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Abstract

Due to their intrinsic link with nonlinear Fokker-Planck equations and many other
applications, distribution dependent stochastic differential equations (DDSDEs for short)
have been intensively investigated. In this paper we summarize some recent progresses in
the study of DDSDEs, which include the correspondence of weak solutions and nonlinear
Fokker-Planck equations, the well-posedness, regularity estimates, exponential ergodicity,
long time large deviations, and comparison theorems.
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1 Introduction

To characterize nonlinear PDEs in Vlasov’s kinetic theory, Kac [27, 28] proposed the “propagation
of chaos” of mean field particle systems, which stimulated McKean [33] to study nonlinear
Fokker-Planck equations using stochastic differential equations with distribution dependent
drifts, see [45] for a theory on mean field particle systems and applications.

In general, a nonlinear Fokker-Planck equation can be characterized by the following distri-
bution dependent stochastic differential equations (DDSDEs for short):

(11) dXt = b(t, Xt, gxt)dt + O'(t, Xt, gxt)th,
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where W, is an m-dimensional Brownian motion on a complete filtration probability space
(Q,{Z:}i>0,P), £ is the distribution (i.e. the law) of a random variable &,

b= (b)i<i<q : [0,00) x R x 2(R?) — R,

Il i ey

are measurable, and Z(R?) is the space of probability measures on R? equipped with the
weak topology. Due to the pioneering work [33] of McKean, the DDSDE (1)) is also called
McKean-Vlasov SDE or mean field SDE.

Definition 1.1. Let s > 0.

(1) A continuous adapted process (X ;)¢5 is called a solution of (L] from time s, if
t
/ E[|b(r, Xs,, Lx.,)| + o(r, X Lx,,)|P]dr < oo, t>s,
and P-a.s.
t t
Xt = Xss +/ b(r, X, Lx, . )dr +/ o(r, Xer, Lx,, )dW,, t>s.

When s = 0 we simply denote X; = X ;.

(2) A couple (X,;, W), is called a weak solution of (II) from time s, if W, is the m-
dimensional Brownian motion on a complete filtration probability space (€, {.%;}i=0, P)
such that (X,,)es is a solution of (L) from time s for (W, P) replacing (W, P). (L)
is called weakly unique for an initial distribution v € Z2(RY), if all weak solutions with

distribution v at time s are equal in law.

(3) Let Z(R%) be a subspace of Z(R%). (L)) is said to have strong (respectively, weak)
well-posedness for initial distributions in @(Rd), if for any .#,-measurable X;, with
Px.. € P(RY (respectively, any iitial distribution v € Z(R?) at time s), it has a
unique strong (respectively, weak) solution. We call the equation well-posed if it is both
strongly and weakly well-posed.

According to Yamada-Watanabe principle, for classical SDEs the strong well-posedness
implies the weak one. But this does not apply to DDSDEs, see Theorem below for a
modified Yamada-Watanabe principle.

In this paper, we summarize the following recent progress in the study of the DDSDE (IL1)):
the correspondence between the weak solution of (LLI]) and the associated nonlinear Fokker-
Planck equation (Section 2), criteria on the well-posedness (i.e. existence and uniqueness of
solutions) (Section 3), regularity of distributions (Section 4), exponential ergodicity (Section
5), long time large deviations (Section 6), and comparison theorems (Section 7). Corresponding
results for general models of path-distribution dependent SDEs/SPDEs can be found in [2] 19|

137).



2 Weak solution and nonlinear Fokker-Planck equation

In this part, we first introduce the “superposition principle” which provides a correspondence
between the weak solution of (ILI]) and the solution of the associated nonlinear Fokker-Planck
equation on Z(R%), then present some typical examples.

2.1 Superposition principle
Consider the following nonlinear Fokker-Planck equation on Z2(R%):
(2.1) Oppe = Ly, pue,

where for any (¢, 1) € [0,00) x Z(R?), the Kolmogorov operator L;, on R? is given by

d
:%Z (00%);;(t, -, 1) 0;0; —I-Zb (t, -, )0,

=1
for o* being the transposition of o.

Definition 2.1. For s > 0, u. € C([s,0); Z(R?)) is called a solution of (1) from time s, if

t
/ dr/ {llo(r,z, w1 + [b(r, 2, )|} (dz) < 00, t> s,
s Rd

and for any f € C5°(RY),
2.2) wld) = [ fe= i £)+ [ Loy i, o2

Now, assume that (Xt,Wt)t>s is a weak solution of (L) from time s under a complete
filtration probability space (Q, {.%;}i=s, P), and let p; = Lrp = = Po(X,)"! be the distribution

of X; under the probability P. By Ito’s formula we have
df(j(t) = {Lt,utf(Xt)}dt + <Vf(Xt)> olt, Xm ut)th>-

Integrating both sides over [s, ] and taking expectations, we obtain ([2.2)) so that p. solves (2.1))
by definition. Indeed, the following result due to [5l [6] also ensures the converse, i.e. a solution
of (1) gives a weak solution of (I.1]), see Section 2 of [6] (and [5]).

Theorem 2.1 ([5,[6]). Let (s,¢) € [0,00) x P(R?). Then the DDSDE (L) has a weak solution
(Xe, Wi)ess starting from s with £ 5 = ¢, if and only if 1) has a solution (u)e>s starting
from s with pus = ¢. In this case p; = (ZXH]@,, t>s.

2.2 Some examples

In this part, we introduce some typical nonlinear PDES and state their corresponding DDSDESs.
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Example 2.1 (Landau type equations). Consider the following nonlinear PDE for prob-
ability density functions (f;);>o on R¢:

(2.3) o, = %div{ /R a(- — 2 (fi(2)V S, - ftVft(z))dz},

where a : R? — R?®@ R has weak derivatives. For the real-world model of homogenous Landau
equation we have d = 3 and

a(z) = \x|2+7<l— ) z €R3

|2

for some constant v € [—3,1]. In this case ([2.3]) is a limit version of Boltzmann equation (for

thermodynamic system) when all collisions become grazing. To characterize this equation using
SDE, let m =d, b = %diva and 0 = y/a. Consider the DDSDE

(2.4) dX; = (bx Zx,)(Xy)dt + (0 * Lx,)(Xy)dBy,

where
(f * p)(x) = g f(z = z)p(dz).

Then the distribution density f;(x) := ,%Xéig(;m) solves the Landau type equation (23).

Example 2.2 (Porous media equation). Consider the following nonlinear PDE for prob-
ability density functions on R¢:

(2.5) Oify = Af7.

Then for any solution to the DDSDE ([I.T]) with coefficients

d
b=0, o(x,u) = \/id—/;(x)[dxda

the probability density function solves the porous media equation (2.1).

Example 2.3 (Granular media equation). Consider the following nonlinear PDE for prob-
ability density functions on R%:

(2.6) Ofs = A, + div{ YV + V(W * f,)}.
Then the associated DDSDE (II) has coefficients
bz, p) = =VV(2) = V(W * p)(z), oz, 1) = V2laua,
where
(W« )a) = | Wia—y)u(dy)
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3 Well-posedness

We first introduce a fixed-point argument in distribution and a modified Yamada-Watanabe
principle, then present results on the existence and uniqueness for monotone and singular
coefficients respectively.

3.1 Fixed-point in distribution and Yamada-Watanabe principle

Let 2(R%) be a subspace of 2(R%), and let p be a complete metric on Z(R?) inducing the
Borel sigma algebra of the weak topology. Typical examples include

PRY = Py RY = {5 € PRY : ] - I7) < o)

for p > 0, with LP-Wasserstein distance

1

W)= it ([ e-upranan) . pve @,
R4 x R4

TEE (1)

When p = 0 this reduces to the total variation norm

lp = vy =2 sup [u(A) —v(A)].
AeB(RD)

For any T > s > 0 and v € Z(R%), consider the path space over 2 (R?)
Cr = {n € Ols. T P(RY) : p = v},
which is then complete under the metric

s, v.) = sup p(pig, vy).
te(s,T)

Theore{n 3.1. LetT > s > 0, and let )A(s be an Fg-measurable random variable with v =
Zx, € P(RY). Assume that for any p € €.y, the classical SDE

(3.1) dX} = b(t, X!, pe)dt + o (¢, X' py)dWy, t € [s,T], X! = X,
has a unique solution, and the map
IS %;VT = Oy pp = (Lx)iefs ) € %;VT
is contractive. Then the DDSDE (L) has well-posedness for initial distributions in 2 (R%).

Proof. By the fixed-point theorem, the map @, has a unique fixed point p in ‘5;“ -, so that
by the definition of @, r we have ZLxr = i, t € [s,T], i.e. in this case (X{')ie[s ) is a solution
of (L) from time s starting at X,. If (II]) has another solution ()A(t)te[sﬂ with £ € C’ZT,
then p = Z% is a fixed point of @, so that Lx, = L5 =: p,t € [s,T]. Therefore, by the
uniqueness of [B]) we have Ly, = £, = X[, which implies the uniqueness of (1)) with
L. € CK;“ 1. Since the strong well-posedness of (B.1)) implies the weak one, the same argument
leads to the weak well-posedness of the DDSDE (ILT]) starting from v at time s. O
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The Yamada-Watanabe principle [55] (see [30] for a general version) is a fundamental tool
in the study of well-posedness for SDEs with singular coefficients. In the present distribution
dependent setting, the original statement does not apply, but we have the following modified
version due to [21, Lemma 3.4].

Theorem 3.2 ([21]). Let T' > s > 0, and let X be an Fs-measurable random variable with
v = Ly, € PRY. Assume that for any p € ﬁ’fT, the classical SDE B has a unique
solution with initial value X at time s. If (L)) fort € [s,T] has a weak solution with initial
distribution v at time s, and has pathwise uniqueness with initial value X at times s, then it
has well-posedness for initial distributions in P (R%).

3.2 The monotone case

(H3) For every t > 0, b; is continuous on R? x Z(R?), b is bounded on bounded sets in
[0,00) x R x Py(R?). Moreover, there exists K € Lj,.([0,00); (0,00)) such that

lo(t, 2z, ) — oty v)|* < K(t){|v = y> + Wo(u,v)*},
(b(t, @, 1) = bt y,v),x —y) < K(O{ |2 — y* + Wolu,v)|x — y|},
b(,0,60)| + | (t,0,80) 1% < K(t), t>0,2,y € R uve Py(RY),

where dy is the Dirac measure at 0 € R<.

Under this monotone condition we have the following result essentially due to [51], where a
stronger growth condition on |b(t, 0, u)| is assumed. See also [I7] for the well-posedness under
integrated Lyapunov conditions which may cover more examples.

Theorem 3.3 ([51]). Assume (H3) for some 6 € [1,00), and let o(t,z, ;1) does not depend on
1 when 6 < 2.

(1) The DDSDE (L) has well-posedness for initial distributions in Pe(R%). Moreover, for
any p >0 and s > 0, E| X |P < oo implies

E sup | X ff <oo, T>t>s>0.
te(s,T)

(2) There exists increasing v : [0,00) — [0,00) such that for any two solutions X, and Yy,

00)
Of(ED]) with ngsvgYss c gzg(Rd

),
(3.2) E| X, — Varl? < (B X, — Yao|')el VO 4> 5> 0.
Consequently,
(3.3) EXs,sl—ig,sW—mP(rsei% | Xsr — Ysu| > 5) =0, t>s5>0,e>0;
and
(3.4) Wo(P? o, Pl ) < Wa(pg, vp)lels Y09 ¢ > 5> 0,

6



Proof. We briefly explain the proof of Theorem B3|(1), while (2) can be easily proven by using
[td’s formula. For any T > s > 0, v € Py(R%) and u € ‘é’jT, (H3}) implies that (B.I) for
t € [s,T] is well-posed with initial distribution v at s. Moreover, by It6’s formula, and (H3)
with o(t,z, 1) not depending on p when 6 < 2, we find a large enough constant A > 0 such
that ®, r is contractive on %”A,S”T under the complete metric

[)&T(:U“a la) = S[U-I;] e_)‘(t_S)We(Mt, ,at)a 122 ,[L € CSV,T
tels,

Then the well-posedness follows from Theorem [B.1] O

3.3 The singular case

In this part, we consider the existence and uniqueness of (LT]) with singular drift and non-
degenerate noise. We first introduce some results derived in [58, 43|, 57] for distribution de-
pendent drifts satisfying local integrability conditions in time and space but bounded in distri-
bution, in [24] for the case with locally integrable drifts having linear growth in distribution,
and in [22] for drifts with an integrable term and a Lipchitz term. These three situations are
mutually incomparable.

3.3.1 Integrability in time-space and boundedness in distribution

When the noise is possibly degenerate, the strong/weak well-posedness will be discussed in the
next section under a monotone condition.
We will consider weak solutions having finite ¢-moment, for ¢ in the following class:

P = {¢ € C°([0,00);[1,00)) : 0 < ¢ < c¢ for some constant ¢ > 0}.

Let
Ps(RY) = {pe PR : |ulls = p(e(] - ])) < oo},

which is equipped with the ¢-total variation norm

, v € P(RY.

= vlgrv = sup |u(f) —v(f)
[fI<a(]-])

We denote || - [|s7v by || - [o.rv when ¢ =1+ | -|? for some 6 > 0. For fixed T > 0, let
%T#i’ = C([O>T]; gZ(b(]Rd)) = {:U : [OaT] - gZ(b(Rd%P_rg ||:Ut - /L8||¢,TV =0, se [O>T]}>
which is a complete space under the metric

pre(p,v) == sup ||p — villgrv.
te[0,7

For any p € 67,4, denote
1
b (t,x) == b(t, z, ), o'(t,x) :=o(t,z, ), a(t,x):= 5{0“(0“)*}(15,17), (t,r) € [0,T] x R%
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Definition 3.1 (Linear Functional Derivative). Let ¢ € ®. A function f : Z24(R?) — R is said
to have linear functional derivative DF f : 2,(R?) — R, if it is measurable, and

(i) D f is measurable with [,, D f(p)dp = 0;
(ii) For any compact K C Z4(R?), sup,,c |DF f(1)| < k¢(|-]) holds for some constant k > 0;

(iii) For any p,v € Z24(R%),

i HE= =IO D ) 0) 0 ) )

By taking v = ¢,,, we see that if f has linear functional derivative, then the convex extrinsic
derivative

D 4 0) = timg L=V 2T gy = [ 0 )

exists. See [39] for links of more derivatives in measure. For i = 1,2, let

(3.5) f,-:{(p,q)G(l,oo)x(l,oo):g+§<z}.

Definition 3.2. For any p > 1, let I)p be the space of all measurable functions g on R? such
that

1
p
ol = s, ([l 1gemsende) < o

z€R4

Moreover, for any p,q > 1, let Eg(T ) be the space of measurable functions f on [0, 7] x R? such

that
: N
sy = sup ([ ([ 150001 emenae) at) < oo
zeR4 0 R4

It is clear that

1
T ‘
iz < Wl = ([ 1762018,

The following result is due to [58, Theorems 3.5 and 3.9], see also [44] for a special case
where ¢(r) = r? and b(t, x,-) is bounded and Lipschitz continuous in the total variation norm
uniformly in (¢, z).

Theorem 3.4 ([58]). Let oo* be invertible, ¢ € ®, and p,q € (1,00) with e : =1 — % — % > 0.

1) If there exist constants o € (0,1), N > 1, and r > 2 such that for any p € Cr.o,
€ 7¢

||au(ta ZE') - aﬂ(t’ y)” —
sup - +  osup {[le|+ 1@) T 2) + 10 ey < N,
te[0,T],xy |5E - y| (t,z)€[0,T] x R4
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and that T
i { [ o) = @ = Pl o

P16 (V1) —
then (L) has a weak solution for t € [0,T] and any initial distribution in P4(R?).

(2) In addition to conditions in (1), if for any (t,x) € [0,T] x R%, o(t,x,-) has linear func-
tional derivative on P4(RY), and there exist constants 3 € (0,1),C > 0 and some
K € L9(]0,T]; (0,00)) such that

sup HDFO'(t,,SL”)(,U,)(y) - DFO'(t,:Z,’/,)(,U,)(y/>H
(t,1)€[0,T)x P4 (RY)
SCf(|$_l’,|_‘_|y_y,|)ﬁ> Iax/>y>y/€Rda

Ibt, -, 1) = b(t, -~ )z, < K(t)lle = vlsrv, te€[0,T]uve Py(RY),
then (L)) is has weak well-posedness for t € [0,T) and initial distribution in P4(R?).
When o = /21,4 and
bt )l < [ e = p)utdn)

holds for some (p,q) € 41 and h > 0 with [|h|[ 140 7),7,) < 00, the well-posedness for (L)) is
proved in [43] Theorem 1.1]. In general, [43] presents the following result.

Theorem 3.5 ([43]). Assume that for each t,x, b(t,z,-) and o(t,z,-) are weakly continuous,
and there exist co > 1 and v € (0,1] such that for allt > 0,2,y,£ € R? and p € 2(R?),

co '€l < lo(t, o, wE] < colél, otz 1) —olt,y, w)] < |z —yl".
Moreover, under the weak topology of 2(R?),

sup 10| z9 () < o0
neC([0,T];2(R4))

holds for some (p,q) € #1. Then for any B > 2 and v € P5(RY), there exists a weak solution to
(LI) with initial distribution v. If in addition, o(t,x, ) does not depend on p, |Vo| € LI (T)
and
16Ct, -5 1) = bt )z, < bl —vllorv, pve Py
for some £ € L([0,T]), 0 > 1 and (p1,q1) € #1, then for any 5 > 260, (L)) has well-posedness
from time O for initial distributions in Pz(R?).
The following weak existence for (ILT]) with supercritical drift is due to [57].

Theorem 3.6 ([57]). Let 0 = V2Iyxq, b(t,x, 1) = [pu K(t,2,y)u(dy) for some measurable
function K on [0,T] x R? x R? such that dvi( ,5Y) <0 and

K(t,z,y) < he(z,y)
holds for some (p,q) € S5 and h > 0 with ||| e 7.7,) < 00 Then for any j3 € |0, 2/( ))
and v € P5(RY), L) has a weak solution with initial distribution v.
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3.3.2 Integrability in time-space with linear growth in distribution

Comparing with above results, besides the singularity in x in the following we also allow b(t, =, i)
to have a linear growth in .

(HZ) Let 6 > 1. There exists a constant K > 0 such that for any ¢ € [0,7],2,y € R? and
v e 9397

lo(t,z, )| V [(o0™) " (t, 2, w)| < K,

lo(t, 2z, ) = o(t,y, V)| < K (Jo =yl + Wo(p,v)),

Ho(t, 2, p) = ot y, 1)y —{o(t,z,v) —o(t,y, V) } < Klo —y[Wo(p, v).
Moreover, there exists nonnegative f € Eg(T ) for some (p,q) € # such that

[b(t, )| < (1 + [lllo) fi (),
b(t, , 1) — b(t, 2, v)| < fi(2)|p— vy, t€[0,T],7 € R pve Py

Theorem 3.7 ([24]). Assume (H3). Then (L) is well-posed for initial distributions in Py, =
Nim>6Pm, and the solution satisfies Lx. € C([0,T]; ), the space of continuous maps from
0,T] to Py under the metric Wy. Moreover,

(3.6) E[ sup \Xtﬂ < .

te[0,T

3.3.3 Drifts with time-space integrable and Lipschitz terms

In this part we allow the drift to include a Lipschitz continuous term in x, but the price we
have to pay is that the singular term is in LZ(7") rather than Eg(T) and the diffusion does not
depend on distribution.

For any p,q > 1, let L%(T) be the space of measurable functions f on [0,7] x R? such that

' P\
sy = ([ ([ reopar)at) <o

(H3) o(t,x, ) = o(t,r) does not depend on p and is uniformly continuous in z € R? uniformly
in ¢ € [0,T}; the weak gradient Vo(t,-) exists for a.e. ¢ € [0,T] satisfying |[Vo|* € LI(T)
for some (p,q) € #; and there exists a constant K; > 1 such that

(3.7) Ky ' Iiea < (00%)(t,2) < Kilgea, (t,2) €[0,T] x R%.
(H2) b=b+b, where b and b satisfy

|2)(t,l’,’}/) - 6(t>y>’?)| + |l_)(t,l’,’7) - B(t,l’,’?”
S KQ(H’}/ - ’?HTV +W9(77§/) + |Zl§' - y|)> le [OaT]?xay € Rdaf%fs/ € gZG(Rd)

for some constants 6, Ky > 1, and for (p,q) in (H3?), it holds that

(3.8)

(3.9) sup [b(t,0,7)]+  sup 16" [l gy < 00
tel0.T]ve P (RY) HEC((0.T]; P (RY))
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(H3°) For any pu € #(]0,T); Z(R%)), the class of measurable maps from [0, 7] to Z(R%), |b*|* €
L 10(T) for (p,q) in (H3*). Moreover, there exists an increasing function I' : [0,00) —

(0, 00) satisfying [ ﬁdx = oo such that
(3.10) (b(t,x,00),2) <T(|2f*), t€[0,T],z € R
In addition, there exists a constant K3 > 1 such that

(311) ‘b(tai'l’ﬁ) - b(tvxaﬁ/” < K3ny - :YHTV7 te [07T]7$ S Rdvfy’;y S gZ(Rd)

Theorem 3.8 ([22]). Assume (H3").
(1) If (H3°) holds, then () is well-posed for initial initial distributions in Pe(R%). More-

over,

2
K3t

K1
(3.12) 1P} 0 — Bl <2e7 2 [lpo — vollzy, ¢ €10,T], po, 1o € P(RY).

(2) Let (H2®) hold. Then (1)) is well-posed for initial distributions in Py(RY). Moreover,
for any m € (4,00) N [1,00), there exists a constant ¢ > 0 such that

1P 1o — Prvollrv + Wo( P o, P o)

(3.13)
< c{llmo — vollrv + Wam(po, v0) }, £ € [0, T, o, vo € Po(RY).

4 Regularity estimates

In this section, we introduce some results on the regularity of distributions for the DDSDE
(). We first establish the log-Harnack inequality, which implies the “gradient estimate” and
entropy estimate, then establish the Bismut formula for the Lions derivative of the distribution,
and finally study the derivative estimate on the distribution. In the first two cases the noise
does not depend on the distribution, while the last part applies also to distribution dependent
noise.

4.1 Log-Harnack inequality

The dimension-free Harnack inequality was founded in [47] for diffusion semigroups on Rieman-
nian manifolds, and as a weaker version the log-Harnack inequality was introduced in [42] [49]
for (reflecting) diffusion processes and SDEs. See the monograph [50] for the study of these
type inequalities and applications. In this part, we introduce the log-Harnack inequality estab-
lished in [51] and [41] for DDSDEs with non-degenerate and degenerate noise respectively. We
will only consider distribution, independent noise, since the log-Harnack inequality is not yet
available for DDSDEs with distribution dependent noise.
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4.1.1 The non-degenerate case

Consider the following special version of (LI]):

(4.1) dX, = b(t, Xy, Zx,)dt + o(t, X;)dW,,
where b and o satisfy the following assumption.

(H}) o(t,z) is invertible and Lipschitzian in x locally uniformly in ¢ > 0, and there exist
increasing functions kg, k1, o, A : [0,00) — (0,00) such that for any ¢t € [0,T],z,y € R?
and p, v € P5(R?), we have

(4.2) lo(t: ) oo < A, 102, 0, ) |* + llo(t, 2)1* < ko(6) (1 + [l + (] - %)),

2(b(t, z, ) = b(t,y,v), 2 — y) + |lo(t,2) — o(t, y)lls

(4.3) < k1()|z — y* + Ka(t)|z — y|Wa(p, v).

Obviously, (H}) implies assumptions (Hj3) for § = 2, so that Theorem ensures the well-
posedness of ([T with initial distributions in 92y(R%). For any f € %,(R?Y), consider

Poef(p) =B f(Xsy) = » FW)(PL)(dy), pe Py(RY),t > 520,

where E# is the expectation taking for the solution (X ;);>, of (@) with Zx,, = p, recall that
in this case we denote P;,u = Zx,,. Let

#e8) = A7 <1 — ei%)(p@ + o) expl2t _28)(1{1 (t) + #2(t))]

), 0<s<t.

Theorem 4.1 ([51]). Assume (H}) and let t > s > 0. Then for any g, vy € Po(RY),

(Pslog f)(vo) < log(Pssf)(po) + &(s,t)Wa(po, ), f € B (RY).
Consequently, the following assertions hold:

(1) For any po,vo € P2(RY),
|1P5 0 — Pliollry < A/26(s, 1) Wa(po, o).

(2) For any po,vo € P2(R?), Pr o and P,y are equivalent and the Radon-Nykodim, deriva-
tive satisfies the entropy estimate

* * dPS*tVO * 2
EIlt(PS7tV0|PS7t,u0) = / IOg *7 dP&tVO < QS(S,t)WQ(/,LO’ Vo) .
Rd dPs,t:U’O

Idea of Proof. We only consider s = 0. According to the method of coupling by change of
measures summarized in [50, Section 1.1], the main steps of the proof include:
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(S1) Let (Xi)io solve () with ZLx, = po. By the uniqueness we have u; = Pjug = Zx,,
and the equation ([@J]) reduces to

(44) dXt = bt(Xt, Mt)dt + Ut(Xt)th-

(S2) Construct a process (Y;)ejo,r] such that for a weighted probability measure Q := Ry P,

(45) XT = YT @—a.s., and D%YT|Q = Pj*wl/o = Up.

Obviously, (S1) and (S2) imply
(4.6) (Prf)(po) = E[f(X7)] and (Prf)(n) = Eolf(Yr)] = E[Rr f(X7)], f€ @b(Rd)-
Combining this with Young’s inequality, we obtain the log-Harnack inequality:

(Prlog f)(n) < E[Rrlog Rr] + log E[f(X7)]

(47) = log(Prf)(p) + E[Rrlog Ry], € % (RY).

4.1.2 The degenerate case

Consider the following distribution dependent stochastic Hamiltonian system for (X;,Y;) €
R% x R :

(48) {d&:%AXy+BEML

4Y, = Z(t, (X0, Vo), L)t + Y,

where A is a d; X di-matrix, B is a dq X dy-matrix, o is a da X do-matrix, W, is the do-dimensional
Brownian motion on a complete filtration probability space (€2, {.%; }1>0, P), and

Z . [0,00) x ROFE 5 ) (RUFE) 5 R®2 5 :[0,00) - RZ @ R®

are measurable. We assume

(H?) o(t) is invertible, there exists a locally bounded function K : [0, 00) — [0, 00) such that
lo()~H < K@), [Z(t, 2, 1) = Z(t,y,v)| < K@){|lx =yl + Wa(u, )}

holds for all t > 0, u, v € Po(R"*%) and x,y € RE+% and A, B satisfy the following
Kalman’s rank condition for some k > 1:

Rank[A’B, -, A*'Bl = dy, A°:= I, q,.

13



Obviously, this assumption implies (H3), so that (8] has a unique solution (X;,Y;) for any
initial value (Xo, Yp) with p:= Zx, v, € Po(RUT%2). Let Pru = ZLx, v and

(PO = [ FdP 1207 € BRI,

Rd1+d2

By [6Il Theorem 3.1], the Lipschitz continuity of Z implies
(4.9) Wo (P, Pv) < eX'Wy(u,v), t>0,u,v € Py(RUTE)
for some constant K > 0. The following result is due to [41], Section 5.1].

Theorem 4.2 ([41]). Assume (H2). Then there exists an increasing function C : [0,00) —
(0,00) such that for any T > 0,

c(T
(Prlog f)(v) <log(Prf)(u) + Télk_(il/)\lWQ(u, V)%, v € Py(RUTHR) f c F(RUTE),
Consequently,
- c(1) ) i
(410) El’lt(PTV‘PT,u) S WWQ(,LL, I/) y T > O,M, S QQ(R ! 2).

4.2 Bismut formula for the Lions derivative of P, f

We first introduce the intrinsic and Lions derivatives for functionals of measures, then present
the Bismut formula for the Lions derivative of P, f for non-degenerate and degenerate DDSDESs
respectively. The main results are taken from [38], see also [2] for extensions to distribution-path
dependent SDEs.

4.2.1 Intrinsic and Lions derivatives
Definition 4.1. Let f: 25(R?) — R.
(1) If for any ¢ € L*(RY — R%; ),

eR

1y i Jpo (d+eg)™h) — f(u)
Dy f(p) == lé}fgl -

exists, and is a bounded linear functional in ¢, we call f intrinsic differentiable at p. In
this case, there exists a unique D! f(u) € L?(R? — R%; 1) such that

(D' (1), &) r2uy = DL f(1), ¢ € L*(R — R% p).

We call D! f(p) the intrinsic derivative of f at u. If f is intrinsic differentiable at all
p € Po(R%), we call it intrinsic differentiable on %2,(R?) and denote

wvwwawwmm@:(@wq@m@?
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(2) If f is intrinsic differentiable and for any p € 2 (R?),
flpo (d+ )" — f(u) — Dgf(w)
1]l 2,y 50 191l 2 ()

we call f L-differentiable on 2%, (R%). In this case, D! f(u) is also denoted by D f(u),
and is called the L-derivative of f at pu.

=0,

Intrinsic derivative was first introduced in [I] in the configuration space over a Riemannian
manifold, while the L-derivative appeared in the Lecture notes [9] for the study of mean field
games and is also called Lions derivative in references.

Note that the derivative D! f(u) € L?*(R? — R%; p) is p-a.e. defined. In applications, we
take its continuous version if exists. The following classes of L-differentiable functions are often
used in analysis:

(a) f e CHP(RY) :if fis L-differentiable such that for every u € 25(R?), there exists a
p-version DE f(11)(+) such that D f(u)(x) is jointly continuous in (z, p) € R? x P2y(R9).

(n
(b) f € CHPARY) :if f e CHPy(RY)) and DL f(u)(x) is bounded.
)

(c) f e CHP2,(RY):if f e CHP(RY)) and Df(pu)(x) is L-differentiable in p and differen-
tiable in 2 € R?, such that V{DL f(u)}(x) and

(D22 1)) == (DD F@0)},) g € B © B
are jointly continuous in (i1, 7,y) € P5(R%) x R? x R4

(d) f e C3(Py(RY)) :if f e C?(P(RY)) and all derivatives DL f(u)(z), (DF)? f(1)(z,y) and
V(DY f(u))(z) are bounded.

(e) f e CH(REx Py(RY)) :if fis a continuous function on R? x &, (R?) such that f(-, u) €
CHRY) for p € Py(RY), f(x,-) € CL(P(RY)) for x € R?, and

Vf(z,p), D*flz, pu)(y)

are jointly continuous in (x, i, y) € R? x Z5(RY) x RY. If moreover these derivatives are
bounded, we denote f € Cp' (R? x 225 (R%)).

(f) f e C?2(R? x P5(RY)), if f is a continuous function on RY x &2,(R?) such that f(-, ) €
C*(R?) for p € Po(RY), f(x,-) € C*H Po(RY)) for x € RY,

(DAY ), 1)(y) = ({D 00 f @ )]},) o g € RIS RS
exists, and all derivatives

Vi, w), V2f(z,w), D" fz,1)(y), (D"Vf)(z,p@)(y)
VAD" f(x, 1) ()} (), (D*)?f(z, 1) (y. 2)

are jointly continuous in (x, 1,7, 2) € R%x 22, (R%) x R? x R%. If moreover these derivatives
are bounded, we denote f € C2*(R? x 225 (R%)).

(
)
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Consider f € FCZ(P(RY)), i.e
f(M) = g(:u(h'l)v T ,,Ll,(hn)), n=1lge Cz(Rn>7 h; € Cl?(Rd)

Then it is easy to see that f € CZ(Py(R?)) with

D f(u)(y) = > (8i9)(u(ha), -+ (b)) Vhi(y),

M-

VD" f (1)} y) = Z(ag)( (ha), -+ 1(ha)) V2 hi(y),

Mg_u

(DA F )y 2) = Dy (@:039)(u(ha), -, () {VRi(y) } ® {Vhy(2)}-

1

.

7]

4.2.2 Bismut formula for non-degenerate DDSDEs
Consider the DDSDE (41]) with coefficients satisfying the following assumption.

(H3) In addition to (H}), by, 00 € CHH(RY x P5(RY)) such that
V(- D by(x, - R 2 L D2y () (o))
max | [Vou(-, ) @)II, [|1D"bu(z, )W, S IVoel, ) (@), SI1D ou(z, ) ()]
<K(t), t>0,zeR e Py(RY
holds for some continuous function K : [0, 00) — [0, c0).

By Theorem B3] for any initial value X, € L?(Q2 — R9, %, P), [@&I) has a unique solution
(Xt)e0. Let Pfu = %X, for Lx, = p, and consider the L-derivative of the functionals in pu:

Prf(p) =E'f(X;) = 5 f)(Pip)(dy), T >0, f € B(RY).

Given ¢ € L*(R? — R? 1), the following linear SDE has a unique solution v? on R%:

Qv = {V,6b(t, -, L) (X) + (B(D"D(E,y, ) (L) (X0), o) | _y, et

(4.11)
+{ Vo (t,)(Xe) }dWs, of = 6(Xo), t > 0.

The following result is taken from [39, Theorem 2.1 and Corollary 2.2].

Theorem 4.3 ([39)). Assume (H?). Then for any f € B,(RY),u € Po(R?) and T > 0, Prf
is L-differentiable at ju such that for any g € C*([0,T]) with go = 0 and gr = 1,

Dé(Pfou):E[f(XT / (glo(Xe, L) "0f, AW, 6 € LARY = RY ),
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where Xy solves [@1)) for £x, = p. Moreover, the limit

Pipo(Id+ep)" = Pru SPi
- T

4.12 DEPr =i
(4.12) o Pry = lim .

exists in the total variational norm, where 1 is the unique element in L*(RY — R, Piu) such that
W(Xr) = E( [y (gi0:(Xe, Zx) "), dW)|Xp), and (WPpu)(A) = [ vdPiu, A € BRY).
Consequently, for any T > 0, f € B,(R?) and p,v € Py(RY),

(Prf?)(n) = (Bf (0)?
Jo A ZemsE ML

Y

1D (Prf)(m)I* <

AWy (i, v)?
Pt — Py 2 — 4 su P A) — (P (A 2 < ) .
| P vy Ae%ﬁ@)“ ) (A) — (Prv)(A)]F < fOT)\t—ze—SK(t)tdt

4.2.3 Bismut formula for degenerate DDSDEs
Consider the following distribution dependent stochastic Hamiltonian system for X, = (Xt(l), Xt(z))

on Ré+d2 — RA x Re:

(4.13)

dx” = bV (X,)dt,
dxX? = b (X,, Ly, )dt + o, dW,

where (W});>0 is a dp-dimensional Brownian motion as before, and for each ¢ > 0, oy is an
invertible dy X do-matrix,

b = (07, 07)) : RUFd2 x 9, (RU+2) — R+

is measurable with bgl)(x,,u) = bgl)(x) independent of the distribution y. Let V = (V) v®)
be the gradient operator on R4+% = R4 xR% where V) is the gradient in the i-th component,
i =1,2. Let V2 = VV denote the Hessian operator on R4 We assume

(H{) For every t > 0, bi) € CZ(RNT% — RM), bP) € OV (RDHE x Py(RITE) — R®), and
there exists an increasing function K : [0,00) — [0, 00) such that

1V (-, 1) (@) + [IDEB (2, ) ()] + [ V26 ()| < K(8), >0, (z, 1) € R x Py(RY).

There exist B € %,([0,T] — R® @ R%), an increasing function § € C([0,T]; R') with
0, > 0 for t € (0,7], and € € (0,1) such that

(VO = B)Bja,a) > —¢|Bjal, a€R",

t
/ S(T — §)Kr BB K (s > 0,1 car, t € (0,T],
0
where for any s > 0, { K} s}+>5 is the unique solution of the following linear random ODE

on R4 @ R%;

d
gl = (VO X)) Ky, t> 8 Koy = iy xa,.
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Example 4.1. Let
b (2) = AzW + Ba® | z = (zV, 2?) e RUHe
for some d; x di-matrix A and d; X ds-matrix B. If the Kalman’s rank condition
Rank[B, AB,--- , A*B] = d,
holds for some k > 1, then (H}) is satisfied with §; = ¢zt for some constant ez > 0.

According to the proof of [52, Theorem 1.1], (H}) implies that the matrices
t
Qi = / s(T — ) K7, VPV (X,)B: K5 (s, t € (0,T]
0

are invertible with

1

(4.14) Q]| < =26, te(

0,7].

For (Xi)iefo,) solving ([A.I3) with Ly, = € PH(RHF%) and ¢ = (¢, ¢?) € L*(RU+E —
RE+2 ) et

T —+¢ t(T —t)B; K5 r _
al? = @ (X,) — T T’t/ 03Q; " K0 (Xo)ds
T J, 02ds ¢
T'r—s )

— (T - t>B:K;“,tQ;1 /0 T KT78V¢(2)(XO)bg1)(XS)d3=

t
oV = K060 (Xo) + / Ky VO (X(2)) ds, ¢ €[0,7T],
0 S
and define

o= [ o B0 020X,

(4.15)
LV (- LX) — (ag2>)f}ds, t e [0,T).

Qss

Let (D*, 2(D*)) be the Malliavin divergence operator associated with the Brownian motion
(W1)eepo,r)- The following result is due to [39, Theorem 2.3].

Theorem 4.4 ([39]). Assume(Hy}). Then h® € P(D*) with E|D*(h*)[P < oo for allp € [1,00).
Moreover, for any f € By(RU+%) and T > 0, Prf is L-differentiable such that

Dy(Prf)(p) = E[f(Xr) D* (k)]

holds for p € Po(RU+42) ¢ € L2(RUFd2 — RU+d2 1) and h® in [@IH). Consequently:
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e formula olds for the unique ¥ € 12— R, Prp) such that T) =
1) The f [ holds for th Y € L (R4+d R, Py, h that V(X
E(D*(h*)| X7).

(2) There exists a constant ¢ > 0 such that for any T > 0,

I8P = e PTG = (i ot e o,
0 S
T(T?+ 6
1P — Py < cWa(u, m%, iy € PyRAE)

4.3 Lions derivative estimates on P, f

In this part we estimate DYPrf for DDSDE with o also depending on g, which thus extends
the corresponding derivative estimate presented in Theorem [.3l

Consider the DDSDE (ILT]) with coefficients satisfying the following assumption which, by
Theorem [B.3], implies the well-posedness.

(H) Forany t > 0, by, 0, € CHH(RY x 2,), and there exists an increasing function K : [0, 00) —
[1,00) such that for any t > 0,2,y € R? and p € P25(RY),

K awq < (0007) (2, 1) < KiLgsa,

(b, )|+ [1V0: () (@) | + 1D {be(, ) } ()
+IV{o(, )} @) * + 1D o, )} ()P < Ko,

I D" {be(x, )} (1) — D" {bi(y, )} )| + 1D {ou(z, )} ) — D" {ou(y, )}
< Kilz —yl.

Let Py, f(u) := E[f(Xs,)] for f € (R and (Xg4)i>s0 solving (L) with Ly, = u €
P (R%). The following result is due to [23, Theorem 1.1].

Theorem 4.5 ([23]). Assume (HJ). Then for any t >

s >0 and f € By(RY), Ps,f is
L-differentiable, and there exists an increasing function C' : [0, 00)

— (0,00) such that

Cell £l
DEP, < . t>s, f e B(RY.
Consequently, for any t > 0 and p,v € Py(RY),
* * 201&
1PLp = Povllry =2 S |Peef (1) = Puef ()] < Z—=W(, ).



5 Exponential ergodicity in entropy

The convergence in entropy for stochastic systems is an important topic in both probability
theory and mathematical physics, and has been well studied for Markov processes by using the
log-Sobolev inequality, see for instance [7] and references therein. However, the existing results
derived in the literature do not apply to DDSDEs. In 2003, Carrillo, McCann and Villani [11]
proved the exponential convergence in a mean field entropy of the following granular media
equation for probability density functions (p;);>0 on R%:

(51) 8tpt = Apt -+ le{ptV(V + W % pt)},

where the internal potential V € C?(R?) satisfies Hessy > Al yyq for a constant A > 0 and the
d x d-unit matrix I .4, and the interaction potential W € C?(R%) satisfies W (—x) = W (z) and
Hessy > —014xq for some constant § € [0,\/2). Recall that we write M > A, for a constant
A and a d x d-matrix M, if (Mv,v) > Mv|? holds for any v € R%. To introduce the mean field

e~ V(@) dg

= TV recall the classical relative entropy
R

entropy, let uy (dx) :

Ent(v]p) := 4 PP108P) v =pp
| o0, otherwise

for p,v € 2(RY), and consider the free energy functional
v, 1 d
ETT (p) = Ent(plav) +5 [ Wiz —y)p(de)u(dy), pe PR,
Ré xR

where we set EV'W (1) = oo if either Ent(u|py) = oo or the integral term is not well defined.
Then the associated mean field entropy Ent""" is defined by
(5.2) Ent"W (p) := V'Y () — in; EYYV(), pe 2RY.
Ve
According to [IT], for V and W satisfying the above mentioned conditions, EY"" has a unique

minimizer fi.., and p(dx) := p(x)dz for probability density p; solving (5.1]) converges to fis
exponentially in the mean field entropy:

EntV""W (1) < e=A=2MEntY"W (1), ¢ > 0.

Recently, this result was generalized in [I5] by establishing the uniform log-Sobolev inequality
for the associated mean field particle systems, such that Ent""" (u,) decays exponentially for
a class of non-convex V € C?*(RY) and W € C*(R? x R?), where W (z,y) = W(y,z) and

wi(dz) := py(x)dx for p; solving the nonlinear PDE

(5.3) Orpr = Apr + div{p,V(V + W @ p1) },
where
(5.4) Wep=| W (-, y)p(y)dy.

R
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In this case, Ent""" is defined in (5.2)) for the free energy functional

EYW (1) := Ent(uluv) + 5 /  Wn(daa(dy), e 2R

To study (53)) using probability methods, we consider the following DDSDE with initial dis-
tribution pg:

(5.5) dX, = V2dB, — V{V + W & Ly, }(X,)dt,

where B; is the d-dimensional Brownian motion, Z¥, is the distribution of X;, and

(5.6) (W@ p)(x):= [ Wyu(dy), veRpe PR

R4

provided the integral exists. Let p;(x) = (Zx,)(dw) > 0. By It0’s formula and the integration

dx ’
by parts formula, we have

% ) (@)de = %E[f(Xt)] —E[(A - VV — V{W & p}) f(X)]

_ /R (@) {Af — (VV + VAW @ p,}, V) }(2)da

-/, f(@){Ape + div[peVV + p, V(W @ py)] }(z)dz, t>0, f € C(RY).

Therefore, p; solves (B.3)). On the other hand, by this fact and the uniqueness of (5.3) and
&0, if p; solves ([B3) with po(dz) := po(z)dx, then pi(x)dr = ZLx,(dz) for X, solving (B35
with "gXO = Ho-

To extend the study of [L1], [I5], we investigate the exponential convergence in entropy for
the following DDSDE on R¢:

(57) dXt = b(Xt, gxt)dt + O'(Xt)th,

where W, is the m-dimensional Brownian motion on a complete filtration probability space
(Qv {gt}tzm ]P))7
0 :RY - RIEQR™, b:RY x 2y(R?Y) — R?

are measurable.

Unlike in [I1], 5] where the mean field particle systems are used to estimate the mean field
entropy, we use the log-Harnack inequality introduced in [49] [42] and the Talagrand inequality
developed in [46], [7, 35]. Since the log-Harnack inequality is not yet available when o depends
on the distribution, in (5.7) we only consider distribution-free o.

In the following subsections, we first present a criterion on the exponential convergence
for DDSDEs by using the log-Harnack and Talagrand inequalities, then prove the exponential
convergence for granular media type equations which generalizes the framework of [I5], and
finally consider exponential convergence for (5.7)) with non-degenerate and degenerate noises
respectively.
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5.1 A criterion with application to Granular media type equations
In general, we consider the following DDSDE:
(5.8) dX; = (X, Lx,)dW; + b( Xy, Ly, )dt,
where W, is the m-dimensional Brownian motion and
o: R x Z,RY) - RY@R™, b:R? x Z,(RY) — R?

are measurable. We assume that this SDE is strongly and weakly well-posed for square inte-
grable initial values. It is in particular the case if b is continuous on R? x Z2,(R¢) and there
exists a constant K > 0 such that

(bla, 1) = by, ), w =4 + o 1) = oy, VI < Ko =yl + Wa(u,v)?),
00, 1) < K(14+ Vil 1)), @y € R v € 2o(RY,

see for instance [51]. See also [24] 58] and references therein for the well-posedness of DDSDEs
with singular coefficients. For any p € 925(RY), let Pfu = %, for the solution X; with initial
distribution Zx, = u. Let

Pof(u) = Ef(X,)] = / AP 10,7 € BRY,

We have the following equivalence on the exponential convergence of P/ in Ent and W.

Theorem 5.1 ([41]). Assume that P} has a unique invariant probability measure i, € Po(R?)
such that for some constants ty, co, C' > 0 we have the log-Harnack inequality

(5.10) Py (108 )(v) < log P f(1) + coWa(i, v)?, v € Po(RY, f € B (RY)
and the Talagrand inequality
(5.11) Wa(f1, f1oo)? < CEnt (il o), p1 € Po(RY).
(1) If there exist constants ¢y, A\, t; > 0 such that
(5.12) W (P} it foo)? < 1™ Wa(p, pioo)?, > t1, 1 € Po(RY),
then

max {¢; ' Ent (P} p|1oo), Wa (P 11, o) }

5.13
(5.13) < cre M) mip {Wa (i, poo)?, CEnt(pilpto) }, € >t +t1, 1 € P,H(RY).

(2) If for some constants A, ca,ta >0
(5.14) Ent (P} | ptes) < coe ™ MEnt(plpse), t > to, pn € Py(RY),
then

max { Ent (P} 1, fioo), O~ Wo (P 1, p1o)? }

5.15
( ) < e M) in {COWQ(M,MOO)Q, Ent(u|,uoo)}, t>tg+ty, u € Po(RY).
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When oc* is invertible and does not depend on the distribution, the log-Harnack inequality
(5I0) has been established in [5I]. The Talagrand inequality was first found in [46] for pe
being the Gaussian measure, and extended in [7] to s satisfying the log-Sobolev inequality

(5.16) poo(f2log f2) < Css(IVf), f € Cy(RY), po(f?) = 1,

see [35] for an earlier result under a curvature condition, and see [48] for further extensions.
To illustrate this result, we consider the granular media type equation for probability density
functions (p;)i>o on R%:

(5.17) Orpy = div{ant + paV(V + W ® pt)},
where W ® p, is in (5.4]), and the functions
a: RIS RIQRY, VRIS R, W:R'xR! =R
satisfy the following assumptions.
(H}) a:=(a;j)1<ij<a € C}R? = RY@R?), and a > \,1xq for some constant A, > 0.

(H2) V € C*(RY), W € C?(RY x RY) with W (x,y) = W (y, z), and there exist constants ko € R
and K1, ko, ki > 0 such that

(5.18) Hessy > kolixa, rolaaxad > Hessy > kolagsaa,

(5.19) (x, VV(2)) > Kk1|z|* — Ky, € R

Moreover, for any A > 0,

(5.20) / e V@V qzdy < oco.
R4 xRd

(H32) There exists a function by € L}, ([0, 00)) with

loc

ro 1= HHeSZWHOO /OO e% Il bo(s)dsdt <1
0

such that for any z,y, z € R,

(y =2, VV(2) = VV(y) + VW (-, 2)(2) = VIV(,,2)(y)) < |2 — ylbo(| — y]).

For any N > 2, consider the Hamiltonian for the system of N particles:

N N
1
Hy(wy,- - on) = Y Vi) + N1 > Wz, ay),
im1 1<i<j<N
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and the corresponding finite-dimensional Gibbs measure

1
ILL(N) (dxl, [N ’de) — _e_HN(x177mN)dx1 e de’
Zn
where Zy = [puy e 7@ dz < 0o due to ([B20) in (H,). For any 1 < i < N, the conditional

(N-1)

marginal of u™) given z € R? is given by

1
pM(dz) = ———e INER g, Zy(2) = / e xR g
Zn(z) Rd
Hy(x|2) == V(z) — log/ e—Zili’ll{\/(zl-)JrﬁW(x,Zi)}le coedzy g
RA(N—-1)

We have the following result.
Theorem 5.2 ([41]). Assume (H2)-(H2). If there is a constant 3 > 0 such that the uniform
log-Sobolev inequality

1
BMgN)(|Vf|2), feCHRY, M (fH)=1,N>2 2z e RIW-D

holds, then there exists a unique o € Po(R?) and a constant ¢ > 0 such that

(5.21)  pM(f*log f?) <

(5:22)  Wa(p, f1oo)” + Bt (| proc) < e P0 =07 min {Wa(pg, 1oc)” + Ent (pro|piec) }, ¢ > 1
holds for any probability density functions (p;)>o solving (B1T), where p(dx) := py(x)da, t > 0.

This result allows V and W to be non-convex. For instance, let V = V; + V5, € C?*(RY)
such that [|[Vi]le A [[VVi]lee < 00, Hessy, > Alyuq for some A > 0, and W € C?(R? x R%)
with ||[Wl|e A [|[VW||lee < 0. Then the uniform log-Sobolev inequality (5.21]) holds for some
constant # > 0.

5.2 The non-degenerate case
In this part, we make the following assumptions:

(H2) bis continuous on R? x £2,(R%) and there exists a constant K > 0 such that (5.9) holds.

(H2) oc* is invertible with A := ||(60*)7!||«c < o0, and there exist constants Ko > K; > 0
such that for any z,y € R? and pu, v € 225(R9),

lo(z) = a(W)llzs + 200z, 1) — by, v), = — y) < KyWa(p, v)* — Kalo — y/*.

According to Theorem B3] if (H1) holds, then for any initial value Xy € L*(Q — R4, %, P),
(50) has a unique solution which satisfies

E[ sup |Xt|2} < oo, T € (0,00).

te[0,7

Let Pju = %X, for the solution X; with #x, = . We have the following result.

24



Theorem 5.3 ([41]). Assume (HS) and (HZ). Then P has a unique invariant probability
measure o such that
(5.23)

c
max {Wao( P} pt, ftoo)?, Ent (P il o) } < M—lle—<K2—K1>tw2(M, l1so)?, t> 0, € Py(RY)
holds for some constant ¢, > 0. If moreover o € CZ(R? — R? @ R™), then there erists a

constant cy > 0 such that for any p € Po(RY),t > 1,
(5.24)  max {W2(Pt*/~bu fiso)?, Ent(Pt*NWOO>} < cpe” P2 KD min {W2(N7 fiso)?, Ent(ﬂ‘ﬂ%)}’

To illustrate this result, we consider the granular media equation (5.3]), for which we take
(5.25) o =V2Ia, bz, p) = —V{V+W®u}x), (z,n)€R?x Py(R?).

The following example is not included by Theorem since the function W may be non-
symmetric.

Example 5.1 (Granular media equation). Consider (B3) with V € C?*(R?) and W €
C%(R? x RY) satisfying

(5.26) Hessy > Myxq, Hessw > 01l24x24, ||[Hessw || < 92

for some constants A, > 0 and 0; € R. If A + &; — d5 > 0, then there exists a unique
foo € Po(R?) and a constant ¢ > 0 such that for any probability density functions (p;)io

solving (B.3)), p(dz) := pi(z)dx satisfies

max { W (ps, fioo)?, Ent (1] f1o0) }
< cem M)t min {Wo (1o, f100)?, Ent(po]pie) }, > 1.

Proof. Let o and b be in (5.25). Then (5.26) implies (H3) and
bz, ) = by, v),x —y) < —(A\1 + &1) |z — y|* + 02|z — y[ Wi (1, v),
where we have used the formula
Wi (p,v) = sup{u(f) —v(f): [[Vflle <1}
d2

So, by taking o = % and noting that W; < W,, we obtain

(5.27)

52
bz, p) = by,v),z —y) < —(A+ 6 — )|z —y|*+ ﬁWl(,u, v)?

J J
< —()\ + 01 — 5) |z —y|* + gwm, V)%, x oy €RY pv € Py(RY).

Therefore, if (5.26) holds for A + §; — d > 0, Theorem implies that P’ has a unique
invariant probability measure p, € P(R?), such that (527) holds for py € P5(R%). When
o & P2(R), we have Wy (po, fies)? = o0 since fie € P2(RY). Combining this with the
Talagrand inequality

Wi (p0, f100)* < CEnt (p10] 1)

for some constant C' > 0, see the proof of Theorem [(.3] we have Ent(uo|ue) = oo for py ¢
Py(RY), so that (B2T) holds for all pg € 2(R9). O
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5.3 The degenerate case

When R¥ with some k& € N is considered, to emphasize the space we use Z(RF) (Z,(RY))
to denote the class of probability measures (with finite second moment) on R*. Consider the
following McKean-Vlasov stochastic Hamiltonian system for (X;,Y;) € Ra+d .= Ré x R4z .

dX, = BY,dt,
(5.28)

4Y; = V2aW, = { BYVV(, Zx,3))(X0) + BB (BB*) X, + Y pt,

where 5 > 0 is a constant, B is a d; X dy-matrix such that BB* is invertible, and
ViR x Py(RUTd2) 5 R%

is measurable. Let

ve((2,9),(2,9) = ]z =22+ [Bly = 9)I?, (z,9),(7,5) € R"*™,

%
WY (u,v) == inf / Ypidr v € Po(RUTE),
Rd1+d2 xRd1+d2

SA(R%)

We assume

(HS) V(z, ) is differentiable in x such that VV (-, u)(x) is Lipschitz continuous in (z,p) €
R% x 22, (RU+42) Moreover, there exist constants 6,0 € R with

(5:29) b1+ 6y < B,
such that for any (z,v), (z/,y') € Ru+% and p, i/ € Py(R4+dz),

(BBH{VV (-, u)(x) = VV (-, i) (")}, z — 2"+ (1+ 8)Bly — ')

(530) > —91'¢B((5L’, y)’ (Il’ y/))2 — QQWI;B (,Ua ,U’)2.

Obviously, (HS) implies (H3) for d = m = dy + da, 0 = diag{0, V21 4,4, }, and

So, according to [51], (5.28) is well-posed for any initial value in L?(Q — R%F42 7, P). Let
P} = Zx, v, for the solution with initial distribution u € F(R% %),

Theorem 5.4 ([41]). Assume (HS). Then P} has a unique invariant probability measure i
such that for any t > 0 and p € Py(RUT42),

—2kKt

* * ce .
(531)  max {Wy(Pp, pio)?, Ent (P pilpiec) } < Tk {Ent(pl o), Wa(pt, p100)*}
holds for some constant ¢ > 0 and
2(8 =01 — )

(5.32)

R =
2428+ P2 +/B4+4
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Example 5.2 (Degenerate granular media equation). Let m € N and W € C?(R™ x
R?™). Consider the following PDE for probability density functions (p;);>o on R*™:

(5.33)  Oipe(x,y) = Aypie(w,y) — (Vapi(z,y), y) + (Vype(2,y), Vo (W ® pr)(2) + B + ),

where 3 > 0 is a constant, A,, V., V, stand for the Laplacian in y and the gradient operators
in z,y respectively, and

(W@ p)(x) := Wz, z)pi(2)dz, = €R™
R2m
If there exists a constant 0 € (0, T \/m) such that
(5.34) VW (-, 2)(x) = VW (-, 2)(z)| < 0(|Jx — Z| + |2 — 2]), 2,2 € R", 2,z €R™,

then there exists a unique probability measure 1o, € P5(R?*™) and a constant ¢ > 0 such that
for any probability density functions (p;);>o solving (5.33), u:(dx) := pi(x)dx satisfies

(5:35)  max {Wa(ju 1), Ent (el poc) } < ce™ min {Wa(juo. poc)?. Ent(piolpin) . £ > 1

holds for x — 2P-00T8VErZE)

2+2B+62+4/B1+4

Proof. Let dy = dy = m and (X},Y;) solve (5.28)) for

(5.36) B = Lysm, V(xr,u):= W(z, z)p(dz).

R2m

Let p;(2) = %(%;)(dz). By It6’s formula and integration by parts formula, for any f € C2(R*™)
we have

d d
G L e = GBI

_ /RW pe(@, Y {A f (2, y) + (Vo f (z,y),y) — (Vyf(z,y), ViV (2, p(2)d2) + Bz + y) fdady

= f(l’, y){Aypt(xv y) - <vmpt(x7 y)7 y) + <vypt(x7 y)v vxlu’t(W(xa )) + BSL’ + y>}dl’dy

R2m

Then p; solves (5.33)). On the other hand, by the uniqueness of of (B.28) and (5.33)), for any
solution p; to (B33) with po(dz) := po(z)dz € P5(R*™) for d = 2m, p(z)dz = Lx, v;)(dz) for
the solution to (5.28]) with initial distribution pg. So, as explained in the proof of Example 2.1,
by Theorem [5.4] we only need to verify (H?S) for B,V in (5.36) and

(5.37) 0 =0(5+ V2T 20T P), b= \2T2I T
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so that the desired assertion holds for

20861 —6)  28—0(1+3\/2+28+ %)

2428482+ /B +4 2428+ 82+ /B +4

By (534) and V(x, p) := (W (x,-)), for any constants aq, s, g > 0 we have
[=(VV(p)(2) = VV(, @) @),z -7+ (1+B)(y—7))
= (VW (- 2)(x) = VIW(,2)(@), 2 — T + (1 + B)(y — §) )u(d2)

W(z,),z—z+1+p6)(y—1)

+ (VW (z,-)) — (Vs
> —0{|z —z| + Wi(p, 1)} - (Jo — 2]+ 1+ B)ly — 7])

1 1 1
> (0 + ) Wa(ye, ) — 0 (1 o 5= o =+ (14 9 (g + g Jlw = ol
Take
V2+28+ 821 1 (14 )3
Q1 = , Q2 = y Q3= .
2 2¢/2+ 28+ 32 2¢/2+ 25+ 32
We have
1 1
L+toap+——=2+2+208+ 3%
dag 2
(14 8)° (L+L) —1+ 2420+ 32
40(1 4@3 n 2 ’
1
Qg + g = 5\/2+2B+52.
Therefore,
0 9 1 IR
i.e. (H) holds for B and V in (5.36) where B = I,,,x,, implies that 15 is the Euclidean distance
on R?™_ and for 0y, 0, in (5.37). O

6 Donsker-Varadhan large deviations

The LDP (large deviation principle) is a fundamental tool characterizing the asymptotic be-
haviour of probability measures {. }-~¢ on a topological space F, see [13] and references within.
Recall that . for small £ > 0 is said to satisfy the LDP with speed A(¢) — 400 (as ¢ — 0) and
rate function I : £ — [0, 4+o00], if I has compact level sets (i.e. {I < r} is compact for r € RY),
and for any Borel subset A of F,

1 1
—inf I <liminf ——log u.(A) < limsup — log . (A) < —inf I,
A° e—0 A

Ae) =0 Ale)
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where A° and A stand for the interior and the closure of A in E respectively.
In this part, we consider the Donsker-Varadhan type long time LDP [12] for p. := <7,

where
1

t
L, = —/ 5X(s)ds, t>0
l 0

is the empirical measure for a path-distribution dependent SPDE.

Let (H, (-,-),|-|) be a separable Hilbert space. For a fixed constant rq > 0, a path £ € € :=
C([—ro, 0]; H) stands for a sample of the history with time length ro. Recall that % is a Banach
space with the uniform norm

1€lloc := sup [£(0)], & €C.

0e[—ro,0]
For any map £(-) : [—79, 00) — H and any time ¢ > 0, its segment &. : [0,00) — € is defined by
&(0) =&t +86), 0¢e[—ry0],t>0.

Let &(%) denote the space of all probability measures on ¢ equipped with the weak topology,
and let %, stand for the distribution of a random variable 7. Consider the following path-
distribution dependent SPDE on H:

(6.1) dX(t) = {AX(t) + b( Xy, Zx,) }dt + o (Lx,)dW (t), t >0,
where
o (A, 7(A)) is a negative definite self-adjoint operator on Hj
e W(t) is the cylindrical Brownian motion on a separable Hilbert space H; i.ec.
W(t)=> Bi(t)é;, t=>0
i=1

for an orthonormal basis {¢;},>1 on H and a sequence of independent one-dimensional
Brownian motions {B;};>; on a complete filtration probability space (€2,.%,{.%#}i>0,P),
where .%; is rich enough such that for any 7 € 2 (%€ x €) there exists a € x ¢-valued
random variable £ on (£, %, P) such that £ = 7.

¢ b: 6 x PE€)—H, o:P(€)— LH;H) are measurable.

Let X} denote the mild segment solution with initial distribution v € (%), which is a
continuous adapted process on ¥. We study the long time LDP for the empirical measure

1 t
L ::—/ Sxvds, £ 0,
tJo s

Definition 6.1. Let &?(%¢’) be equipped with the weak topology, let & C (%), and let
J: P(€) — |0,00] have compact level sets, i.e. {J <r} is compact in & (%) for any r > 0.
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(1) {LY},ewr is said to satisfy the upper bound uniform LDP with rate function J, denoted
by {L}},er € LDP,(J), if for any closed A C Z(¥),

1
limsup — sup logP(L} € A) < — igf J.

t—00 ved

(2) {L}},cr is said to satisfy the lower bound uniform LDP with rate function J, denoted
by {L}},er € LDP(J), if for any open A C Z(%),

1
liminf — inf logP(Ly € A) > —inf J.
t ved A

t—o00

(3) {LY},c. is said to satisfy the uniform LDP with rate function J, denoted by {L}},c.s €
LDP(J), if {L"Y ey € LDP,(J) and {L'}vey € LDP(J).

We investigate the long time LDP for (6.1]) in the following three situations respectively:
1) ro =0 and H is finite-dimensional;

2) 1o = 0 and H is infinite-dimensional;

3) 7o > 0 and o is constant.

When ry > 0 and ¢ is non-constant, the Donsker-Varadhan LDP is still unknown.

To state establish the LDP, we recall the Feller property, the strong Feller property and
the irreducibility for a (sub-) Markov operator P. Let %,(%€) (resp. C,(%)) be the space of
bounded measurable (resp. continuous) real functions on €. Let P be a sub-Markov operator
on %,(€), i.e. it is a positivity-preserving linear operator with P1 < 1. P is called strong
Feller if PA,(€) C Cy(€), is called Feller if PCy(¢") C Cy(%), and is called p-irreducible for
some € P(€) if u(14P1g) > 0 holds for any A, B € #(%) with p(A)u(B) > 0.

6.1 Distribution dependent SDE on R

Let ro = 0, H = R? and H = R™ for some d,m € N. In this case, we combine the linear term
Az with the drift term b(x, 1), so that (G.I]) reduces to

(6.2) dX (1) = b(X (1), Lx()dt + o(Lx ) AW (2),

where b : RYx 25(RY) — R 0 : P5(R?) — RIQR™ and W (t) is the m-dimensional Brownian
motion. We assume

(H}) b is continuous, o is bounded and continuous such that
2(b(z, 1) = by, ),z —y) + lo(u) — o (V)llEs < —rrlw — yI* + K2 Wa (s, v)*

holds for some constants rk; > ry > 0 and all z,y € R pu, v € P5(RY).
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Under (HE), for any X (0) € L?(Q2 — RY, %, P), the equation (6.2) has a unique solution. We
write P = Ly if Lx ) = p- By [51, Theorem 3.1(2)], P} has a unique invariant probability
measure fi € P,(R?) such that

(6.3) Wo(Prv, i)? < e”W=mWy (v, 1)?, ¢ > 0,0 € Po(RY).

Consider the reference SDE

(6.4) dX (t) = b(X(t), @)dt + o(u)dW (t).

It is standard that under (H}) the equation (64) has a unique solution X?(¢) for any starting
point # € R, and ji is the unique invariant probability measure of the associated Markov

semigroup
Pf(x) = E[f(X*(1)], t>0,2 € R f € B(R).

Consequently, P, uniquely extends to L= (z1). If f € L>(ji) satisfies

t
Ptf=f+/ P,gds, ji-a.e.
0
for some g € L*°(1) and all t > 0, we write f € 9 (/) and denote &7 f = g. Obviously, we
have 2(47) D C®(R?) := {f € C°(R?) : Vf has compact support} and

d

() = 5 S o0 o (@08 (@) + 3 bile. )OS (), f € CR(R).

ij=1 i=1

The Donsker-Varadhan level 2 entropy function J for the diffusion process generated by &7
has compact level sets in Z2(R?) under the 7 and weak topologies, and by [40, 3.11], we have

00, otherwise.

J() = {sup{fRd %deyz 1< feg(d)}, ifv<y,

Theorem 6.1 ([40]). Assume (Hg). For any r,R >0, let B, p = {v € PR?) :v(el") < R}.

(1) We have {L}},e%, , € LDP,(J) for all v,R > 0. If P, is strong Feller and pi-irreducible
for some t >0, then {L}},e%, , € LDP(J) for all v, R > 0.

(2) If there exist constants €, c1,co > 0 such that
(6.5) (z,b(z,v)) < ¢ — colz*F, xR v e PR,

then {L}},c 2,@way € LDP,(J). If moreover P, is strong Feller and i-irreducible for some
t >0, then {LY},en ey € LDP(J).

To apply this result, we first recall some facts on the strong Feller property and the irre-
ducibility of diffusion semigroups.
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Remark 6.2. (1) Let P; be the (sub-)Markov semigroup generated by the second order differ-
ential operator

o =Y U+,
i=1
where {U; }™, are C-vector fields and Uy is a continuous vector field. According to [31, Theorem
5.1], if {U; : 1 < i <m} together with their Lie brackets with Uy span RY at any point (i.e. the
Hérmander condition holds), then the Harnack inequality

Pof(z) <o(t,s,2,y)Pusf(y), t.s>0,z,yeRY fe B (R

for some map ¥ : (0,00)% x (RY)? — (0,00). Consequently, if moreover P; has an invariant
probability measure [i, then P; is fi-irreducible for any t > 0. Finally, if {U;}o<i<m are smooth
with bounded derivatives of all orders, then the above Hormander condition implies that P, has
smooth heat kernel with respect to the Lebesque measure, in particular it is strong Feller for any
t>0.

(2) Let P, be the Markov semigroup generated by

d d
eiy_ = Z dij@@j —|— Z Bzﬁj,
ij=1 i=1
where (a;;(x)) is strictly positive definite for any x, a; € HP: (dz) and b; € LF (dx) for some
p>dandalll <4,j < d. Moreover, let ji be an invariant probability measure of Py. Then
by [8, Theorem 4.1], P, is strong Feller for all t > 0. Moreover, as indicated in (1) that [31,

Theorem 5.1] ensures the fi-irreducibility of P; fort > 0.

We present below two examples to illustrate this result, where the first is a distribution
dependent perturbation of the Ornstein-Ulenbeck process, and the second is the distribution
dependent stochastic Hamiltonian system.

Example 6.1. Let o(v) = I +eoo(v) and b(z,v) = —i(00*)(v)z, where [ is the identity
matrix, € > 0 and oy is a bounded Lipschitz continuous map from Z,(R%) to R? @ R?. When
e > 0 is small enough, assumption (H;) holds and that P, satisfies conditions in Remark B.2(2).
So, Theorem E1)(1) implies {L} } e, , € LDP(J) for all 7, R > 0.

If we take b(x, v) = —x—c|z|’x for some constants ¢, § > 0, then when ¢ > 0 is small enough
such that (M) and (E.3) are satisfied, Theorem [6.1(2) and Remark 6.2/(2) imply {L{ },c 2, ®q) €

LDP(J).

Example 6.2. Let d = 2m and consider the following distribution dependent SDE for X (¢) =
(XD (), XA (t)) on R™ x R™ :

dXW () = {XO) — AXD(t)}dt
dXP () ={Z(X(t), Lx@) — A XD ()} dt + odW (1),
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were A > ( is a constant, o is an invertible m x m-matrix, W(t) is the m-dimensional Brownian
motion, and Z : R¥™ x P5(R*™) — R™ satisfies

| Z(z1,01) — Z(22, )| < an]zl?) — 2| + an|2l? — 28| + agWa (1, 1)
for some constants aq, o, 3 > 0 and all x; = (:)3(1) 93@)) eERM™ y; € Po(R™),1<i <2 1If

[ a1

(6.6) 4N > igg {2035 + azs™ 4+ 200 + VA(L + a1)? + (202 + azs1)?},

then {L}},ec%, , € LDP(J) for all r, R > 0.
Indeed, b(z,v) = (z® — X\aM, Z(z,v) — Az?) satisfies
2(b(x1, 1) = b(w2, 12), T1 — T2)
< =22 = 23" = 2~ ag)ay” — a5”
+ 2|l’§2) — x52)|{(1 + a1)|x§1) — atél)| + asWs (11, 10) }
< a3sWo(vy, 15)? — {2X — 6(1 + ozl)}|:£§l) — x§1)|2
—{2X =205 — 01 + ay) — 0438_1}|£L'§2) - x§2)|2, 5,0 >0
for all 1,25 € R*™ and vy, 15 € P5(R*™). Taking

5= 2009 + ags™! 4 \/4(1 + a1)? + (209 + azr—1)?
B 2(14+ o)

such that §(1 + a1) = 29 + 011 + ;) + azs™', we see that (H}) holds for some k1 > kg
provided 2\ — §(1 + ;) > ags for some s > 0, i.e. (60) implies (H}). Moreover, it is easy
to see that conditions in Remark [6.2(1) hold, see also [16 52] for Harnack inequalities and
gradeint estimates on stochastic Hamiltonian systems which also imply the strong Feller and
ji-irreducibility of P,. Therefore, the claimed assertion follows from Theorem B.I(1).

6.2 Distribution dependent SPDE
Consider the following distribution-dependent SPDE on a separable Hilbert space H:
(6.7 AX (1) = {AX(E) + B(X (), L)}t + 0( L) AW (1),

where (A, Z(A)) is a linear operator on H, b : H x Z5(H) — H and o : Z5(H) — IL.(IH; H)
are measurable, and W (t) is the cylindrical Brwonian motion on H. We make the following
assumption.

(H2) (—A, 2(A)) is self-adjoint with discrete spectrum 0 < A\; < Ay < -+ - counting multiplici-
ties such that 3.°° A7™" < 0o holds for some constant v € (0, 1).
Moreover, b is Lipschitz continuous on H x &, (H), o is bounded and there exist constants
o, a9 > 0 with Ay > a1 + as such that
2(z —y,b(z, p) = 0y, v)) + llo(u) — o (V)llfrs < 201l — y[* + 200 Wa (p, v)?

holds for all z,y € H and p,v € Z5(H).
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According to Theorem [40, Theorem 3.1], assumption (HZ) implies that for any X (0) € L*(Q —
H, .%,,P), the equation (6.7) has a unique mild solution X (). As before we denote by X*(¢)
the solution with initial distribution v € Z25(H), and write Pjv = Zxv(). Moreover, by Ito’s
formula and k := A} — (a; +a2) > 0, it is easy to see that P has a unique invariant probability
measure i € P5(H) and

(6.8) Wy (P, i) < e "Wy(v, i), t>0.
Consider the reference SPDE
dX (t) = {AX(t) + b(X (1), ) }dt + o ()dW (1),

which is again well-posed for any initial value X (0) € L?(2 — H,.%,,P). Let J be the Donsker-
Varadhan level 2 entropy function for the Markov process X (t), see [40, Section 3]. For any
r, R >0 let

By = {ve 2MH) vl <R}

Theorem 6.3 ([40]). Assume (HZ). If there exist constants € € (0,1) and ¢ > 0 such that
(6.9) (A b(a, p) < e +el(=A)2al?, z € 2((=A)?),

then {L}},e, » € LDP,(J) for all r,R > 0. If moreover P, is strong Feller and fi-irreducible
for some t >0, then {L}},e%, , € LDP(J) for all v, R > 0.

Assumption (HZ) is standard to imply the well-posedness of (6.7]) and the exponential
convergence of P in W,. Condition (€9) is implied by

(6.10) (=42 b(a, p)| < €(=A)2a| + ¢,z € D((-A)?)
for some constants € € (0,1) and ¢ > 0. In particular, (€9) holds if |b(z, p)| < ¢1 + co|z| for

some constants ¢; > 0 and ¢ € (0, \1).

6.3 Path-distribution dependent SPDE with additive noise
Let H = H and o € L(H). Then (GI)) becomes

(6.11) dX(t) = {AX () + b(Xy, Lx,) }dt + odW ().

Below we consider this equation with o being invertible and non-invertible respectively.

6.3.1 Invertible o

Since o is constant, we are able to establish LDP for b(¢, -) being Lipshcitz continuous in W,
for some p > 1 rather than just for p = 2 as in the last two results.

(H3) o € L(H) is constant and (A, Z(A)) satisfies the corresponding condition in (Hy). More-
over, there exist constants p > 1 and ay, as > 0 such that

|b(§a,u) - 5(77, V)| < O‘1”5 - 77”00 +O‘2Wp(:u’ V)a fﬂ? € Cg’u’y € ‘@p(%)
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Obviously, (H3) implies assumption (A) in [40, Theorem 3.1], so that for any Xy € LP(Q2 —
€, F0,P) with v = ZLyy, the equation (G.I1) has a unique mild segment solution X} with

E[ sup ||Xt”||§o] < oo, T >0.
te[0,7

Let Pfv = Lxv for t > 0 and v € Z,(F).

When P} has a unique invariant probability measure i € Z2,(%), we consider the reference
functional SPDE
(6.12) dX (t) = {AX(t) + b(Xy, 1) fdt + odW (2).

By [40, Theorem 3.1], this reference equation is well-posed for any initial value in LP(Q2 —
€, %y, P). For any ¢, R > 0, let

Iern={ve2€): v(eflx) < R}.
Theorem 6.4 ([40]). Assume (H3). Let 0 € [0, \{] such that

Ky =0 — (a1 + az)e’®™ = sup {r — (g + ag)eprro}.
re[0,A1]

(1) For any vy,1vs € Z,(6),

(613) Wp(F)t*Vlu Pt*l/g)p S ep@ro—pnptwp(yh I/Q)p, t Z 0.

In particular, if k, > 0, then P has a unique invariant probability measure i € P,(€)
such that

(6.14) W, (Pfv, i)P < eP/omPret W (v )P, t>0,v € P,(F).

(2) Let o be invertible. If rk, > 0 and sup,e( , (s — c1e”) > 0, then {L},es. , € LDP(J)
for anye, R > 0, where J is the Donsker-Varadhan level 2 entropy function for the Markov
process X; on €.

Example 6.3. For a bounded domain D C RY, let H = L?(D;dx) and A = —(—A)%, where
A is the Dirichlet Laplacian on D and o > g is a constant. Let o = I be the identity operator
on H, and

b€, 1) = bo(p) + a / §MO(dr), (£.1) € x P(T),

where a; > 0 is a constant, O is a signed measure on [—rp, 0] with total variation 1 (i.e.
|©]([—r0,0]) = 1), and by satisfies

bo(1) — bo(v)| < CaWi(p,v), p,v € P1(F)
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for some constant ap > 0. Then (Hg) holds for p = 1, and as shown in he proof of Example
1.1 in [3] that
(dn®)®
M > A= ——
b= R(D)?’
where R(D) is the diameter of D. Therefore, all assertions in Theorem hold provided

sup {r — (oq + ag)e™} > 0.
re(0,M]

In particular, under this condition {L}},e . , € LDP(J) for any ¢, R > 1.

6.3.2 Non-invertible o

Let H = H; x Hy for two separable Hilbert spaces H; and H,, and consider the following
path-distribution dependent SPDE for X (¢) = (XM (¢), X®)(¢)) on H:

615 dXM(t) = {A, XD (t) + BXP)(t)}dt,
(6.15) AXO(1) = {As X (1) + Z(Xo, Ly bt + odW (1),

where (A;, Z(A;)) is a densely defined closed linear operator on H; generating a Cy-semigroup
edi (i = 1,2), B € L(Hy;H,), Z : € + Hy is measurable, o € L(H,), and W (t) is the
cylindrical Wiener process on Hy. Obviously, (6:15) can be reduced to (6.I1) by taking A =
diag{A;, Ay} and using diag{0, o} replacing o, i.e. (6.I3) is a special case of (6.11]) with non-
invertible o.

For any a > 0 and p > 1, define

RSBl

o) i= il ([ (@l — e+ 6 - 0 ) e da) )

We(g(ljl ,1/2)

We assume

(H}) Let p > 1 and a > 0. (—Ay, Z(Ay)) is self-adjoint with discrete spectrum 0 < \; <
A2 < --- counting multiplicities such that »"°, A < oo for some v € (0,1). Moreover,
Ay < §— ) for some constant 6§ > 0; i.e., (Ajx, ) < (6§ — A;)|z|? holds for all z € Z(A,).

Next, there exist constants K7, Ky > 0 such that

|Z (&1, 11) — Z(&a, 112)|
< K6 = € loo + Fo|I6) — €7 |0 + KW, (1, 10), (&,15) € C X Py(6).

Finally, o is invertible on Hy, and there exists Ay € L(Hy;H;) such that for any ¢ > 0,
Bet42 = A1t B holds and

t
Q= / s BB*etMod s
0
is invertible on H.
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By [0, Theorem 3.2] for Hy = H, and diag{0,c} replacing o, (Hg) implies that for any
Xo € LP(Q — €, .F0,P) equation (6.I5]) has a unique mild segment solution. Let Pfv = Zy,
for Lx, =v € Z,(F).

Theorem 6.5 ([40]). Assume (Hg) for some constants p > 1 and « > 0 satisfying

1
(6.16) a<ad ::m{é—K2+\/(5—K2)2+4K1||BH},
where || - || is the operator norm. If
(6.17) inf se™"° > Ky + || B|| + K3,
s€(0,M1]

then P} has a unique invariant probability measure [i such that
(6.18) W,(Prv, i)’ < e W(v, ), v € Py(€),t 20

holds for some constants ci,ca > 0, and {Li },es. , € LDP(J) for any e, R > 1, where J is the
Donsker-Varadhan level 2 entropy function for the associated reference equation for X (t).

Example 6.4. Consider the following equation for X (¢) = (X" (¢), X®(¢)) on H = H, x H
for a separable Hilbert space Hy:

dXO ) = {an XP(t) — M XD (¢)}de
AX@(t) = {Z(Xy, Zx,) — AXP(t)}dt + dW (1),

where oy € R\ {0}, W (¢) is the cylindrical Brownian motion on Hy, A is a self-adjoint operator
on Hy with discrete spectrum such that all eigenvalues 0 < A\; < Ay < - -+ counting multiplicities

satisfy
o0
Z N < 0o
i=1

for some v € (0,1), and Z satisfies
1 Z (&1, 1) = Z(&a,10)] < o€y — Ealloe + sWa(v1,10), (6 1i) € C X Po(F),i =1, 2.

1
o= E(\/O&%+4a1a2—a2>.

Then P has a unique invariant probability measure fi € &5(%), and {L{},cs,, € LDP(J)
for any R,q > 1 if

Let

. _ (6%}
6.19 nf se™° > ay + oo + )
( ) 861[0,)\1] ? 1 1N«

Indeed, it is easy to see that assumption (Hg) holds for p=2,6 =0, ||B|| = a1, K1 = Ky = g
and K3 = {72. So, we have a = o' and (6.19) is equivalent to (6.17). Then the desired assertion
follows from Theorem [6.5]
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7 Comparison theorem

The order preservation of stochastic processes is a crucial property for one to compare a com-
plicated process with simpler ones, and a result to ensure this property is called “comparison
theorem” in the literature. There are two different type order preservations, one is in the distri-
bution (weak) sense and the other is in the pathwise (strong) sense, where the latter implies the
former. The weak order preservation has been investigated for diffusion-jump Markov processes
in [10, 54] and references within, as well as a class of super processes in [53]. There are also
plentiful results on the strong order preservation, see, for instance, [4, 14} 26], 32, 34] [56] and
references within for comparison theorems on forward/backward SDEs (stochastic differential
equations), with jumps and/or with memory. Recently, sufficient and necessary conditions have
been derived in [20] for the order preservation of SDEs with memory.

On the other hand, path-distribution dependent SDEs have been investigated in [19], see also
[51] and references within for distribution-dependent SDEs without memory. In this section,
sufficient and necessary conditions of the order preservations for path-distribution dependent
SDEs are presented.

Let ro > 0 be a constant and d > 1 be a natural number. The path space C = C([—rg, 0]; RY)
is Polish under the uniform norm || ||o. For any continuous map f : [~79,00) — R% and ¢t > 0,
let f; € C be such that fi(0) = f(0 +t) for 8 € [—ry,0]. We call (f;)i>o the segment of
(f(t))t>—ry- Next, let Z(C) be the set of probability measures on C equipped with the weak
topology. Finally, let W(¢) be an m-dimensional Brownian motion on a complete filtration
probability space (2, {.%# }+>0,P).

We consider the following Distribution-dependent SDEs with memory:

(7.1) {dX(t) = b(t, X, Ly, dt + o(t, X, Lx,) AW (1),

dX(t) = b(t, X;, Lx,) dt + 5 (t, X;, Lx,) AW (1),
where B
b,b:[0,00) x € x P(C) = R% 7,6:[0,00) x € x Z(C) = R @ R™

are measurable.

For any s > 0 and .Z,-measurable C-valued random variables &, &, a solution to (Z.I)) for
t > s with (X,, X,) = (£,€) is a continuous adapted process (X (t), X (t));>s such that for all
t> s,

X(t) =£(0) +/ b(r, Xr,fxr)der/ o(r, X, Zx,)dW(r),
X0 =€0)+ [ 60X L)+ [ o X 2 )aW (),
where (X;, X;);>s is the segment process of (X (¢), X (t))i>s_r, With (Xs, X) = (£,€).

Following the line of [19], we consider the class of probability measures of finite second
moment:

2(0) = {ve 2(©) s vl 1) = [ lelnag) < oo},
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It is a Polish space under the Wasserstein distance

Wa(ju,iz) = inf (/ ||§—77||§07T(d§,d77)) i € (O,
CxC

S 6)(/»‘1 71“‘2)

where € (pu1, 1) is the set of all couplings for iy and ps.
To investigate the order preservation, we make the following assumptions.

(H}) (Continuity) There exists an increasing function a : R, — R, such that for any ¢ >
0757776 C’/”’?I/e L@2((3)7

|b(t7£7:u) - b(tvnv )‘2 + ‘b(t 5 M) (t nv )‘2 + ||U(t7£7:u> - U(tvnv V)H%{S
+ Ha-(tvgwu’) - 5(t7777 )HHS < Oé( )(Hg - 77Hc2>o +W2(:u7 V>2)'

(H}) (Growth) There exists an increasing function K : R, — R, such that
|b(t7 0, 50)‘2 + |B(t7 0, 50)‘2 + HO’(T,, 0, 50)”%{5‘ + ||5(t7 0, 50)“.3{5 < K(t)v t=>0,
where dq is the Dirac measure at point 0 € C.

It is easy to see that these two conditions imply assumptions (H1)-(H3) in [19], so that by
[19, Theorem 3.1], for any s > 0 and .#;-measurable C-valued random variables &, ¢ with finite
second moment, the equation (ZI) has a unique solution {X (s, &;t), X (s,&;1) }>s with X, =€
and X, = £. Moreover, the segment process {X (s, &), X (5,€);}i>s satisfies

(7.2) E s (X (5, ©)ell2e + [1X (5, )ellz) < 00, T € [s,00).

te(s, T

To characterize the order-preservation for solutions of ([I]), we introduce the partial-order
on C. For z = (2',--- ,2%) and y = (y%,---,y?) € RY, we write 2z < y if 2* < ¢ holds for
all 1 < i < d. Similarly, for £ = (&,---,&%) and n = (pt,--- ,n?) € C, we write & < n if
£1(#) < n'(#) holds for all § € [—ry,0] and 1 <4 < d. A function f on C is called increasing if

f(&) < f(n) for & < n. Moreover, for any &1,& € C, & A& € C is defined by

(&N &) =min{¢], &), 1<i<d.

For two probability measures p,v € Z(C), we write p < v if u(f) < v(f) holds for any
increasing function f € C,(C). According to [29, Theorem 5], p < v if and only if there exists
7 € € (,v) such that 7({(£,n) € C*: £ < n}) = 1.

Definition 7.1. The stochastic differential system ([I]) is called order-preserving, if for any
s>0and ¢ €€ L2(Q — C,.Z,P) with P(¢ < &) =1,

P(X(s,{;t) < X(s,6:t), t> s) =1.

We first present the following sufficient conditions for the order preservation, which reduce
back to the corresponding ones in [20] when the system is distribution-independent.
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Theorem 7.1. Assume (H2) and (H2). The system (T1)) is order-preserving provided the
following two conditions are satisfied:

(1) Forany 1 <i<d, u,ve Po(C) with u < v, &,n € C with £ <n and £(0) = n*(0),
bi(t, & pu) < b'(t,n,v), ae t>0.

(2) For a.e. t >0 it holds: o(t,-,-) = &(t,-,-) and c(t,&, u) = o (t,n,v) for any 1 < i < d,
1<j<m, p,ve Py(C) and &,n € C with £(0) = n*(0).

Condition (2) means that for a.e. t > 0, o(t,&,u) = (t,&, ) and the dependence of
o (t, &, p) on (&, u) is only via £4(0).

On the other hand, the next result shows that these conditions are also necessary if all
coefficients are continuous on [0,00) x C x Z5(C), so that [20, Theorem 1.2] is covered when
the system is distribution-independent.

Theorem 7.2. Assume (H?}), (H2) and that (1) is order-preserving for any complete filtered
probability space (Q, {Fi}i>0, P) and m-dimensional Brownian motion W (t) thereon. Then for
any 1 < i < d, p,v € Po(C) with p < v, and &,n € C with £ < n and £(0) = n*(0), the
following assertions hold:

(1) b'(t, &, p) < U (t,n,v) if b and b* are continuous at points (t, &, i) and (t,m,v) respectively.

(2") Foranyl <j<m,d"(t,&p)=ac"(t,n,v) ifc and " are continuous at points (t,&, j1)
and (t,n,v) respectively.

Consequently, when b,b,o and & are continuous on [0,00) x C x P5(C), conditions (1) and
(2) hold,
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