular states, since we
cannot find a suitable substitution of ¥y when W is recurrent at present. The
state 7 < 0 is not under consideration either, because the expected counterpart
is nothing but W<. We wish to treat them in a future work. It is also worth
pointing out that the Brownian case, i.e. a = 2 and d = 3, has been explored by
the first named author and his co-author in [13]. Nevertheless, the current case of
non-local type is much more involved, as we see the proofs of main results are far
from routine.

The rest of this paper is organized as follows. In §2 we will present the expression
of associated Dirichlet form of X () for every v > 0. The proof will be postponed
to §3l for globular states and to §l for critical state. The road map illustrated in
Figure[ will be completed with the help of a theorem in §5] providing an alternative
characterization of X (") via h-transform. Finally, the weak convergence of X () as
~ 4 0 will be proved in 6

Notations. Let us put some often used notations here for handy reference, though
we may restate them when they appear.

The notation “:=” is read as “to be defined as”. For z,¢ € R?, (x, &) means
the inner product between z and ¢ and |z| stands for the Euclidean norm of z.
Given a domain D C RY, the families C.(D),Co(D) and C°(D) are those of
all continuous functions on D with compact support, all continuous functions on
D vanishing on the boundary of D or at co and all smooth functions on D with
compact support respectively. Given a continuous function f with compact support,
supp|f] stands for its support, i.e. the closure of {z : f(x) # 0}. For every r > 0,
B(r) :={z : |x| < r}. The notation || - ||s means the supremum norm of a bounded
function. Given a Hilbert space H, || - || iz stands for its norm and (-, )z stands for
its inner product. Given an operator £, D(L) stands for the domain of £ tacitly.
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The symbol < (resp. 2) means that the left (resp. right) term is bounded by the
right (resp. left) term multiplying a nonessential constant. In addition, { =  means
that there is a nonessential constant C' > 1 such that %T <t < Ct. There are
several fixed constants throughout this paper: c_q,4, Co,q and c(a, d) first appear
in 23), 4) and Z3) respectively. Otherwise a constant attached with subscript
means it depends on the terms in subscript. Note that almost all constants are
relevant to d and «, and we ignore them in subscript if no confusions cause.

The semigroup and resolvent of isotropic a-stable process are denoted by P and
U, respectively. Accordingly, the transition density and resolvent density are p;
and uy. The Rieze potential kernel ug is given by (23). For every finite ~, Pt(v)
stands for the semigroup associated with A,. The semigroup and resolvent of X ™)
for v > 0 are denoted by Q,E'Y) and RE\W) respectively. Meanwhile, ¢, := u,, where
A is given by ([2.5).

The notions related to Dirichlet forms are referred to [4,14]. Particularly, every
function in a Dirichlet space is taken to be a quasi-continuous version if without
other statements.

2. PROBABILISTIC COUNTERPARTS OF GLOBULAR AND CRICITAL STATES

Fix a € (£,2Ad) and let W* = {Q = D([0, 00), R%), (P?) ,cra, (W)¢>0} denote
the isotropic a-stable process on R?, i.e. W is a Lévy process (see e.g. [21]) whose
transition density p(¢, z,y) = p(t,0,z—y) =: pt(x —y) with respect to the Lebesgue
measure is given by

(21) ﬁt(&) e / el<$,f>pt($)d$ — e_t|5|‘1, 6 c Rd
Rd
Its resolvent kernel uy (z) for A > 0 is equal to
o 1 e~ &)
2.2 uy(x :/ e_’\tp t,0,x)dt = / d€

Several properties of u) are presented in Lemma [A3l Particularly, uy € L2(R?)
due to a > d/2. In addition, « < d leads to

(2.3) ug(x) := / p(t,0,2)dt =t limuy(x) = c_p.a - |2]*77,
0 A0

2 °r(432)

that the generator of W is A®/2, which is symmetric with respect to the Lebesgue

measure, and its associated Dirichlet form (¢4,D(¥)) on L%(R?) is

D(%) = H*?(RY) = {f € L*(R?) : 4(. ) < o0},

where c_q,q = and I is the so-called Gamma function. It is well known

(2.4) Ca f@) = fly)) (9(z) — g(y
%(f,g>:—’d ( ( ) ( ))(d-(i-oz) ( ))d.dey, f,gED(g),
2 R4 xR\ D |z -yl
where D is the diagonal of R? x R? and Cad = %%d;l
T2 -5

As mentioned in §I1 the self-adjoint extensions on L?(R?) of A®/? restricted to
C>(R%\ {0}) are parametrized by a constant v € {—oo} UR. For v > 7. = 0 in
a globular state, the corresponding self-adjoint extension A, has a solo eigenvalue

(2.5) Ay = <ﬁ>a/(da) ,

where c(a, d) = (2;)(1 Jra \f\“(ff'\f\“)’ with the eigenfunction

1/}7 = UA—W
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where uy  is given by ([Z.2)) with A, in place of A (see [10, §3.3]). One of the main
purposes in this section is to present an alternative description of the probabilistic
counterpart of this globular state by means of Dirichlet forms. To phrase the result,
we prepare some notations. For v > 0, set m.(dz) := 1, (z)*dz, which is a finite
measure, and define another operator

’D(ﬂv) ={fe LQ(Rdamv) cf-y € D(AV)}a
(2.6) 1

Afi= oo A (f ) = NS, f € D(sH).
Y

It is not hard to find that 7, is self-adjoint on L*(R?,my) with 7,1 = 0.

Theorem 2.1. Fiz v > 0. Set m.,(dx) = 1, (z)?dz and let X = {Q,Pﬁ,Xt(V)}
be the process corresponding to the globular state at v, i.e. Q = D(]0,00),R9),
P2 is the probability measure on 0 mentioned below (L4) and Xt(v)(w) = w(t) for

we Q. Then X0 s my-symmetric and associated with a regular Dirichlet form
on L?(R% m,) as follows:

F = {fe LR, m,) : £D(f, f) < o0},

2.7 . 2 — Fa)?
()£WMbﬂ%wmﬂLﬂﬂwwmm%ﬂﬁW

2 |z — yldte

Furthermore, C°(RY) is a core of (6, F)), whose generator is <., given by
2.8).

For the critical case v = 7. = 0, no probabilistic counterparts are obtained
in [I0]. However, the analogues of (2.6 and (Z7) are still available. Indeed, set
o := up in Z3) and mo(dz) = ¥o(x)*dxr. Note that mg is positive Radon on
R since o > d/2. Then the operator % and the quadratic form (&©,.#(©) are
well defined by letting v = Ay = 0 in Z8) and 7)) respectively. The analogical
result of Theorem 1] below states the regularity of (&(®,.% () which leads to
a probabilistic counterpart of the critical state v = 0, i.e. its associated Markov
process denoted by X© .= {Q, Pz, x [V},

Theorem 2.2. The quadratic form (5(0),9(0)) is a regular Dirichlet form on
L?(R?, mg) with the generator <. Moreover, C2°(R?) is a core of (&), Z ).

The proofs of these theorems are postponed to §3l and §4l Instead, we point out
two facts about X () for 4 > 0. The first one concerns their global properties. It
will turn out in Propositions B3 and EL1] that X () is irreducible and recurrent. As
a result, we can conclude that for v > 0 and any = € R? (see [14, Theorem 4.7.3]),

m, (+)
m. (R4)’

1 t
(2.8) —/ Pﬁ(Xé(,'Y) € )ds — my () == weakly as t 1 co.
0

t
When v = 0, the probability measure on the left hand side is vaguely convergent
to 0 as t T oo. The second fact illustrates that X () feels a strong attraction
to the origin. Indeed, the capacity of {0} relative to &(7) is positive as shown in
Theorem [l This property also leads to an alternative characterization of globular
or critical state in §8l by means of Doob’s well-known h-transform. Particularly it
holds for &-q.e. x € R? (see [14, Theorem 4.7.1]),

(2.9) P (00 < 00) = 1,

where o := inf{¢t > 0: Xt(’Y) = 0}. Note incidentally that other singleton is always
& -polar.
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3. GLOBULAR STATES

Fix v > 0. This section is mainly devoted to proving Theorem 2. Iland presenting
some properties of X (7).

3.1. Proof of Theorem [2.I1 This proof will be completed in several steps.
3.1.1. Step 1. We prove (&), .Z() is a Dirichlet form. To this end, set

Jy(@,dy) = |z — y|7(d+a)¢7(y)¢v(x)ildy-
By [14, Example 1.2.4], it suffices to show
(j.1) For any € > 0, z — j,(z,R%\ U.(2)) := fe]Rd\UE( )jv(:z: dy) is locally
integrable with respect to m,, where U, (z) is the e-neighbourhood of x.
(3:2) Jaa f( ]’79)( yoy (dz) = [ou(iyf)(@)g(z)m, (dz) for all f,g € BT (R?),

where j, f(z) == [ f(y)j (2, dy).
(j-3) foK\D |z — y| Jy(z,dy)m, (dz) < oo for any compact K C R%.

For (j.1), take e > 0 and an arbitrary compact set K C R%. Choose r > 1 sufficiently
large such that K C B(r) := {z € R?: |z| < r}. It follows from (23] that

i (x, RY x x) = x — y|~dF x x
J ROV ) = [ ]y )y )iy

S eyl gy dayda.
K J|z—y|>e

Denote G1 :={y: |z —y| > &,|y| >r} and G2 := {y : |t —y| > ¢, |y| < r}. Then

we have
T —y| x|” N T
[t el aya
K JGy

a+d
Yy o _
<[ L (GE) et
1

Take z € K and y € G1. Since |y| > r and |z] < sup{|z| : z € K} < r, it follows
that |y|/|x —y| < r/(r — |z|) < C, k for a finite constant C, . Hence the right
hand side of (B is not greater than

Cf‘;r(d/ |z|°‘7dd:c/ |y|72ddy < 00.
T UK ly|>r
In addition,

/ / & — |~ |ty ey < o) / 2]~ / ] dy < oo.
K JGo K ‘y‘g"'

Consequently, one can conclude (j.1). The second item (j.2) is obvious. For (j.3),
we still take r such that K C B(r). When a + d < 2, we have

/ |z — yl* 5 (x, dy)m, (dz) < / & — g >~ T D)y dyda
KxK\D KxK\D

(3.1)

< (2r)%~(atd) /K o ||~ y|*ddyda < co.
X

When a + d > 2, take a constant € > 0 and denote Ky :={y:y € K, |y — x| > €},
Ky:={y:ye K,0<|y—z| <e}. Then

/ & — 42 (2, dy)m, (dz)
KxK\D

:/K/K |x—y|2j7(:v,dy)m7(dx)+/K/KZ |z — y|?j, (z, dy)m, (dx).
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The first term is not greater than

2
[ [ e al et gyl tayar < (e ( / |:c|“d:c) < oo,
K JK;, K

and the second is not greater than

/ / |:c—y|*<“+d*2>|x|a*d|y|a*ddydx
K JKso

|2(a d) B R |2(a d) P
(/ /K o — gleta2 ™ ‘”) (/ /K o — ylora2 ‘”)

< [Pt [ ey < o,
K ly|<e

Hence (j.3) is verified.

1/2

3.1.2. Step 2. Note that (j.3) implies C>®(RY) ¢ .# () as well. Denote the 51(7)
closure of C°(R%) in .#) by #. Then (£1),.%) is also a Dirichlet form on
L2(R% m,). Further let &/ and &/ be the generators of (), F() and (&), F)
respectively. In this step, we show
(3.2)

C(RY\{0}) € D(«/) ND(&),

s = 0= (g, [ SO ()
) =l f(0) = 5 (o [ HO=TE G pay
_ Cad im f(y) — f(:c) 00 /T d
B Yoy (z) (Lw /y‘ly x|>r |z — yl|dto Z/}W(y)dy) o SECTERA:
where the limit is in the sense of L?(R?). To this end, we first show
53) Lfa) = pov. [ TUZTE ),

is well defined in L2(R?) for all f € C2°(R?\{0}). Fix such f and take a compact set
K c R4\ {0} such that supp[f] C K and § := inf{|z—y| : x € supp[f],y € K¢} > 0.
On one hand, it follows from Lemma[A.3] (1) and Minkovski’s inequality that

1/2 9
(s "< (. (L5 =
dz 1/2
Ty — o2(d+a) d
: /Supp[f] (/}(G |£L' — y|2(d+&)> f(y)w'}/(y) Yy
1/2
dz

< ||1/’v||K/]Rd f(y)dy (/Z:m_yzé W) < oo,

where ||| x = sup{|¢y(2)| : ¢ € K} < co. On the other hand,

[ oser
S | it

5/K(/K (/(y |>z fy<|d>+>:m< >dy) dw+/K(/KC%)2f@2dx

=:Ji + Jo.

1/2
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To estimate J;, take h € C2°(R%\ {0}) with h = 1 on K and set ¢ := 1, - h €
C=(R?\ {0}) due to Lemma[A3 (1). Then we have

- () = F@)dw) )
Jl/K(/K |$_y|d+a dy) dx.
Note that

[ ([ Yo=reio i, S
K \JK |z — yldte

< IVHEIVILE [ ([ et ) do < o0
and since f € D(A%/?) (see Definition [A.]),
~ 2
(f(y) = f(@)i(x) o, ( fy) = f(x) )2
/K</K o= g|ite dy) dZESHwHK/K /K o — y|dro dy | dx < oo.

Hence one can obtain J; < co. For the second term Jo, it follows from 1., € L?(R%)
that

dy
Tl [ @R [ s <.
TIEEED supplf] vily—z|>6 1% — y[2ld+e)

Eventually we can conclude Lf € L?(R?). Secondly, fix f € C2°(R%\ {0}). For any
ge . FW or g €.Z, one can easily deduce by (3.3) and g - ¥, € L*(R?) that

601.9) = ~con [ Li@ata)i (o = (~2417.9) ,
Rd y L2(R?,m.)
which leads to (3.2)).

3.1.3. Step 3. Define a self-adjoint operator A on L?(R9) as follows:

D(A) :={f € L*(R) : f/, € D()},
Af =1, - o (J ) + XM f, f €D(A).

Clearly, A is a self-adjoint operator on L?(R?). In this step, we assert A is an
extension of A®/? restricted to C°(R?\ {0}), i.e.

(3.5) C R\ {0}) C D(A), Af=A2f, Vfe PR\ {0}),
and
(3.6) ¥y € D(A), Avy = Aty

Indeed, C*(R%\ {0}) C D(A) is clear by (3.2) and Lemma [A3 (1). Fix f €
C>(R?\ {0}) and take arbitrary g € C°(R). A straightforward computation
yields

(3.4)

(L8~ T ) a0
(8.7) = (F(@) — F)) - (9(2)by (@) — (f(2) — F @) - (9(w)br ()
+ (F@)g(@) — FWgw)) - by () — (F@)a(@) — F@)a(w)) - by ().

Recall that L; and Lg are two equivalent expressions of A®/? as shown in Defini-
tion [AJl Since f € HY(R?) = D(A*/?) and g - v, € L*(R?), we have

ot | @@z (pv. [ LD 0N Lt e)g(e), (@)
L. ( )=~/

Ra |z —yldte



DIRICHLET FORMS AND POLYMER MODELS 11

and

o [ sttty (. [ DI a0) = [ ip(@lgters, e

|z —y|ote

Since f - g € H*(RY) and v., € L(R%), it holds

f(@)g(z) — f(y)g(y)
Ca,d /]Rd lﬂv(y)dy (pV /]Rd |1' — y|d+°‘ dx

(3.8) = (¥, L1(f9))L2rey = (¥v, Ls(f9)) L2 (way
1
= lim (;(pt * Py = Py), fg) o)

By virtue of f € C®(R%\ {0}) and Lemma [A3 (3), the last term is equal to
Ay Jga f(@)g(x)py(x)dz. Analogically,

f@)g(@) = fly)aly) , \ _ a2V (2)de
o [ ol (. [ TEOIDZ 0 4)) [ plargtars, ()i

Hence (37 tells us

39 EV ) = = [ Lif@ta)is@de+, [ gl (@)da
Since f /1., € D(4/), we can obtain

M(f/l/’v) = (Llf)/l/’v - )‘V(f/wv)-

From the definition of A, B3] can be eventually concluded. On the other hand,
one can easily find that 1 € .#0) and &0)(1, ) = 0 for all f € .F(). This implies
1 € D(«) and /1 = 0. From the definition of A, we obtain ([B.6]). Therefore,
A = A,, ie. the self-adjoint extension with parameter v of A%/? restricted to
C>®(R%\ {0}). Particularly, 7 is identified with 7, in (Z8]).

3.1.4. Step 4. We can define an analogical self-adjoint operator A of A on L?(R%)
by taking </ in place of &/ in ([3.4]). Mimicking the proof of (3.5)), one can figure out
that A is also an extension of A®/? restricted to C°(R®\ {0}). In addition, take
7€ C®(RY) such that 0 <7 < landT=1on {z: |x| < 1}. Set 7y (x) == T(SC/TL) €
C>*(R%). Then 7, — 1 in L?*(R% m,) as n 1 co by the dominated convergence
theorem. It follows from (2.3]) that

(3.10)

ED (1 — 1,7y — 1) < 2L C_a : // x/n y/n)) || y|* Y dady

|d+a

/ [ O oty

It is straightforward to verlfy that this integration is finite by mimicking the proof
of (j.3) and thus &) (7, — 1,7, — 1) — 0 as n — oo. Particularly, we can conclude
1 € .7 and clearly, &™) (1, f) = 0 for all f € .%. This indicates 1 € D(&/) and
/1 = 0. From the definition of A, we also have 1, € D(A) and Ay, = A\,1b,.
Therefore, A = A, = A and hence &/ = &/, = o/, which implies .# = Z(). In
other words, (5(” F ) is regular on LQ(Rd m.,) with a core C°(R9).

3.1.5. Step 5. Finally, we show X () is associated with (&), .Z(")). Note that the
transition density of X(*) with respect to the Lebesgue measure is (see [10, (30)])

eiA‘ytp’Y (tv SC, ZJW’V (y>
¥y (2) ,

Q’Y(tv'rvy> =
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where p, is in (L4)). Clearly, its semigroup Q(V)f = Joa ¢y (L ,y)f( )dy is sym-
metric with respect to m,, i.e. fQ,wa(z) (z)my(dz) = [ f(z) Mg (x)m, (dz) for
all £ > 0 and suitable functions f,g. On the other hand from (IEI) one can obtain
that the semigroup of (&, . ZM) is

=Xyt e~ At

tA, _
/l/}'y € (fl/]’Y) ’l/)'y

for all f € L?>(R%, m,). Hence @, is identified with QEV) by a standard argument.
That completes the proof.

Quf = f=° /m( ) () (w)dy

3.2. Resolvent. As shown in §3.1.5 the semigroup of (&), .Z()) is

(3.11) Q== SRS ), f € LR m) 20
v
where Pt('Y) is the semigroup associated with A,. Then its resolvent R(;) is
RO f= U0 (- 4y) LR m) A >0
A - 1/)7 Ay A 2l » Y )

where U is the resolvent of A.. From [I0, (20)], we conclude the following.

Corollary 3.1. Let Uy be the resolvent of isotropic a-stable process, i.e. for X >0,
Unf =uxx f for f € L*(R%). Then the resolvent R associated with (&), .F ()
is expressed as follows: for A\ >0 and f € L*(R% m,),

(3.12) RYf= EUA+A (f - 1by) + < (7)/ f(@)hy (x)ursr, (@ )dz) ._ui;jv,

where CS\V) = 1 is a positive constant and c¢(«,d) is the constant in

cla,d)(AA,) e "=y
@35).

Remark 3.2. For the critical case v = 0, the analogical expression of the resolvent
is still available, see §4.1.5l

3.3. Global properties. In this short subsection, we illustrate that X is an
irreducible and recurrent (hence also conservative) Markov process by virtue of
Theorem 2.J1 Meanwhile, it is ergodic as explained in [2.8]).

Proposition 3.3. The Dirichlet form (&), F) is irreducible and recurrent.

Proof. Note that 1 € .#) and &) (1,1) = 0. Then the recurrence of (&), .Z ()
follows from [4, Theorem 2.1.8]. To show the irreducibility, take f € .#(") with
ED(f, f) = 0. Since 9, (x) > 0 for all x € R?\ {0}, one can easily deduce that
f is a.e. constant. Eventually applying [4, Theorem 2.1.10], we conclude that
(€0, . Z () is irreducible. That completes the proof. O

4. CRITICAL STATE
Now we turn to consider the case v = 0. The first task is to prove Theorem
4.1. Proof of Theorem We will also complete this proof in several steps.

4.1.1. Step 1. Mimicking 3.1} one can also demonstrate that (£©,.Z©) is a
Dirichlet form on L?(R? mg). In addition, C°(R?) ¢ .Z©),
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4.1.2. Step 2. In this step, we aim to show the denseness of C>°(R?) in .Z () relative

to the é”l(o)-norm. Since its generator is expected to correspond to a self-adjoint
extension of A%/? restricted to C>°(R?\ {0}) with no eigenfunctions (v ¢ L*(R%)),
the tactic of the proof in §8.1.4]is no longer available. Instead, we will prove it by
a polishing technique appeared in e.g. [11] as follows.

Firstly, we show the family of all bounded functions with compact support in
FO) s é’fo)—dense in .Z(© . Clearly, so is the family of all bounded functions in
Z)_ Fix a bounded f € F©. Take 7,7, as in §8.14 and set 7, = 1 — 7,
fn:=f-Tn. Then f, € Z© is bounded with compact support. It suffices to show
51(0)(]‘ — fo, = fn) = 0 asn — oo. Indeed, || f — fullL2(r4,me) — 0 as n — oo by
the dominated convergence theorem. In addition,

O = o = 1) = 5 [[ (F@Imat) = @l
Note that

(f@)mn(@) = F@mn () S F@)? (@) = 1) + () (F@) = f()° -
Since f is bounded, it follows that

[ @2 o) = ) Yo@o®) ;. g,

|z —y|ote

< [ (i ()2 W)

lx — y|d+e

2 ¢0($)1/10(y)dzdy_

|z — yldte

by mimicking (3I0). By the dominated convergence theorem, one can also obtain

lim / / mn(y)® (f(@) — Fly))? L) g g

n— 00 |SC _ y|d+a

Hence we can conclude &) (f — f,., f — fu) — 0 as n — 0.

Secondly, fix a bounded f € .#(© with compact support and we will show that
there is a sequence {f, : n > 1} € C(R?) such that 51(0)(]‘ —fasf—fn) = 0
as n — oo. To this end, take a radially symmetric, radially decreasing function
p € C(RY) such that p > 0, supp[p] C {z : |2| < 1} and [, p(z)dz = 1. In other
words, there exists a decreasing function p on [0, 00) such that p(x) = p(|z]). For
every § > 0, define ps(z) := 6~%p(x/8) and fs(x) := psx f(x) = [pa ps(z—y) f(y)dy.
Since f is bounded with compact support, it follows that f5 € C2°(R%). Clearly,
fs — fasd | 0in L2(R% mg). So it remains to show & (f — fs, f — f5) — 0 as
0 | 0. Fix an arbitrary constant € > 0. Note that

(4.1) Fr(z,y) = % eL? (]RQd,i/Jo(SC)i/Jo(y)dxdy) =: H.

Since 1o (x)1bo (y)dwdy is a Radon measure on R2¢, one can take a function g €
C.(R??) such that ||g — Fy|lg < e. For every function h(z,y) € H, define

hxps(x,y) := / hx — z,y — 2z)ps(2)dz.

Rd
This special convolution was frequently used in [I1]. Particularly by [11] (6.5)],
(4.2) lg —g*psllag —0, §—0.
In addition, let F, be the function defined by (@I} with fs5 in place of f. Then

g% ps = Fps o = llg % ps = Fy % psllm = (g = F) * psllar S Mg = Fyllar-
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The last inequality is due to [11, Proposition 4.4]. As a result,

EO(f—fs,f— f5)? = |Fy — Fr,llu
<WFr—glla+lg—g*pslla +lg*ps — F; |l
S2+lg—gxpslla-

Therefore we can conclude &©)(f — fs, f — f5) — 0 as § | 0 by @2).
4.1.3. Step 3. Denote the generator of (&), . 7)) by o/. We assert
Ce R\ {0}) € D(),

(43) _ Cad f(y) - f(SC) oo (md
1) =2 (o [ FOZTD supay ), g e com o)

This claim can be verified by repeating §8. .21 with v = 0 except for the estimate of
Ja. Instead, take a constant r > 0 such that /2 > sup{|z|: € K} and note that
fory¢ B(r) ={z:|z|<r}and z € K, |x —y| > |y| — |z| > |y|/2. It follows that

2 2
M 2 2 Yo(y)dy
/K (/KCOB(T)C = _y|d+a> fla)?de < /Kf(x) dz (/B(T)C y|ara ) < 0,

since ¥o(y) = c—a.aly|*"?. In addition,

/K (/K %) F(@)2da < (fB(gziofz))dy) /Kf(iﬂ)de<oo,

cNB(r) |z —

due to the definition of § in §3.1.21 Hence J> < oo and (3] holds.

4.1.4. Step 4. Next, define a self-adjoint operator A on L?(R4):

D(A) :={f € L*(R) : f/1po € D(#)},

f

(4.4) Af = wo.ﬂ<_), FeD(A).

Yo

We assert
(4.5) CX(RIN{0}) CD(A), Af =A7f, Vfe PR\ {0}).

To prove it, one can repeat the procedures from 1) to B.9) with v = 0. However,
the argument in (3.8) should be modified as follows (since 19 ¢ L%(R?)). Note that
fg € C(R*\ {0}). Take r > 0 such that supp[fg] C B(r). Then vy - 1p(,) €
L?(R%) and it follows that
(4.6)

(1/10 : 1B(27‘); Ll(fg))LZ(Rd) = lim <% (pt * (o - 1B(2r)) — o - 1B(2r)) ,f9>

tl0 L2(R%)

On the other hand, fix y ¢ B(2r) and then |z — y| > |y| — || > |y|/2 for all
x € supp[fg] C B(r). Hence

Li(fg)(y)| = \p.v. [ A

» de‘ S ||fg||L1(1Rd)|y|7d7a-

Since g (y)|y|*d’°‘13(gr)c(y) is integrable, one can obtain by the dominated con-
vergence theorem that

(4.7) < 00.

/3(2 . Yo(y)L1(fg)(y)dy
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From [19, Lemma 3.4], we know L;(fg)(y) = Ls(fg)(y) for all y ¢ B(2r)° and (see
e.g. [19 (S))),

Lstio)w) =tm [ (7o) + %Pz, y ¢ Bon),
Rd

Actually this limit exists. Indeed, since (fg)(y + z) # 0 leads to |y + z| < r, it
follows that |z| > |y| — |y + 2| > 7. Hence by (AJ]) and (A2)), it holds for ¢ < r<,

pt(z) - - z —d—
= () Sl

which is integrable on B(r)¢. Mimicking (£7), it is straightforward to verify

[ ol [ 109+ 2l < o,
B(2r)c R4

Then by the dominated convergence theorem and Fubini’s theorem, one can obtain

/ L)y = / L oy (1 [ oo+ )24z

tl0

= lim Yo(y)dy /Rd(fg)(y + Z)@dz

t40 J B(2r)e

_ 133)1% [ (o W0 Lpgary)) (2)(F0) ()

From (&6) and Lemma[A3] (3), we eventually conclude

[ iy =tim [ 3 volo) = vo(u) f@)alu)dy =0

tl0 Rd

4.1.5. Step 5. Finally, it remains to prove A given by (@4) is exactly Ao, which
leads to &/ = 4. By the expression of the resolvent of Ay (see e.g. [I0 (20)]), it
suffices to show the resolvent Ry associated with (£(®),.7 () is identified with

1 U

(4.8) RO f = —Ux(f40)+ (ch> / f(x)wo(x)u,\(:z:)dac) 22 fe LA(RY my),
Yo Rd Yo

where cE\O) = W. To this end, we apply a later result stated in Theorem [G.3]

i.e. take a sequence v, | 0 and then (&) .Z(n)) is convergent to (&), .7 )
in the sense of Mosco. The proof of it only relies on the expression of (6’(0), ﬂ(o))
as we have proved in 1.1 and 1.2 Recall that RO») denotes the resolvent
of (& () Z(m)) and is expressed in Corollary Bl Particularly, Mosco conver-
gence implies RE\%) strongly converges to Ry in the sense of Definition B3] By

Lemma [B4] (4), this leads to

G (B F) = o (Raf),  in LA(RY) asn — oo
for all f € C°(R?). From (B.12)), one can easily find that ¢, - (Rg\%) f) converges
in L2(R?) to

Ux(f - to) + (C(AO) /Rd f(iﬁ)wo(x)ux(x)dx) “uy =0 - (RO ).

Therefore Ryf = Rg\o)f for all f € C*(R?). By a standard argument, we can

(0)

conclude Ry and R, are identified. That completes the proof.
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4.2. Global properties. In this short subsection, we illustrate that X(©) is also
irreducible and recurrent.

Proposition 4.1. The Dirichlet form (&©), Z©) is irreducible and recurrent.

Proof. Take 7,7, as in §3.1.4L Note that 7, 7 1 and &©(7,,, 7,,) — 0 by mimicking
(BI0). Then it follows from [4, Theorem 2.1.8] that (£(®,.%() is recurrent.

To show the irreducibility, suppose f,, € Z©) such that lim,, . & (fn, fu) =0
and f(z) := lim, 00 fn(7) exists for a.e. € R%. We use the same notations as
in (&I). Then Fy, € H and |[Fy, ||z — 0. This leads to Fy, — 0, dvdy-a.e. as
k — oo for a suitable subsequence {f,, : £k > 1} C {fn : n > 1}. On the other

hand,
. _ f@) - )
klggo Fy, (zy) = W
for a.e. (z,y) € R?. Hence we can conclude f is a.e. constant. By applying [4]
Theorem 5.2.16], (&), %) is irreducible. That completes the proof. O

5. ALTERNATIVE CHARACTERIZATION VIA h-TRANSFORM

In this section we reconsider globular states or critical state by means of so-called
h-transform. Fix 7 > 0. Recall that W is the isotropic a-stable process on R?
with % < a < dA2. We use the notation P; to stand for the probability transition
semigroup of W as well as the L?-semigroup associated with (2.4) if no confusions
cause. Clearly, 1), = uy, is Ay-excessive relative to (P), i.e.

eiA'ytPt’l/),Y S ’l/)’)” 13}})1 ef)\’ytpt’l/},y = 1/}7'

Following e.g. [6, Chapter 11], one can derive a nice Markov process on Fj, := {x :
0 < h(z) < oo} by virtue of well-known h-transform with % := v,. More precisely,
set

_ 7t7/}'y(y> r . _
(51) hPt(’Y)(-T, dy) = ¢ ’ ’L/JV(:L') Pt( ’dy)’ € Ep = Rd \ {O}a

0, z=0.

Then (hPt(V)) is a sub-Markov semigroup and generates a Markov process, denoted
by s W) on R?\ {0} as shown in e.g. [, Theorem 11.9].

To phrase the main result of this section, we prepare two notions. Let E be a
locally compact separable metric space and m be a positive Radon measure on it.
The first one is the so-called part process; see [14, §4.4]. Let (&,.%) be a Dirichlet
form on L?(E, m) associated with a Markov process X and F' C E be a closed set of
positive capacity relative to (&,.%). Then the part process X% of X on G := E\ F
is obtained by killing X once upon leaving G. In other words,

X = X, t<op:={s>0:X,=F},
6, tZO‘F,

where 0 is the trap of X¢. Note that X is associated with the part Dirichlet form

(69, FC) of (&,.F) on G:

FC={feF:f=0, &qe. on F},

&9(f,9) = &(f,9), f.9€FC,

where f stands for the quasi-continuous version of f. The second is the one-point
reflection of a Markov process studied in [5]; see also [4, §7.5]. Let a € E be a
non-isolated point with m({a}) = 0 and X° be an m-symmetric Borel standard
process on Ey := E \ {a} with no killing inside. Then a right process X on FE is

(5.2)
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called a one-point reflection of X° (at a) if X is m-symmetric and of no killing on
{a}, and the part process of X on Ey is XY.

Theorem 5.1. Fiz v > 0 and let X and (&0, FM) be in Theorem 21l or
Theorem[ZA. Then {0} is of positive capacity relative to (&), FM). Furthermore,
the following hold:

(1) yWeO) s identified with the part process of X on R4\ {0};

(2) X s the unique (in law) one-point reflection of , W) at 0.

Proof. Denote the 1-capacity relative to (&), #()) by Cap?) (see [14, §2.1]).
Since 1, < o for v > 0, it follows from the definition of 1-capacities that
Cap(V)(A) < Cap(o)(A) for any Borel set A C R?. Hence we only need to show
Cap™({0}) > 0 for v > 0. Argue with contradiction and suppose Cap? ({0}) = 0
for some v > 0. Then the part process of X () on R?\ {0} coincides with X () and
particularly, it follows from [T4, Theorem 4.4.3] that C°(R?\ {0}) is also a core of
(€, Z()). By [B3), one can easily obtain that for any f,g € C®(R%\ {0}),

5.3 & (i,i) =%\ (f.9)-

(5:3) by (1 9)

Note that C2° (R4 \ {0}) is a core of (4,D(¥)) due to a < d. This implies that
f

fe= ™
is an isomorphism between D(¥) with the norm || - ||«, ,, and F ) with the norm
II- ||51(7). Particularly, the operator A defined by ([34) must be identified with A®/2.
This leads to contradiction, because we have shown A = A, # A2 in 813

To prove the first assertion, it is straightforward to verify that (hPt('Y)) is sym-
metric with respect to m,(dz) = 1. (z)?dz and then associated with the Dirichlet
form (see [14] (1.3.17)])

F ={fe L*R"m,): &, f) < o},
&E(f,9) = 1&51% - (f(iﬂ) - hPt(’Y)f(x)) g(x)m,(dx), f,ge F.

One can easily deduce that for any f € L*(R?, m,),

S0 =ty [ (@0 @) =P @) () @)de = B, (. 10,).
This leads to

6.4)  F={f: [, € D@}, ES) =D ([, fiby), feF.

Since C°(R4 \ {0}) is a core of (¢4,D(¥)) and ¢, € C®(R?\ {0}) is positive,
we can conclude that C2°(R< \ {0}) is also a core of (&,.#). On the other hand,
the part process X (-0 of X() on R?\ {0} is associated with the Dirichlet form
(M0 Z(1):0) given by (5.2) with (&,.#) = (60, () and G = R?\ {0}. Par-
ticularly, C2°(R% \ {0}) is also a core of (&0 . F():0) by [14, Theorem 4.4.3].
Mimicking (5.3) and applying (5.4]), one can obtain that for any f € C°(R?\ {0}),

EOf 1) = ED, ) =D, (for, f0y) = E(S, ),

which implies (&0, . F(:0) = (&,.%). Therefore, ,W*(¥) is equivalent to the
part process of X () on R4\ {0}.

Finally we prove the second assertion. Clearly, X(?) is a one-point reflection of
pW® () by the first assertion. Note that for &-q.e. z # 0,

(55)  wP(Ch < 00, WD) = 0) = 4PZ(¢ < 00) = PZ(0p < 00) = 1,
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where , P7 is the probability measure of W) starting from z, ¢, is its life time

and op = inf{t > 0: th) = 0}. The first equality is due to the conservativeness of
X and that , W) = X)-0 has no killing inside, and the last equality is already
mentioned in (Z9). Applying [4, Theorem 7.5.4], we can eventually conclude the
uniqueness of one-point reflections. That completes the proof. O

Remark 5.2. At a heuristic level, Cap”({0}) > 0 is a reflection of the fact that
A, has infinite potential at 0 as we can see in (I.3). The analogical result for the
three-dimensional Brownian case, i.e. @ = 2 and d = 3, has been obtained in [13].
It is also worth noting that for any = # 0, {z} is of zero capacity relative to ¢ as
well as &) due to a < d and (5.4).

With the help of Theorem B, we summarize an alternative characterization of
the polymer model based on a-stable process in Figure [l The A-transform from
A2 to , W) is reversible. Indeed, one can operate a similar h-transform with
h = 1/1., on , W) to regain the a-stable process; see (5.4). The transformation
B4) or [E4) enjoys a same form as h-transform. However, Pt(’Y) is not Markovian
(although Pt(W)Q/JV = eM!1p, by BII)) and 1/v, is not excessive relative to QE'Y)
either. As mentioned before, (IL3) is a heuristic expression of the informal pertur-
bation of A%/2 induced by a singular potential function By - 60. From Figure[I] we
figure out a rigorous probabilistic interpretation for this perturbation: it may be
understood as one-point reflection at 0 under certain hA-transform.

We present a corollary to illustrate further properties of X () as well as its
Dirichlet form (£(),.%()) by means of one-point reflection.

Corollary 5.3. Fiz v > 0. The following hold:
(1) 0 is regular for itself with respect to X, i.e. P(,)Y(O‘O =0)=1;
(2) For any X\ > 0, wx(x) := EZ(e™?7%; 09 < 00) is identified with
Ui, (2)
— T#0;
Wi, (2) =1 ¥y(2)
1, z = 0.

More precisely, wx(x) = wxx, (x) for EM-qg.e. x.
3) X admits no jump to or from {0}: for &M -q.e. x € RY,
(- Jjump q

(5.6) PZ(X e RN\ {0}, X =0, or X =0, X e R4\ {0}; 3t > 0) = 0.

(4) Let (&0, F0) be the Dirichlet form associated with , W) and fix
A > 0. Then it holds

F = 70 gy = {aaf+cowy: f€ 35(7)’0,@,02 € R}.

Particularly, C*(R4\{0}) @ wy = {c1f +cowy : f € C(RE\{0}),c1,¢0 €
R} is 51(V)—dense in FO).

Proof. The first and fourth assertions are consequences of [4, Theorem 7.5.4]. By
comparing BI2) or (L8] with [4 (7.5.6)], a straightforward computation yields
Wx = Wx,\,, My-a.e. Since wy x, is continuous by Lemma [A3] (2) and w), is &M
quasi-continuous, it follows that wy(z) = wx , (z) for &0-q.e. .

To show the third assertion, we shall apply [4, Theorem 7.5.6] and so it suffices
to verify the conditions (A.2) (A.3) and (A.4) there. For any A > 0, it follows
from the second assertion that

/w,\(x)mv(dx) = /u,\+,\7(x)u,\7($)d$ < 0.
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Hence (A.2) holds. Note that ¢(z) := P%(09 < 00) = 1. Denote the resolvent
of s W) by RE\V)’O. Then from ¢, = uy,, (BI) and the resolvent equation, we
obtain
o U * Uy, — U
ng),()go _ / efthpt(’)’)godt _ Ay+1 w’)’ _ Ay Ay +1 =1 — wLA'y'
0 Py U,

Then it is easy to conclude from (A5) that for any compact set K € R%\ {0},

inf Rg’Y)’O(p(x) =1—supwi,(z) >0,
TEK zEK

which leads to (A.3). Note that the jumping measure of , W) is
Ca,d Yy (@) (y)

2 |z -yl
Fix r > 0. For z € B(r),y ¢ B(2r), it holds |z — y| > |y| — |z| > |y|/2. Thus

|z|a—dd$/ |y|o¢—d dy
B(2r)c |z —y|d+e

Jo(dzdy) = dxdy.

Jo(B(r) x B2r)°) < /

B(r)

S/ |z|°‘7dd:c/ |y|72ddy < 0.
B(r) B(2r)e

Consequently, (A.4) holds. That completes the proof. O

Remark 5.4. (1) When d > 2, (&3), (58) and wx(z) = wx,x, (x) hold for all
z € R? if we replace X(*) by a suitable equivalent version of it. Indeed,
since 1 is a radial function, one can easily find that X () is rotationally
invariant. Consequently, all terms in (5.0, (56) and the second assertion of
Corollary 5.3 depend on |z| only. For any = > 0, {z : |z| = r} is of positive
capacity relative to W* due to a > d/2 > 1 (see e.g. [3, Remark 2.2]). Then
it follows from (5.4)) that {x : |z| = r} is also of positive capacity relative to
&), Recall that {0} is of positive capacity as shown in Theorem [E.1l As
a result, we can build an equivalent version X of X(*) by virtue of rotation
invariance, so that these equalities hold for all x relative to X.

(2) (G8) tells us the trajectories of X (7) are not only cadlag but also continuous
at the moments ¢ when th) = 0, although its associated Dirichlet form
contains no diffusion part.

The first part of {56), i.e. X(*) admits no jump to {0}, can be verified by means
of so-called Lévy system (see e.g. [14, A.3]) directly. Note that the Lévy system
(N, H) of X may be taken to be

Uy (y) dy
by (@) & —yldte’
Then from [14] (A.3.23)], we obtain

N((E, dy) = Ca,d

H, =t.

P2(x2) e R\ {0}, X)) =0; 3t > 0)

<EJ (Z e g0y x L0y (X1, Xt(”))

t>0
= E'ﬁ/o dt /Rd 1(]R'i\{0})><{0}(Xt(’Y)ay)N(Xt(’Y)vdy) =0.

However, the other part of (5.6) was led in [4, Theorem 7.5.6] by a classical prob-
abilistic construction of X () initiated by It6. Roughly speaking, let {v; : t > 0}
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be the unique , W M-entrance law, i.e. v; is a o-finite measure on R®\ {0} and
Vg - hPt('Y) = 4 for every t,s > 0, such that

0o
/ I/tdt =m,.
0

This entrance law determines a so-called exzcursion measure n on the space W of
cadlag paths w in R%\ {0} defined on a time interval (0,¢(w)) with w(0+) = 0
and w(¢—) € {0,0} (the trap J can be taken to be co in the current case). Then
a Poission point process p = {p: : t > 0} taking values in W with characteristic
n can be constructed on a suitable probability measure space. By piecing together
the excursions p until the first non-returning excursion (i.e. w(¢—) = 9), we create
a path w starting at 0. Then X can be eventually constructed by joining the
path of ,W*( to w®. The details of this construction are referred to e.g. 4
Theorem 7.5.6]. Note that the path w® is continuous at the moments ¢ when
wO(t) = 0, as indicates that X () admits no jump from {0} to R%\ {0}.

6. NEAR THE CRITICAL POINT

As mentioned in Il the behaviour of polymer near the critical point is measured
by the parameter Ao(y) := supo(A,) = Ay given by (Z3) in [I0]. Note that
limy .. Ao(7) = 0 = Ao(7er) and the rate of convergence is equal to

log Ao () a

lim = ,
ver  logry d—«

which only depends on d and «. This fact demonstrates so-called universality of
critical phenomenon as well. In this section, we will describe the critical behaviour
from probabilistic viewpoint by showing that the process X (*) is convergent to X (9
as v J 0 in a certain meaning.

Fix a sequence 7, | 0 and for convenience’s sake, denote

X" = X0m), Py =P7 . X=X, P :=Pj.

Take a non-negative function ¢ on R? such that

(61) 6o € PRY, | o) =1

Then PS() = [pu PZ(-)¢(z)dz and P?(-) := [, P(-)¢(z)dx define probability
measures on © = D([0, 00), R?). The main result of this section is stated as follows.

Theorem 6.1. Let ¢ be a non-negative function satisfying (61)). Then X™ is
weakly convergent to X wunder the initial distribution ¢(x)dxr as n — oo. More
precisely, for any bounded continuous function f on £ endowed with the Skorohod
topology,
(6.2) lim [ f(w)P2(dw)= [ f(w)P?(dw).

n=ee Jo Q
Remark 6.2. The condition ¢/v.,, € L*(R?) implies that ¢/v.,., ¢/1o € L*(R?) as
well. There are sufficient conditions, like ¢ is bounded and has compact support,
leading to it. Moreover, for every v > 71,

V3 (x)

") TR

is also an example satisfying (6.1)).
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To prove this theorem, assume without loss of generality that all X™ and X are
realized on a common family of probability measure spaces (2, Q®),cge, Where =
is a certain measurable space and Q7 is a probability measure on it (although they
are defined on Q before Theorem [6.1]). In other words, for w € Z, t — X[ (w) or
t — X;(w) forms a cadlag path in RY, and by letting

X" 229, w— X" (w),
X: 220 wo-X(w),

it holds PZ = Q% o (X")™! and P* = Q% o X! for x € RY. Then Q%(-) :=
Jza Q% (-)¢(x)dx defines a new probability measure on = and (6.2) is equivalent to

(6.3) Tim Q(F(X™) = Q°(f(X)).

In what follows, the proof of (3] will be divided into two parts. The first one is
to prove the Mosco convergence of the associated Dirichlet forms of X™ and the
second is to demonstrate the tightness of X™.

6.1. Mosco convergence. The conception of Mosco convergence is reviewed in
Appendix [B] (see Definition [B.6]). Recall that the Dirichlet form of X™ (resp. X) is
(0m) FOm)) on L2(R%,m,, ) (resp. (6©, F©) on L2(R? my)). Denote analogi-
cally

(6.4) H,:=L*R%m,), (&",F"):= (&), 70m),
and
(6.5) H:=L*R%my), (&,.7):= (&9 70

As explained in Remark [B.2] H,, converges to H in the sense of Definition [B.1l Set
H := {Hp,H : n > 1}. Then it is sensible to explore Mosco convergence working
on them. Since this result is of independent interest as mentioned in §LT.5 we
conclude it as a theorem.

Theorem 6.3. Let (8™, .7™) and (&, F) be the Dirichlet forms in ([G4) and ([G3).
Then &™ converges to & in the sense of Mosco.

Proof. To show the condition (M1), let f,, be a sequence converging to f weakly in
H in the sense of Definition [B:3] and suppose lim,, &"(f,, fn) < co without loss of
generality. It suffices to prove

(6.6) E(f5 f) <Tm & (fn, fn)-
To this end, denote

Uy (), Po(x)
In(z,y) = —|; E ;|<3_+_Eyy>) , Jay) = |x0( ;“3_%)) '
Put fu(z,y) = (fu(®) — fa(®))V/Inlz,y) for (z,y) € RY x R?\ D, which form a

bounded sequence in L? := L2 (R x Rd \ D, dzdy), and thus there is a subsequence,
still denoted by {f,}, converging to some function f weakly in L2. We claim that

flzy) = (flz W)V J(z,y) =: f(z,y), dzdy-a.e.,
which leads to (G.6]) since
Ca,d

E(f. f) = —Hflle < —hmmfllfnl\m =l & (fn, fr)-

Indeed, take an arbitrary non-negative function g € C.(R% x R?\ D). Then there
is a constant R > 0 such that

(6.7) supplg] C {(z,y) : |z] < R, |y| < R,|x —y[ > 1/R}.
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For any n, we have

‘/ (z,y) y)) g(sc,y)dzdy‘
< / () = Folo) aCotody| + | [ (Fue) = Fian)) oo n)isds.

The first term on the right hand side converges to 0 as n — oo, since fn converges
to f weakly in L2. Denote the second term by .#,. Note that

202 | [ (1T = HoN/Tam) oty
+ ‘ / (fn(y)\/ Jn(x,y) = f(Y)V/ J(w,y)) g9(z, y)dwdy’ = I+ 7

We only need to show .#! — 0 and then .#2? — 0 is analogical. Clearly, .7}
greater than

) [oly) ) _gl@y)
‘/fn(:c)l/)%(x) <\/an(1') \/Q/JO(x)) |1‘*y|d+ad dy'

— f(x 2 wo_(y) 9(z,y) edul = g1l 1,2
| Unloin, @) = spnto [ o] =20 472

is not

It follows from Cauchy-Schwartz inequality and (G.7)) that
(6.8)

f;,l < an”Hn /< w%,O(?J) 1) T/JO(y) g( ) dzdy

1/2

W, o() Yo(z) [ — y|dt

9 1/2

ta W, 0(y) Yo(y)
<t R et L LAV | dxd )
I fullzz. gl /B(R)><B(R)< w,0() ) Y)Y

where w,,, o = 1, /1o is positive and continuous on R? due to Lemma [A:3l Note
that sup,, || fnllm, < oo by Lemma [B.4l (3) and 0 (y)/vo(x) is clearly integrable on
B(R) x B(R). In addition, w., o(y)/w-, o(z) is bounded on B(R) x B(R) and for
every x,y € B(R), one can easily deduce from (A5 that

m w-, 0(Y)
Ynd0 w'Yn ,0 (CE)

=1

Hence by applying the dominated convergence theorem to the last term in (G.g)),
we obtain .Z! — 0. On the other hand, mimicking (G.8)), one can figure out

z volw) _g(=.9) )+ dy € L*(RY).
Yol@) fo — y|

Since fn1),, — fibo weakly in L?(R?) by Lemma [B.4 (4), we obtain .12 — 0.
Eventually for all g € C.(R? x R?\ D), it holds

’/ (z,y) — f(x y)) g(w,y)dwdy‘ =0,

which leads to f = f. Therefore, (M1) is verified.
Now we turn to verify (M2). When f € H \ .7, take f, := f. Since f, clearly
converges to f weakly in H, it follows from (M1) that

co=~E(f) < limninfém(fn) = h};nz?"(fn) =00
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Next fix f € #. Consider the Hilbert spaces H' := .% endowed with the norm
||l and H), ;= ™ endowed with the norm ||-[|gn». It is straightforward to verify
that H] converges to H’' in the sense of Definition [B.I] by taking C' = C°(R?)
and ®,, = id. Applying Lemma B4 (1) to H' := {H},, H' : n > 1}, we can take a
sequence f, € H/ such that f, converges to f strongly in H'. Particularly, f,, also
converges to f strongly in H. Consequently, it follows from Lemma [B4] (2) that

[l = WAy A follzg, = 1l

As a result,
lin 6™ (fo, o) = 1 67 (f, fo) =l |l = G5 ) = 1713 = S F),
which leads to (M2). That completes the proof. O
Following Theorem [B.7l we can conclude the convergence of associated semi-
groups and resolvents. Recall that Q7 := Q! and R? := R are the semi-
group and resolvent of (6", #™) respectively. Both Qf and R} (t > 0,A > 0) are
bounded linear operators on H,,. Set Q; := ,(50) and Ry := RE\O) further. Note that

RYfe Frand Ryfe F Cc F"forall f e HCH,.

Corollary 6.4. For anyt >0 and A > 0, Q} — Q@ and RY — Ry asn — 00 in
the sense of Definition[B.3 (3). Furthermore, for any A >0 and f € H,

(6.9 Tim 6"(RYS — Raf, RYS — Raf) = 0.
Proof. Tt suffices to prove ([6.9). Note that &™(RY f — Rxf, RYf — Rxf) is equal to

E™(Raf, Raf) — NIRS fl|7, + (fs RA )i, — 2(Raf, fm, + 2N BAf, RY f)m, -

Since RYf converges to Ryf in H, it follows from Lemma [B.4] that ||RY f| x, —

IBxflle, (f, RXf)m, — (f,Baf)u and (Raf,RYf)u, — (Bxf,Raf)m. In ad-
dition, the dominated convergence theorem yields &™(Ry f, Ry f) — E(RASf, Raf)
and (Rxf, f)u, — (Rxf, f)m. Finally we can conclude that

Jim EM(RYf = Baf, BYf = Baf) = E(Baf = Baf, Baf = Raf) = 0.
That completes the proof. (I

6.2. Proof of Theorem Denote the 1-capacity of (£",.7™) (resp. (&,.F))
by Cap™ (resp. Cap). Note that Cap”(A) < Cap(A) for any Borel set A C R%. Let
us prepare a simple lemma as below.

Lemma 6.5. For any nearly Borel measurable set G with Cap™(G) < oo, set
o ={t>0:X]e G}. Then it holds
Q7(e775) < Oy Cap™(G)'/2,
where Cy := ||¢/10+, || L2(ray is a finite constant independent of n.
Proof. Set wi(-) := Q (e~?¢). Tt follows from [I4, Theorem 4.2.5] that w; is a

quasi-continuous function in F#™. Clearly ¢/ 1&3” € H, by (GI) and Remark
Applying [14] Theorem 2.1.5], we can deduce that

26=8) = [ wi(@)—2F) 0 (dx) = € (wy. BT (602
Qe ) = [ ) Esm, (a) = &7 (. By (0/02,))

< EMRM(O/V2), Ry (0/92 ) - & (wr, w)'/?

- < /. ¢(x)R?(¢/¢2n)(z)dz> Y (e,
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It suffices to show Cy n = (Jpa P(x)RI(S/2)(2)d )1/2 < Cy. Indeed, it follows
from ¢/ 1/13n € H, that

C3 = (B4R, Ry (&4 )i, = /0 T et (G2, QRO ), dt
< (B2, /02 ), / (6/16,)? (2)da < / (6/)? () = C2.

The first inequality is led by

(8/43,, Q¢ (V3 N, = (QFo(8/93), Qtya(0/¥3 ) m < (0/93,, /03 .,
That completes the proof. (I

We pursue the proof of Theorem [6Il The idea of it is due to [16] and the crucial
fact is that ),, is monotone in n.

Proof of Theorem[61l. Step 1. We first show for any A\, 7 > 0 and any bounded
heH,

(6.10) lim Q? | sup |RYA(X]) — Ryh(X])|| = 0.

n— oo tE[O,T]

Since RYh, Ry\h € ", suppose they are taken to be &"-quasi-continuous versions
still denoted by RYh and Ryh. Moreover, Rivh — Ryh € " leads to |RYh— Ryh| €
F" and " (|RYh — Rah|,|RYh — Rah|) < &™(RYh — Rah, RYh — Ryh). Fix an
arbitrary small constant € > 0. Set GZ := {x : |RYh(x) — Rah(z)| > €}. Then G?
is &™-q.e. finely open with

Cap”(G2) < 6" (IRSh — Rah|,|R§h — Rahl) < 6" (RYh — Rah, Rh — Rah).

Further set ogn := {t > 0: X;* € GT'}. Then

(6.11) Q¢ l sup |RYR(X]) — RAR(X])|;T < 004 <e QT <ogn) <ce,
t€[0,T]

and it follows from ||R}A||oc < $|h]lse and |RAR[los < $]/h]loo that

Q¢[ sup [RYA(X]) — Rah(X)[:T > 004
te[0,7]

2IIhlloo 2|l oce”

QYT 2 0ay) < T2 QP(e e,
Applying Lemma [6.5] to G’E’, we obtain the above term is not greater than
2||h||oe’ Cy E™(RYK — Ryh, RYh — Ryh)'/?
A 5 '
By (6.9), there exists N € N such that for all n > N,
2||h|sce”
bl Cs
A

As a result, (GI1) and ([GI2) yield

2 T

(RYh — Ryh, Rih — Ryh)Y/? < 2.

Q% | sup |RYA(X]) — RaR(XP)|| <26, Vn> N.
te[0,T]

This leads to (610]).
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Step 2. Fix g € C.(R?) and T,e > 0. We claim that there exists h € C.(R%), a
constant A\p > 0 and an integer N such that

(6.13) sup Q7| sup |AoRYA(X]) — g(X[)| | <e.
n>N t€[0,T]
To this end, take h € .# N C.(R?) such that ||« < 2||g]|e and
(6.14) sup |h(z) — g(x)| < /3.
zER

The existence of h is due to the regularity of (&,.#). Note that ARyh € F is
&-quasi-continuous and ARxh converges to h strongly in .# endowed with the &3-
norm by [I4] Lemma 1.3.3]. Thus applying [4, Theorem 1.3.3 and Exercise 1.3.16],
we can take a Cap-nest {F,, : m > 1}, i.e. F,, is a sequence of increasing closed
sets such that lim,, o Cap(F},) = 0, such that AR)h converges to h uniformly on
each F,,. Take mgy € N such that

52

2
(24/|gllce™ Co)
where Cy is the constant in Lemma and further take \g such that

(6.15) Cap(Fy,,) <

(6.16) sup [MoRah(z) — h(z)] < .
TEFm, 6

Finally by virtue of (GI0) for Ao, T and h, take N € N such that

€
(6.17) sup Q° [ sup |RY h(X]") — Rkoh(Xt”)q <3
n>N t€[0,T] 0
With h, Ao and N in hand, we pursue to verify (G.I3). Clearly,

(6.18) [AoRY, P — g| < Xo|RY b — Raoh| + [AoRxgh — h| 4 |h — g|.

From (G.14), we obtain

Wl m

(6.19) Q’ [ sup |h(X}") g(Xt")|] <
te[0,T)

for all n. For every n, set o}, := inf{t > 0 : X{* € FS_}. Then it follows from

(EIG) that

€

Q% | sup AR h(X{) = h(XP);T < op | < =
te[0,T] 6

<

In addition, mimicking the first step, one can deduce from ||h||so

Cap and (6I0) that

Q¢[ sup o h(X7) — (X)) T > o—::m}
tE[O,T]

2[[gloe; Cap™ <

< (PoRrhll + Ihllw) QAT = o73,)
< 2[h]l " CoCap™ ()"
< 4llglloce” CoCap(F5, )/ < <.

Consequently, for all n,

[SCANO)

(6.20) Q’ [ sup [AoRx,h(X{") — h(X?)|] <
te[0,7)

Eventually, (€17), (61]), (619) and (6.20) yield (6I3]).
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Step 3. In this step, we will demonstrate that for any m > 1 and g; € C.(R%)
for 1 <i <m,

(6.21) {&n = (1(X"), -+, gm(X")) in 2 1}

under Q? forms a tight family on D([0,00),R™), i.e. the Skorohod topology space
on R™, by virtue of [12, Theorem 3.9.4 and Remark 3.9.5 (b)]. More precisely,

&n 2 = D([0,00),R™), w &,

where &, w(t) 1= (g1(X{(@)), -+, gm(X{(w))) € R™ is clearly cadlag in ¢, induces
a probability measure Q? o0& ! on D(]0, 00), R™). Our object is to show {Q®o& ! :
n > 1} is tight. It suffices to consider m = 1 and write g := g; for the sake of
brevity. To this end, fix &, > 0. Apply Step 2 to these g,e,T and take h, A\g, IV
such that (EI3) holds. Set

Y= MR A(XP),  Z0 = Ao (AoRE,h— h) (X7).

From the Fukushima’s decomposition of X™ with respect to Ao Ry h (see [14, The-
orem 5.2.5]), one can find that

¢
tv—>Yt"f/ Ztds
0

is a martingale relative to the filtration of X™. In addition, (6.13)) tells us

sup Q” [ sup Y/ — g(XZ‘)I] <e.

n>N te[0,T

Furthermore, since ||h]|oo < 2[/g]joo < 00, it follows that

sup Q% [ sup |Z]']] < 2Xo||hllee < 00.

n>1 t€[0,T]
Eventually, [I2, Theorem 3.9.4 and Remark 3.9.5 (b)] yield the desirable tightness.
Step 4. Finally, we shall conclude that &, in (G2I)) is weakly convergent to
€:=(g1(X), -+, gm(X)) under Q?. Since C,(R?) strongly separates points in R?
(for the definition of strong separation, see [12, §3.4]; for the proof of this fact,
see [2]), this convergence leads to (63) due to [12 Corollary 3.9.2]. To show &,
weakly converges to £, note that {£, : n > 1} is tight by the third step. Thus it
suffices to show the finite dimensional distributions of &, are weakly convergent to
those of ¢ by employing [12, Theorem 3.7.8]. To this end, take f1 € Cp(R™) and
set b1 == f10(g1, - ,gm) € Cp(R?). Note that C := f1(0) is not necessarily equal
to 0. For every z ¢ Ui<;<msupp[gi], we have hq(z) = C. Then hy := hy — C defines
a continuous function with compact support and thus hi € H. For any t; > 0,

Q' (XE)) = QX0 + € = (@i 5 ) 4
H

In

Corollary tells us Q?jzl converges to Qtlizl strongly (as well as weakly due to
Remark [B.E) in #. Clearly, ¢/12 converges to ¢/1g strongly in H by means of
Lemma B4l (4) and ¢/¢., € L*(R?). As a result,

Q° (i (X7)) = (Qtﬁl, wi) L0 = QP (X))

H

Mimicking the above argument, one can obtain by induction that for t; < --- < t,
S, fr € Cp(R™), it still holds (see [16, Theorem 3.7] for more details)

lim Q[ (X71) -+ hi(X71)] = Q2 [ha (Xe,) -+~ e(X,,)],
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where h; := f;0(g1, -, gm). In other words, the finite dimensional distribution of
&n at (t1,--- ,tg) is weakly convergent to that of £. That completes the proof. O

APPENDIX A. BASICS OF ISOTROPIC a-STABLE PROCESS

Fix 0 < a < 2Ad. The generator of isotropic a-stale process is denoted by A®/2
(on L2(R%)), whose definition is usually given by Fourier transform. We present two
alternative equivalent definitions of A®/? as follows. Note that p;(z) := p(t,0, z)
stands for its transition density, which enjoys the following properties:

(A1) pe(x) =t~V py(a/tV), t>0,2#£0,
and
(A4-2) ;€ C®RYNBL(RY), pr(x) =1 AJa] =0

see e.g. [19] §2.6].
Definition A.1. Recall that the constant ¢4 q is given in §21 Define

: fe+y) —F0)
Lif:= 11mca7d/ ———dy
0 y:ly|>r |y|d+a

with the limit in L?(R?), where the domain D(L;) consists of functions such that
this limit exists. In addition, define

rsf =ty ([ wt-nswan-10))

tl0 t

with the limit in L?(R?), where the domain D(Lg) consists of functions such that
this limit exists.

Remark A.2. Note that Ly = Lsg = A®/? with D(L;) = D(Ls) = D(A*/?) =
H*(R%), where H*(R?) is the Sobolev space of order a.

Let uy given by (22) be the resolvent density of isotropic a-stable process. The
following lemma summarizes some crucial properties of uy. Though it is elementary,
we present a proof for readers’ convenience.

Lemma A.3. Fiz A >0 and let uy be in 22) or 23)). Then the following hold:
(1) uy € C®(R¥\ {0}) and ur(x) > 0 for all x € R?\ {0}.
(2) For any p > 0,
(A.3) lim 2 _ g
z—0 u,\(:c)
Particularly, wy ,(x) = urp(2)/uu(x) for o #0 and wy ,(0) :=1 form a

continuous function on R?.
(3) The following limit holds uniformly on any compact subset of R\ {0}:

1
lim — — = \uy.
tlfg P (pe * ux —uy) U

Proof. For the first assertion, it suffices to consider A > 0. We first prove uy(z) > 0
for x # 0. Argue by contradiction and suppose that uy(zg) = 0 for some xzg # 0.
It follows from ((A)) that

o x
(A4) ux(z) = /0 e Mt~ up, (m) dt, = #0.

Then from (AZ) and the smoothness of p1, we obtain p; (zg/t'/*) = 0 for all t > 0.
Note that p; is a radius function by the isotropy of a-stable process, i.e. there is
a function 71 on [0,00) such that pi(z) = r1(Jz|). This implies p;(y) = 0 for all
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y # 0, which leads to a contradiction with [, p1(y)dy = 1. Now we turn to prove
uy € C(R?\ {0}). Substituting t := |z|/t'/* in (AZ), we obtain

o [ 27 s (@
(A.5) up(z) = — / exp {—)\—} T (—t) dt.
|29 Jo te ||

Since (A.2) and p; (ﬁt) = r1(t) is independent of x, one can easily conclude that

|z|9=uy () is smooth at x # 0. Hence uy € C(R?\ {0}).
To prove ([A.3), note that

«
exp {—)\%} o1y, (%f) <t lr ()

is integrable in t on (0, 00) due to (A2) and o < d. Then ([AJ]) and the dominated
convergence theorem yield

i o0 _ [21°\ ¢d—a-1
i (@) _ lim 0 f, exp{ (A + 1) }t 1 (1) dt L
x—0 'U/A(-T) lim,_,q fOOO exp {7/\‘::#} {dfaflrl (t) dt

Finally, a straightforward computation yields

1 eM—1 [ . . x 1 (" s _a T
;(pt*u,\—u,\): " /t e s apl(m)ds¥/oeAs apl(m)ds.

Then we can obtain the last assertion by virtue of (A.2) and the dominated con-
vergence theorem. O

APPENDIX B. M0OSCO CONVERGENCE WITH CHANGING SPEED MEASURES

To make the paper more self-contained, we summarize in this appendix some
basic conceptions and results concerning Mosco convergence from [I7]. It is working
on a sequence of Hilbert spaces {H,, : n > 1} converging to another one H in the
following sense.

Definition B.1. A sequence of Hilbert spaces { H,,} is called to converge to another
Hilbert space H, if there exists a dense subspace C' C H and a sequence of operators

®,:C— H,
with the following property:
(B.1) i [, = 1]
for every f € C.

Remark B.2. In §8] we always take H,, = L?(R% m,, ), H = L?(R%,mg) with v, | 0
and C' = H (or C>*(RY)), ®,, :=id, i.e. ®,,f := f forall f € H. Note that H C H,,
since 1, < 1o, and (BJ]) holds due to the monotone convergence theorem.

Set H := {H,,H :n > 1}. The following definition presents elementary conver-
gences in the context of these Hilbert spaces.

Definition B.3. (1) (Strong convergence in H) We say that f, converges to
f strongly in H (as n — o), if f,, € H,, f € H and there exists a sequence
{fm} C C with the following properties:

| = fllzr =0, Hmlimsup [ @n fin — fullir, = 0.
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(2) (Weak convergence in H) We say that f, converges to f weakly in H (as
n — o), if f, € Hy, f € H and

(frsgn)m, — (f,9)m
for every sequence {g,} converging to g strongly in H.
(3) (Convergence of operators) Given a sequence of bounded linear operators
B, on H,, we say B, strongly converges to a bounded linear operator B
on H (as n — o0), if for every sequence f,, converging to f strongly in H,
By, [ converges to Bf strongly in H.

The lemma below states some important results concerning these convergences.

Lemma B.4 (See [17]). Let H,, and H be in Definition [B1l Then the following
hold:
(1) For every f € H, there exists a sequence {f, : n > 1} such that f, — f
strongly in H.
(2) If fo — f strongly in H, then || fullm, = | flln-
(8) If fn — [ weakly in H, then

sup [| follr, <00, [|flla < liminf |[fo] m,-
n

(4) Let H,, := L*(R%, ¢, (z)%dx) and H = L*(R%, o(x)?dz) such that p,,¢ are
positive in LIQOC(RCI) and H,, converges to H in the sense of Definition [B_1l.
Assume that [, (¢n(x) — o(x))>dx — 0 for any compact set K C RY,
Then f, converges to [ strongly (resp. weakly) in H, if and only if fnon

converges to fo strongly (resp. weakly) in L?(RY).

Remark B.5. When ¢, := 1, and ¢ := 1o as in Remark [B.2] it is straightforward
to verify that all conditions in the fourth assertion are satisfied. Meanwhile, this
claim indicates that strong convergence in ‘H leads to weak convergence in H.

Now we turn to consider the so-called Mosco convergence of closed forms. Iden-
tify a quadratic form (&, D(&)) on H (or H,) with the function

_ o &S, 1), feD(&)
&)+ H—R:=RU{oo}, fH{OO f ¢ D(&).

The following conception is our main concern.

Definition B.6. Let (8™, D(&™)) be a closed form on H,, and (&,D(&)) be a
closed form on H. We say & converges to & in the sense of Mosco, if the following
conditions hold:

(M1) If f,, converges to f weakly in H, then
E(f) < liminf &™(fy).

(M2) For every f € H, there exists a sequence {f, : n > 1} converging to f
strongly in # such that

E() = lmé" (1)

The significance of Mosco convergence is indicated in the following well-known
result.

Theorem B.7 (See [18] and also [I7]). Let {&™ : H,, — R} be a sequence of closed
forms and & be a closed form on H. Let (T]")¢>0 and (G¥)x>o (resp. (Tt)i>o0 and
(Gx)a>0) be the semigroup and resolvent of &™ (resp. &) respectively. Then the
following are all equivalent:

(1) &™ converges to & in the sense of Mosco;
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(2) G% strongly converges to G for every A > 0;
(8) T strongly converges to Ty for every t > 0.
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