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ABSTRACT

Off-policy evaluation (OPE) is the problem of evaluating new poli-
cies using historical data obtained from a different policy. In the
recent OPE context, most studies have focused on single-player
cases, and not on multi-player cases. In this study, we propose OPE
estimators constructed by the doubly robust and double reinforce-
ment learning estimators in two-player zero-sum Markov games.
The proposed estimators project exploitability that is often used as
a metric for determining how close a policy profile (i.e., a tuple of
policies) is to a Nash equilibrium in two-player zero-sum games. We
prove the exploitability estimation error bounds for the proposed
estimators. We then propose the methods to find the best candidate
policy profile by selecting the policy profile that minimizes the
estimated exploitability from a given policy profile class. We prove
the regret bounds of the policy profiles selected by our methods.
Finally, we demonstrate the effectiveness and performance of the
proposed estimators through experiments.
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1 INTRODUCTION

Off-policy evaluation (OPE) is the problem of evaluating new poli-
cies using historical data obtained from a different policy. Because
online policy evaluation and learning are usually expensive or risky
in various applications of reinforcement learning (RL), such as
medicine [33] and education [31], OPE is attracting considerable
interest [1, 23, 25, 29, 47, 48, 56]. In the recent OPE context, most
studies have focused on single-player cases rather than multi-player
cases.

Multi-Agent Reinforcement Learning (MARL) is a generaliza-
tion of single-agent RL for multi-agent environments. It is widely
applicable to situations where there are multi-agent interactions,
such as security games, auctions, and negotiations. In recent years,
MARL has achieved many successes in the games Go [43, 44] and
poker [6, 7]. MARL is a field with potential real-world applications,
such as automated driving [41].
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In this study, we propose OPE estimators in two-player zero-
sum Markov games (TZMGs), which is one of the problems dealt
with in MARL. In general, existing OPE estimators in RL estimate
the discounted value of a new policy. However, estimating the
discounted value is ineffective when the policy of the other player
is unknown. Unlike these estimators, for OPE in MARL, our OPE
estimators evaluate a strategy profile by estimating exploitability,
which is a metric for determining how close a strategy profile
is to a Nash equilibrium in TZMG. The proposed exploitability
estimators are constructed by the doubly robust (DR) [19] and
double reinforcement learning (DRL) [21] value estimators. We
prove that the proposed exploitability estimators are y/n-consistent
estimators for the true exploitability.

We also propose the methods to find the best candidate strategy
profile from a given strategy profile class. The proposed methods
select the strategy profile that minimizes the exploitability pro-
jected by our exploitability estimators. Then, we prove that we
can consistently select the true lowest-exploitability policy profile
using the proposed methods.

To demonstrate the effectiveness of our exploitability estima-
tors, we compare our estimators to the estimators based on the
following representative value estimators: importance sampling
(IS), marginalized importance sampling (MIS), direct method (DM)
value estimators. The results show that the exploitability estimators
based on the DR and DRL value estimators generally outperform
the other estimator-based methods. To the best of our knowledge,
this is the first proposed estimators for exploitability for OPE in
TZMGs.

2 PRELIMINARY

2.1 Two-Player Zero-Sum Markov Game

A TZMG is defined as a tuple (S, Ay, A2, T, P, P, PR, y), where S
represents a finite state space; A; represents an action space for
player i € {1, 2}; T represents a horizon; P; : S — [0, 1] represents
an initial state distribution; Pt : & X A; X Ay x S — [0,1]
represents a transition probability function; PR : SX A1 X A2XR —
[0, 1] represents a reward distribution; and y € [0, 1] represents
a discount factor. We define R : S X A; X A, as a mean reward
function of Pg. For t = 1,---, T, we define r; ~ Pr(ss, a}, a?) asa
player 1’s reward for taking actions a} and af at state s, and define
—r; as a player 2’s reward. Let 7;; : S X A; — [0, 1] be a Markov
policy for player i at step t < T, and let ; = (3,+); <7. We define
7 = (m,m2) as a strategy profile or a policy profile. The T-step
discounted value of the policy profile (i1, 72) for each player is



represented as follows:
T

01(m1, 2) = Eny 1y [Z Y], v2(my, ) = o1 (1, 72).
t=1

We further define the state value function of state s; at step t (1 <
t < T) as follows:

T
Vie(se) = Em,nz[z Yk_trk|5t], Vo, (st) = =V, (st).
k=t
Based on the state value function, we define the state-action value
function of taking actions a% and a% at state s; as follows:

1 2 1 2 1 2
Qu1,¢(st, a5, ay) = R(s¢, ay, ay) + Ep, [yVa,e+1(se1) |5t ay, ag ],

Qz,t(st, a}, a%) = —Ql,t(st, a%, a?).

For a given policy profile 7, we recursively define the marginal
state-action distribution pf (sts a%, a?) at step ¢ as follows:

1 2 1 2
7 (st,ap, a7) = my ¢ (ag|se) o, (aglsy)

1 2 1 2
: Z Z Z PT(St|St_1, at—l’ at_l)Pf,l(St—l, at—l’ at—l)’

st1€S a)_ €A, a_ €Ay

where p7 (s1,a}, a%) = m11(ajls1)m2,1(a?]s1)Pr(s1).

2.2 Nash Equilibrium and Exploitability

A common solution concept for two-player zero-sum games is a
Nash equilibrium [34, 42], where no player cannot improve by de-
viating from their specified strategy. In TZMGs, a Nash equilibrium
7* = (xf, m}) ensures the following condition:

Vri € Q1, Yy € Qp, v1(n), m2) > 01(n], 7)) = v1(m1, 7)), (1)
where Q1 and Q3 are the whole policy sets, i.e., the sets of all possible
Markov policies for players 1 and 2, respectively. The best response
is a policy for player i that is optimal against 7_;, where 7_; is a
policy for a player other than i. Here, we introduce the value known
as exploitability, which is a metric for measuring how close a policy
profile 7 is to a Nash equilibrium 7* = (], z’) in two-player zero-
sum games. Formally, the exploitability of 7, 75 is represented as
follows:

0™ (4, m3) = max vz(my, 75) — 03 (1, 72)
T, €Q,
+ max vy (7], m2) — vz (71, 72)
T EQ)
= max vq(7], ) + max 02(m, 75).
T EQ) 7, €Q;
Note that in two-player zero-sum games, we can rewrite the ex-
ploitability as v**P (11, 13) = 03 (nf, 7'[2*) — ming ¢q, v1 (71, 7)) +
vp(nf, my) - min, cq, v2(7{, m2). From the definition, a Nash equi-
librium 7* has the lowest exploitability of 0.

3 OFF-POLICY EVALUATION IN
TWO-PLAYER ZERO-SUM MARKOV GAMES

In this study, we assume that we can observe the historical data
_ 1 2 12 n
D = {(8i,1 8515 A7 15 Tigs -+ 5 Si,T> @5 15 7 T T SiT+1) Yimps

where n € N denotes the number of sampled trajectories. The data
is sampled using a fixed policy profile 7% = (nf , ﬂ'zb ). We refer to

this policy profile as a behavior policy profile. The distribution of D
is then defined as follows:
T
Pr(sy) [ | 22, (aplse)nh (@b lse) Pr(relse, @}, af)Pr (sesalst. af, ab).
t=1

In most of the studies related to OPE, the goal is to estimate the
discounted value of a given target policy from the historical data.
However, this goal is not appropriate for multi-agent environments
because, in general, in TZMGs, the policy of the opponent player is
unknown, and one may play a game against a different policy than
the target policy. In this case, the discounted value of the target
policy depends critically on the opponent player’s policy. Therefore,
when the opponent policy is unknown, it is not worth estimating
the discounted value against a specific policy. In this study, for OPE
in TZMGs, we estimate the exploitability of a given target policy
profile 7€ = (x{, x7) from the historical data instead of estimating
the discounted value. In other words, we estimate the value against
the worst opponent policy for each player.

In this study, we assume that we are constrained to consider
each player’s policies within pre-defined policy classes I € Q1

and IT; C Q;. In this case, if the best responses arg max vy (1], m5)

1 €Il
and arg max vz (75, ﬁz’) are not included in IT; and II2, we cannot
7'[; €ll,
calculate the true exploitability v**® (x{, 7). Therefore, instead of
calculating v™P (7{, ), our exploitability estimators project the
following value:

exp e e — ’ e e ’
) 7,75 ) = max v (g, T, ) + max v (77, .
7 rfor) = e (o) + s oo )

where IT = IT; XII3 is a policy profile class. Note that our exploitabil-
ity estimators project the exploitability from the historical data,
without the structure information Py, Pr, Pg, and R.

3.1 Notation

For simplicity, we abbreviate terms like V1 (s;) as V1,¢. For a policy
profile 7z, we define the following variables (note that each variable
implicitly depends on r):

mk (ay Isi) mok (@l |sk)
7l (ap lsi) ey (aklse)”
° p = ]_[]tC=1 nk: the cumulative density ratio;
P7 (st,a1,47)
P (snaba?)

° ﬁlb the estimators of lrg’;

® N = the density ratio;

® ;= : the marginal density ratio;

o Q1 ;: the estimators of Q1 ¢;
ke (ag Isi) mox (ak Isk)

——k———— Kk _—-: the estimator of p;.
AP (alIse) 72, (a[s) Pt

o pr =Tl
Besides, we use the notation Eg [ f(X)] = ﬁ Yxen f(x) as an
empirical average over D, and we use V[-] as a variance.

In the proofs presented in this study, we make the following
assumptions regarding the overlapping of the policies and bounds
of rewards and estimators, which are standard in the existing OPE
literature [21, 22, 56]:

AssUMPTION 1. 0 < 5y < C, |r¢| € Rmax foralll <t <T.

ASSUMPTION 2. 0 < p;
<

(T+1-1t)Rmax foralll <t



4 OFF-POLICY VALUE ESTIMATORS

In this study, we construct the exploitability estimators using DR
and DRL value estimators [19, 21], which are the efficient estimators
for the discounted value v; (71, 72). Therefore, in this section, we
discuss the off-policy value evaluation and propose DR and DRL
estimators for the discounted value in TZMGs. To distinguish these
estimators from the exploitability estimators, we refer to them as
value estimators.

4.1 Efficiency Bound in Two-Player Zero-Sum
Markov Games

First, we discuss the (semiparametric) efficiency bound, which is
the lower bound of the asymptotic mean squared error of OPE,
among regular y/n-consistent estimators. Following the general
literature [49], we discuss the efficiency bound of the discounted
value in TZMGs. An efficiency bound is defined for estimators
under several conjectured models of the data generating process.
If the conjectured model is parametric, the efficiency bound is
equal to the Cramér-Rao lower bound. Even if the conjectured
model is non-parametric or semi-parametric, we can still define a
corresponding Cramér-Rao lower bound. Here, we introduce the
following theorem from [21].

THEOREM 1 (EFFICIENCY BOUND IN TZMGs). The efficiency bound
of v1 (1, m2) in TZMGs is

T
Ye = V[Vl + Y Ely* D pdVir + vV st ap, af1l,
t=1

where Vi 741 = 0.

4.2 Efficient Off-Policy Value Estimators

In this section, we propose the DR and DRL value estimators in
TZMGs and their asymptotic properties.

Double Robust Estimator: We extend the DR value estimator
for Markov decision processes (MDPs) proposed by [19] to apply to
TZMGs. For the theoretical guarantees, we consider the cross-fitting
version of the DR value estimator. We split the historical data into
K evenly-sized folds. Next, for each fold k, we construct estimators
f)t_k and Ql_]; based on all the data except fold k. We define the DR
value estimator as follows:

ZT: Yt—l (pAt—k(l') (rt _ Q;,,:(i))+ﬁ;—lcl(i) Vt—k(i) )} i

t=1

PR (1, 1) =Ep

DR (711, m3) = —PR (71, 72),

where V[_km = E”[Q;f(i) Is:]! and k(i) denotes the fold that con-
tains the i-th data point. By extending the proof of Theorem 4
in [21] to the case of TZMG, we can easily show the asymptotic
property of the DR value estimator.

THEOREM 2 (ASYMPTOTIC PROPERTY OF THE DR VALUE ESTI-
MATOR). Suppose 1 < t < T,1 < k < K, ||Q1_Itc - Quellz =

E, [Q;I;(i) s¢] is the expected value taken only over a' ~ 1, (a'|s;) and a® ~

ﬂz,t(dz Ise).

0p(n™), 157% = pell2 = 0p(n™%), where a1 > 0,a2 > 0, and
ay + ay > 1/2. Then,

V(PR (24, 73) = 01 (71, 72)) > N0, YPR),

. d
Vn(6pR (1, ma) = va (1, 7m2)) = N (0, YR,
where
T
TR = V[Ve ]+ Y B piVIre + Vi sk af af by 11,
t=1
and V1’T+1 =0.

The proof of this theorem is shown in Appendix B.2. As in [19,
21], we can easily show that YPR is the semiparametric efficiency
bound under games where the current state s; uniquely determines
a trajectory.

Double Reinforcement Learning Estimator: In addition to
the DR value estimator, we extend a DRL value estimator with
cross-fitting for MDPs proposed by [21] to one for TZMGs. The
DRL value estimator is defined as follows:

5 e G i 1)
=

0DRE (1, 13) = —0PRE (1, 72).

By extending the proof of Theorem 10 in [21] to the TZMG case, we
can again show the asymptotic property of the DRL value estimator.

z??RL(m, m)=Ep

>

THEOREM 3 (EFFICIENCY OF THE DRL VALUE ESTIMATOR). Suppose
1<t <T1 <k <K OF - Quellz = 0p (), [li* = pellz =
0p(n~%), where ay > 0,az > 0, and ay + a2 > 1/2. Then,

N d
V(PR (7, 75) — 01 (711, 72)) — N (0, Yp),

N d
V(65" (11, 72) = 01 (m1, 72)) = N (0, Yi),
where Ygp is an efficiency bound in Theorem 1.

According to this result, the DRL value estimator is efficient un-
der mild assumptions, whereas the IS, MIS, DM, and DR estimators
may be inefficient.

4.3 Other Candidates of Value Estimators

In this study, we compare our exploitability estimators to the esti-
mators constructed by the IS, MIS, and DM value estimators. This
section summarizes these value estimators.

Importance Sampling Estimator: An IS estimator is repre-
sented as follows:
T

Z Y per

t=1

555(71'1,7[2) = Ez) ,5%5(71'1,%2) = —5%5(71'1,7&).

When the behavior policy profile is known, i.e., p; = p;, the IS
estimator is an unbiased and consistent estimator of vy (71, 72) and
vz (71, 7r2). However, in general, the variance of the IS estimator
grows exponentially with respect to horizon T [19].

Marginalized Importance Sampling Estimator: A MIS esti-
mator is represented as follows:

T
Z Y e

t=1

511\/115(”1)@) =Ep ,612\/[15(7{1,712) = —z?ll\ﬂs(m,;rg).




Algorithm 1 Off-Policy Exploitability Estimator with ﬁ?R

Input: Historical data O
Input: A target policy profile 7€ = (7, 75)
Input: A policy classes IT; and IT,
1: Take a K-fold random partition (Ik)kK=1 of observation indices
{1, -+, n} such that the size of each fold I is n/K.
2 Let D = {DD)i e L.}, D_j = {DD]i ¢ I}

3: Construct value estimators
T

-1 (s—k A—k r—k
Dok (e - 07 ) + AR VR |
t=1
T

-1 Ak A—k —k
Do (e + O7F) - AR VR
t=1

where Q;I; and ﬁ;k are the estimators of Q; ; and p;, rerspec-
tively, constructed using D_g.

1
Output: max sz 1 l(]rl, 7y) + max sz 1 2(7‘[1,7[2)
7y €1y gy €Il

ok (1, m3) = Eppy,

Ulzc(ﬂ'l,ﬂz) =Ep,

The MIS estimator can be regarded as one of the IS-type estima-
tors. Although the MIS estimator addresses the curse of horizon
by exploiting the Markov decision process (MDP) structure, it is
inefficient [21, 51].

Direct Method Estimator: A DM estimator is represented as
follows:

Ex[Ov1(s1.a1,a%)[s1]]

oPM (11, 72) = —6PM

51 M(ﬂl,f[z) =Ep [
(1, 72).

The DM estimator is not consistent if QA1,1 is not consistent, and it
is not unbiased if Q1 is not correct.

5 OFF-POLICY EXPLOITABILITY
ESTIMATORS

For OPE in TZMGs, we propose the following exploitability estima-
tors constructed by the DR and DRL value estimators, respectively:

AeXp(ﬂl,ﬂz) = maﬁ( 01 R(mi, 5)+ mar)l( 02 (7‘[1,7[2)

5P

DRL(HI’HZ) = gleal)]( vl (m,zrz) + malg[( 02 (71'1,71'2)

Similarly, we define vIeSX P zﬁN)prS and ¢ UDM as the exploitability esti-
mators based on the IS, MIS, and DM value estimators, respectively.
We present the pseudocode of the proposed estimator with zﬁ?R
Algorithm 1. The procedure of the exploitability estimator with

PRL is the same as Algorithm 1 except that p; is replaced with fi;.

In this section, we demonstrate the exploitability estimation error

bounds of UeXp(ﬂ' 75) and Agﬁ(”f , 5). To obtain theoretical im-
plications, we deﬁne the e-Hamming covering number N (¢, IT) un-
der the Hamming distance Hy, (79, %) = % p 1({\/th1 ﬂﬁt(si,t) +

) t(s, v {\/t 17, g (sip) # Jrgt(si,t)}) and its entropy integral
k(Il) = /0 log N7 (€2,T0). In the proofs of the remaining theo-
rems, we make the following assumptions on the covering number
N H(e, H):

AsSUMPTION 3. Forany0 < e < 1,Ny(e,II) < Dy eXp(Dz(%)w)
for some constants D1, Dz > 0,0 < w < 0.5.

Assumption 3 is precisely the same as the assumption in the
proof of [24, 56], and this is not strong assumption [56]. Further-
more, to establish uniform error bounds on Ql,t and fi;, in the
remaining theorems, we assume that QAL; and [; are computed
using the estimated TZMG model Ié 137—, ﬁfb. Under similar con-
sistency assumptions as in [24, 56], the estimation error bounds of

AeXp . .
IS and 0 vDRL are then obtained as follows:

THEOREM 4 (ESTIMATION ERROR BOUND OF v (71' 7). Letus
~b,—k Ah -k
define 277 (al, a2lsy) = 207* (al[5p) 2 (a2|sl) andnb<a,, a2lsp)=
7 I(al |sl)ﬂ21(al Isg). Assume Assumptlons 1,2,3(4a)1 <t <T
andt <t’' <T,

t'-1
h—k 1 2 h—k 1 2
(R (s, ap,a5) 1—[ P (spyalst, a5, ap)

I=t
t'-1 2
Rt ap, a3) [ | Prsualspaf, @) | | =o(n72),
I=t
and (4b)1 <t <T,
t / 2
E 1_[ 1 1 ot

~b,—k b1 2
=17 (al, 2|51> =17 (al,al|51)

where a1 > 0, a2 > 0, and a1 + ag > 1/2. Then, for any § > 0, there
exists C > 0, Ng > 0, such that with probability at least 1 — 26 and
foralln > Ng:

logy” (xf, m5) — dp (2§, 75)| < C (K(H) * m) Vor/™

2
where Y[, = Slé% E [(ZL Y7 (pe(re = Que) + Pt—1V1,t))
T

THEOREM 5 (ESTIMATION ERROR BOUND OF UDRL(ﬂ:
sume Assumptions 1, 2, 3, (4a), and (5a) 1 < t < T,

7). As-

nt/—l T (St’|3t’_1, t/—l’ t/—l)

pbt(st’ at’ t)

E

2

Myt V]

= s
pb,t(sf’ a}! a%)

where a1 > 0, a2 > 0, and a1 + az > 1/2. Then, for any § > 0, there
exists C > 0, Ng > 0, such that with probability at least 1 — 26 and
foralln > Ng:

ASEL(”P m)l<C (K(H) + \/log(l/é)) e/

2
where YI;RL = su{_)I E [(Zthl yit (pe(re = O1,8) +/1t_1V1,t)) ]
e

€X]
|va(ﬂf, wy) -

Theorems 4 and 5 mean that UER and 0 UDRL are \/n-consistent
estimators for the true exploitability defined among II. In partic-
ular, when II = Q1 X Qg, the error between the estimated ex-
ploitability and the true exploitability v®*P (x{, 77) converges to

0 at a rate OP(\/LE)‘ Because Y\ = sup(Ipr + v} 2(rq, 72)) and

mell



Y*

_ 2 P
bR = Sup (Ygp+of (71, 7m2)), it is necessary to use the value es-

711,77 €11
timator with a small (asymptotic) variance to reduce the exploitabil-
ity estimation error. That is, the exploitability estimation error
would be small using the value estimator with a small asymptotic
variance. Therefore, from Theorems 2 and 3, using the efficient
. AeXp . . .
value estimator 9, would result in a small estimation error. Note
that we do not assume that the behavior policy profile is known in
Theorems 4 and 7. We sketch the proof of Theorem 4. The proof of

Theorem 5 is almost the same as Theorem 4.

Proof sketch of Theorem 4. First, we define the DR value estimator
with oracles Q1 and p; as follows:

T
UPR(”f, n5)=Ep Z}’t_l (pt (re = Que) + pe—1Vi) |,
=1

oPR (n8, 78) = —oPR(x8, 78).
Besides, we define the value difference between two policy profiles
7% and 78 in 11 as follows:
A(x% 7P) = 01 (2%, 2) - Ul(ﬂlﬁ, ﬁzﬁ),
Ax® 7Py = ofR (af xf) = PR (),
A DR DR
A7) = PR (o, ) = PR (] 7)),
We mainly show the uniform concentration of these difference
functions following the proof of [56].
Uniform concentration of the difference of influence func-

tions: First, we prove that the influence difference function A,
concentrates uniformly around its mean A(-, -):

LEmMMA 1. Under Assumptions 1 and 3, for any > 0, with proba-
bility at least 1 — 26,

sup
7% 7P ell

A(n‘x, ﬂﬂ) - N(n%, ﬁﬁ)|

K (IT) + log%) \/Y%R +o(%).

The proof of Lemma 1 is the extension of the concentration result
in [56] to the TZMG setting. The proof of this lemma is shown in
Appendix C.1.

Uniform concentration of the estimated value difference
function: Next, we prove that with high probability, the estimated
value difference function A(-,-) concentrates around A(-,-) uni-
formly at a rate op(viﬁ):

<0

LEMMA 2. Under Assumptions 1, 2, 3, (4a)-(4b):

A(ﬂa, ﬂﬁ) - A(ﬂa, ﬂﬁ)| = Op(i)~
n

\/_

The proof of this lemma is shown in Appendix C.2. Here, we
have:

sup
T, TR €L

sup ‘A(n“, ) - A(x%, nﬁ)‘
7% 7P ell
< sup A%, H'B)—A(ﬂa, ﬁﬁ)—A(ﬂ'a, nﬁ)+A(na, ﬂﬂ)

7% 7P ell

< sup ‘A(ﬂa, ) = A(n%, nﬁ))
7% P eIl
+ sup ‘A(ﬂa, %) - A(x%, nﬂ)’.
7% 7P ell
Therefore, combining Lemmas 1 and 2, we can show the uniform
concentration of A(+, ) on A(, -):

LEMMA 3. Assume Assumptions 1, 2, 3, (4a)-(4b). Then, for any
d > 0, there exists C > 0, Ns > 0, such that with probability at least
1—26 and foralln > Ng:

[t 2) - A(x, 7 2 (s g 17 2.

7% 7P eIl

Estimation error bound of the exploitability estimator: Next,
we define the best response and the estimated best response as fol-
lows:

f

41

= arg max vy (71, 75 ), 7'[;- = arg max vy (717, m2),
€l my€lly
frj = arg max ﬁPR(m, 75), fr; = arg max z?]z)R(ﬂf,ng).
7y €Iy €1l
Then, by some algebra, we have:
€X] ACX]
vnp(nf, ny) - vmf(nf, 75)
<3 sup (A7), (2] 7)) - A 2, (af ),
7 ell, b ell
and
ACX]
bR (1 75)
>3 sup  |A((x% D), (nf, 2P ) —=A((x&, 28), (2P 2P ).
7% ell, b ell

€X]
vnp(nf,ﬂf) -

Therefore, we have:

€X] A€X]
|0Hp(7rf, 7)) - UD}f(nf,n;)l

<3 sup A% 70, (2 7)) =A%, 2$), (2, 1)),
7% ell, b ell
Then, from Lemma 3 and this equation, the statement is concluded.
For further details on the proof, see Appendix B.4.

6 BEST EVALUATION POLICY PROFILE
SELECTION

In this section, we consider the problem of selecting the best can-
didate policy profile from a given policy profile class, one of the
most practical applications of OPE. For given historical data D, our
goal is to select the best policy profile with the lowest exploitability
from the candidate policy profile class II, i.e.,
(7], ;) = argmin vIe]Xp(m, o).

711,719 €11 XI5
According to Equation (1), when IT; = Q; and IIz = Qg, the policy
profile (n7, 7;) is a Nash equilibrium.

To this end, we propose methods based on the exploitability esti-
mators proposed in the previous section. Based on the exploitability
estimator 5;;{’, we select the policy profile that minimizes the esti-
mated exploitability as follows:

(fr?R frER) = arg min 5163)%)(751, 7T2).
711,77 €111 XI5



Algorithm 2 Off-Policy Best Evaluation Policy Profile Selection

.1 AEXD
with dR

Input: Historical data O
Input: A policy classes IT; and ITy
1: Take a K-fold random partition (Ik)kK=1 of observation indices
{1, -+, n} such that the size of each fold I} is n/K.
2 Let Dy = {DD]i e L.}, D = {DD]i ¢ IL.}.
3: Construct value estimators

T
2 (e (re - O7k) + 575 V)
t=1

Ulf(ﬂ'l,ﬂz) =Ep,

>

o (m1,m) = Ep,

>

T
2o (p (e + O7F) - )
t=1

where Q;’; and ﬁt_k are the estimators of Q;; and py, respec-
tively, constructed using D_..

4: Obtain 71 and 72 by solving the following optimization prob-
lem:

K

N .1 k
771 = arg max min X Z vy (71, 712),
m EHl T EHZ =1

K

. 1 k
ffp = arg max min — E vy (71, m2).
K
mell, T ell; =

Output: (71, 72)

From the definition of 5];%), we can rewrite the ﬁPR and ﬁ?R, re-
spectively, as follows:

J%PR = arg max min 5]1)R(7[1, m2),
mell, €ll,
f[?R = arg max min 5?R(7{1,7{2).
mell, M elly
Similarly, we define frIS, erIs, #PMand APRL a5 the estimators

ACXP A€XP A€XP AEXp . .
based on g™ Oy i O and O RL respectively. We describe the

ﬁgg’ in Algorithm 2. The
procedure of the proposed method with 6;’%}4 is the same as Algo-
rithm 2 except that p; is replaced with /.

We can derive the exploitability bounds of #PR and #
larly as in the proofs of Theorems 4 and 5.

pseudocode of the proposed method with

DRL gimi-

THEOREM 6 (EXPLOITABILITY BOUND OF APR). Assume Assump-
tions 1, 2, 3, (4a)-(4b). Then, for any § > 0, there exists C > 0, Ng > 0,
such that with probability at least 1 — 28 and for alln > Ng:

‘I‘*
0 (PR APR) - 0P (], ) < C (D) + log(1/9)) RS
n

THEOREM 7 (EXPLOITABILITY BOUND OF frDRL). Assume Assump-
tions 1, 2, 3, (4a), and (5a). Then, for any § > 0, there exists C >
0,Ns > 0, such that with probability at least 1 — 25 and for all
n > Ng:

Y*
UEXp(fTPRL, ﬁ?RL)_UeXP(ﬁf, ;1-;) <C (K(H) + log(l/&)) ’ DRL.
n

These theorems mean that we can consistently select the true
lowest-exploitability policy profile 7* using the proposed methods.
According to the minimax theorem, if IT; = Q; and IT; = Qj, then
o™ (7, m5) = 0. Therefore, in this case, the exploitability of the
selected policy profile converges asymptotically to 0. This means
that the selected policy profile converges asymptotically to a Nash
equilibrium when IT; = Q; and ITz = Q. We sketch the proof of
Theorem 6. The proof of Theorem 7 is almost the same as Theorem
6.

Proof sketch of Theorem 6. Let define:

Bi(n—;) = arg maxv; (7], 7—;), Bi(7—;) = arg max é?R(ﬁ,—, T_i).
n;EQi i €11;

Besides, for simplicity, we write ﬁl.DR
definitions of ﬂ;‘ and 7;, we have:

01(B1(13). 1) < 01(B1(73), 73),

o1(n1, B2()) < v1(n], Ba (),

01(B1 (), 712) < 01(B1(2), 2) < 61(B1(m3), 73),

1 (21, B2(#1)) = 01(71, Ba (1)) = 61(7}, Ba(7))).
Therefore, the exploitability bound of 7 is:
0P (11, 712) — 0P (], 7m5)
= A(B1(#2), A2), (71, B2(#1))) = A((B1(A2), #2), (A1, B2 (1))
- A((B1(m3), 73), (7, B2 (7)) + A((B1(m3), 73), (7, B (7))
+01(B1(2), 72) =01 (21, B2 (#11)) —01(B1(73), 73) +01 (77, Bz (77))
< A((B1(A2), #2), (1, Ba(#1))) — A((B1(%2), #2), (1, Ba(£1)))
- A((B1(m3), 73), (77, B2 (7)) + A((B1(m3), 73), (77, B (7))
+AM(B1(13). 1), (B1(m3). 73)) = A(Br(m3). 7m3). (B (7). 73))
- A((x], Ba (), (2], Ba())) + A(f, Ba (7)), (1, Ba(})))
IA((xf, 7)., (nf) 1)) = B((nf, 7). (2 7).

as 77; and zﬁlDR as 0;. From the

<4 sup
7 ell,nP ell

Then, from Lemma 3 and this equation, the statement is concluded.

7 EXPERIMENTS

We conduct experiments to analyze and evaluate the proposed
exploitability estimators and the policy profile selection methods.
We conduct our experiments in two environments: repeated biased
rock-paper-scissors (RBRPS) and Markov soccer [27].

In all the experiments, we first prepare a near optimal policy
profile 7z using Minimax-Q learning [27], after which we construct
the behavior and target policy profiles using ;. We use an off-
policy temporal difference learning [46] to construct a Q-function
model, and we use a histogram estimator for y, as in Section 5.2
in [21]. In our experiments, we assume that the behavior policy
profile is known and fixed.

7.1 Environments

RBRPS is a simple TZMG where two players play an one-shot
biased rock-paper-scissors game [39] multiple times. We refer to a
game that is repeated once as RBRPS1 and a game that is repeated
two times as RBRPS2. Note that RBRPS1 is precisely the same as



R P S R P N 1 2 3 2 5
R 0 -80/3 | 80/3 R 0 -25 50
P 80/3 0 -80/3 25 0 -5
R P S 6 7 8 9 10
S -80/3 | 80/3 0 S -50 5 0 B
R -1 1
1 0 -1 11 12 13 14 15
R P S R P S @
S =l ! 0 R -50 5 R -5 25
Step 1 16 17 18 19 20
50 0 -25 5 0 -50
S -5 25 0 S -25 50 0
Step 2

(a)

(b)

Figure 1: (a) Payoff matrices and a state transition graph in repeated biased rock-paper-scissors. When the result at the first
step is a draw, the payoff matrix at the second step will be the gray one. When either player wins by rock/paper/scissors, the
payoff matrix at the next step will be the blue/red/green one. (b) An initial board in Markov soccer.

the conventional rock-paper-scissors game. Figure 1 (a) shows the
payoff matrices and the state transition graph of RBRPS2. In the
first step, the payoff matrix is the same as in the conventional rock-
paper-scissors game. Depending on the result of the one-shot game,
the next state and the payoff matrix transition. There are five states
in RBRPS2, and each state corresponds to each payoff matrix.
Markov soccer is a 1 vs 1 soccer game on a 4 X 5 grid , as shown
in Figure 1 (b). A and B denote players 1 and 2, respectively, and
the circle in the figure represents the ball. In each turn, each player
can move to one of the neighboring cells or stay in place, and the
actions of the two players are executed in random order. When a
player tries to move to the cell occupied by the other player, the
ball’s possession goes to the stationary player, and the positions
of both players remain unchanged. When the player with the ball
reaches the goal (right of cell 10 or 15 for A, left of cell 6 or 11 for
B), the game is over. At this time, the player receives a reward of +1,
and the opponent receives a reward of —1. The player’s positions
and the ball’s possession are initialized as shown in Figure 1 (b).

7.2 Exploitability Evaluation

. A€XP  A€XD
In the first experiment, we compare the performance of 6;5*, 9, ;.

53&, 6;’;5, and z?gg’L in RBRPS1 and RBRPS2. We define the behavior

policy profile as ﬂ'lb = 0,777:11' +0.37" and ﬁé’ = 0.77rg +0.37P, where
#" is a deterministic policy that always chooses rock, and 7 is one
that always chooses paper. Similarly, we define the target policy
profile as 7{ = 0.97[f +0.17" and 75 = 0.571'51 +0.57P. We define
the policy classes as [T} = Q1, IT; = Q3. We conduct 100 trials using
varying historical data sizes.

Tables 1 and 2 show the root-mean-squared error (RMSE) of
each exploitability estimator in RBRPS1 and RBRPS2, where bold
font indicates the best estimator in each case. For further details on
the results, see Appendix D. We find that ﬁgg) and ﬁgg’L generally
outperform the other estimators. Note that 6;;& has no advantage
over zigg because the current state s; uniquely determines a tra-
jectory. Because the exploitability evaluation requires estimating
best response value using historical data, the estimation error of

Table 1: Off-policy exploitability evaluation in RBRPS1:
RMSE.

250 | 0.085 [ 0.232 | 4.8x 1073 [ 3.6 x1073 | 4.5%x 1073
500 | 0.065 | 0.230 | 6.9x 107 | 3.6 x 107> | 6.1 X 107>
1000 | 0.044 | 0.226 | 29%x 1077 [ 1.1x 1072 | 25x 107

Table 2: Off-policy exploitability evaluation in RBRPS2:
RMSE.

N |9 0 0 il il

IS MIS DM DR DRL
250 | 36.6 | 11.3 | 7.07 | 8.98 | 6.52
500 | 21.7 | 11.2 | 6.04 | 6.10 | 5.56
1000 | 15.5 | 11.1 | 4.87 | 4.33 | 4.39

the discounted value must be small. Therefore, ﬁ]e;if and ﬁgg)L, with
a small estimation error of the discounted value, would perform

better than the other estimators.

7.3 Best Evaluation Policy Profile Selection

In the second experiment, we analyze the performance of our pol-
icy profile selectors in RBRPS1, RBRPS2, and Markov soccer. We
compare the five policy profiles #18, sMIS 2DM - ADR ond #DRL,
which are selected by each policy profile selector.

In the experiments on RBRPS1 and RBRPS2, we define the behav-
ior policy profile as 71'{’ = 0.57!{1 +0.57" and iré’ = O.Sng +0.57P. We
define the candidate policy classes as IT; = Q1,II; = Q2 in RBRPS1,
and set them to II; = {{al(s)nf(s) + (1= ai(s))r"(s)}ses|0 <
a1(s) < 1} and I = {{az(s)7 (s) + (1 = a2()) 7P () }ses0 <
az(s) < 1} in RBRPS2. Note that the number of policy parame-
ters is reduced to simplify minimax optimization in RBRPS2. We
conduct ten trials in each experiment with a historical data size of
250.



Table 3: Best evaluation policy profile selection in RBRPS: Exploitability (and standard errors).

‘ ”b ‘ ﬁ.IS ‘ ﬁMIS ‘ ﬁ.DM ‘ ﬁ.DR ‘ ﬁDRL
RBRPS1 | 1.00 0.236(0,04) 0.738(0.05) 0.058(0.01) 0.036(0,01) 0.054(0,01)
RBRPS2 | 39.6 29.2(5.12) 37.4(4.33) 22.5(2.49) 20.5(0.66) 19.4(0.45)

Table 4: Best evaluation policy profile selection in Markov soccer: Win rate x100 (and standard errors).

Player 2

ﬂé, ,%;s ]:[é\/HS /.[;)M ﬁ?R ﬁ?RL

7P [ 48.9(0.52) [ 31.7(9.5) | 54.2(10.7) | 18.2(3.4) | 22.6(3.6) | 15.6(0.9)

—~ | AP [ 81.2(3.0) | 54.9(7.9) | 74.9(8.0) | 46.8(6.0) | 53.5(5.3) [ 44.7(4.7)
g A5 ] 88.1(1.6) | 65.5(6.2) | 79.7(6.4) | 57.8(3.7) | 63.2(5.0) | 55.5(3.0)
= [ A ] 88.8(3.1) | 655(6.7) | 813(6.2) | 58.3(6.0) | 67.0(4.5) | 56.7(4.9)
AR ] 89.0(3.0) [ 70.0(5.5) | 82.0(5.6) | 60.8(5.8) | 66.2(6.0) | 57.5(4.1)
APR- ] 92.2(1.5) | 69.8(5.9) | 82.5(5.8) [ 63.6(4.5) | 71.0(5.1) [ 62.4(3.2)

Table 3 shows the exploitability of each selected policy profile
in RBRPS1 and RBRPS2. We find that all selected policies are better
than the behavior policy profile. Again, bold font indicates the best
policy profile in each case. Notably, #PR and #PRL outperform the
policy profiles obtained by the other estimators.

In the Markov soccer experiment, we define the behavior policy
profile as 7[{’ = O.37rii +0.77% and 7[5’ = O.57r§l +0.57%, where 7% is a
uniform random policy. We set the candidate policy classes to II; =
{alnf +(1—a)r*|0 < a1 < 1} and Il = {Olzﬂ'zd +(1—ap)m*|0 <
a1 < 1}. As before, we conduct ten trials in each experiment with
a historical data size of 250. Because it is difficult to calculate the
exploitability accurately in Markov soccer accurately, we compare
the selected policy’s winning rates against other policies. Here, we
approximate the winning rate using the rate of reaching the goal
in 10, 000 games. Note that player 1 has an advantage over player
2 because the possession of the ball always goes to player 1 at the
initial state.

Table 4 shows the winning rates of each selected policy in
Markov soccer. In this table, we show the winning rate of player
1. The winning rates of ﬁ'PRL and frERL are generally higher than
those of the other policies. Unlike the results in RBRPS, the pol-

icy profile selected using 6;;{1 is more robust and better than that

obtained using ﬁgif. These results suggest that we can select the
exp

policy profile the lowest exploitability when using djjp; .

8 RELATED WORK

In the context of OPE, there are many previous studies focusing
on the theoretical properties of the value estimators, such as the IS
[17], MIS [51], DR [9, 13, 14, 19, 30, 38, 48], and DRL [21, 22] esti-
mators. In particular, the DRL estimator has the crucial advantage
of using Markov properties to avoid the curse of horizon. The main
difference between these studies and our study is that we propose
exploitability estimators for OPE in MARL.

There are some studies on inverse MARL that assume the sit-
uation where the historical data is obtained in multi-agent envi-
ronments [26, 35, 37, 50, 52, 55]. These studies differ from ours in
that they aim to restore the reward function from the historical

data. In contrast, our study uses the historical data to estimate the
exploitability of a given policy profile.

MARL in Markov games has been studied extensively in the
literature [2, 8, 18, 27, 28, 53]. Most existing studies on MARL focus
on online policy learning. In contrast, our study focuses on offline
policy evaluation.

As with policy learning in Markov games, there is a large body
of literature on policy learning in extensive-form games [12, 15, 32,
40, 45, 58]. These studies focus on developing efficient method for
computing Nash equilibria in extensive-form games, such as coun-
terfactual regret minimization [58]. On the other hand, we focus
on policy evaluation in Markov games. Various works have investi-
gated policy evaluation in extensive-form games [3, 5, 10, 11, 20, 57].
While these studies have focused on online strategy evaluation with
known structure, our study focuses on offline estimating exploitabil-
ity without structural information.

There are several studies on the best policy selection in bandit
problems or RL [1, 24, 25, 47, 56]. Unlike these studies, we pro-
pose the policy selection methods in multi-agent settings. Various
studies on batch MARL [36, 54] also have considered the off-policy
data setting. The most significant difference between these studies
and our study is that our study’s main objective is to develop OPE
estimators in MARL. Furthermore, we consider the situation where
candidate policies belong to a restricted policy class. This has ad-
vantages in practical situations where only specific policies can be
implemented.

9 CONCLUSION

In this study, we proposed estimators for TZMGs. The proposed
estimators project the exploitability of a target policy profile from
historical data. We proved the exploitability estimation error bounds
for the proposed estimators. Besides, we proposed the methods for
selecting the best policy profile from a given policy profile class
based on our exploitability estimators. We proved the exploitability
bounds of the policy profiles selected by the proposed methods. In
future studies, we will explore the application of our exploitability
estimators in more general settings, such as large extensive-form
games.
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A NOTATIONS

In this section, we summarize the notation we use in Table 5. We abbreviate terms like Q1 ¢ (s; ¢, a} o a? ;) as Q1+ For simplicity, in

our proofs, we assume that |A;| = |Az| =
Table 5: Notation
d Number of possible actions |Aj| and |A;z| for each player
ar Tuple of actions (a}, a?) at step ¢
e (ag|st) Instantaneous density 7y (a} |s¢)7o,e (a? [s¢)
R(st, ar) Mean reward function R(s¢, a}, a%)
Q1,4 (51, ar) Q-function Q1 ¢ (s¢, a}, a%) at step t
P(s¢+1lst, ar) Transition probability P(s;4+1|sz, a}, a?)
pfb (st, ar), pp.¢(st, ar) Marginal state-action density p?b (s¢, a}, a?)
D Historical data
Dy Historical data in fold k
A®B Kronecker product 5;111; Z;':f;
where A is a m X n matrix and Bis a p X g matrix.
Al d-dimensional vectors A1 (o, - -,0)T where 1 appears and
t only appears in the a -th component and the rest are all zeros
A2 d-dimensional vectors A% =(0,---,1,- ,O)T where 1 appears and
£ only appears in the a?t—th component and the rest are all zeros
A A} ® A7
Q-function vector at step ¢
Que(se) O, (st ai, a?) = (Qu,t (s, fl%, a%), Q1 (st a}, a%), o, Qe ail’ alli))T
Policy vector
mi(st) 7e(st) = (ry (@ lso)mae (@2lse), o (@l lse)me(a2lse), - e (abls) s (a21s)) T
n(se:t) 7 (spie) = mp (sp) ® wr+a (Se+1) ® - @ me(se)
1, a-dimensional vector (1,---,1)T where all components are 1
Eplf(X)] Empirical average ﬁ Yxen f(X)
Gp[f(X)] Empirical process y|D|(Ep [f(X)] ~ E[f(X)])
\/tT:1 ey Logical disjunctione; Vea V -+ V ez

B PROOFS OF THEOREMS

B.1 Proof of Theorem 1

Proor. We omit the proof since it is almost the same as Theorem 2 in [21]. O

B.2 Proof of Theorem 2
Proor. We prove the statement following in [21]. We define

T
V{pkAOLD = D v (pere = puQue + puaVe)
t=1

Then, ﬁPR(m, 72) is given by

K
> EEp WA ) AN
k=1

where ng = |Dg|.
Then, we have

Vi(Ep, [V ({5 1 AOTE D] = 01 (11, 72)) = Vn/mG oo [¥ ({57 ¥ 1 AOTE D) = ¥({pe}. {01 )]
+\n/mG o, [¥({pe}. {Q1e D]
+ Va(E[Y({p AT E DA F L AOTRH - v1 (71, m2)).



We analyze each term. First , we prove that 4/n/n.Gp, [lﬁ({ﬁ;k}, {QA;’;}) =¥ ({pe}{01,t})] = 0p(1). If for any € > 0,
JJim  VAEPIE o, [ {AT QT D = ¥ (i} {QueD]
—EW AL A0 D — v ({pe . {Que D AT F 1 AQTEH > el D] = 0.

Then, from bounded convergence theorem,

JJim VRCPIE o, [Y ({571 AQ T = ¥ ({peh AQueb]
— E{pr 1 AOTED — v ({ped {Que AT {QTHH > el = 0.

To show Equation (2), we show that this conditional mean is 0 and conditional variance is 0, (1). The conditional mean part is

E[Ep, [¥({p7 1 AOTF D) — v({pe 1. {01 D] = E[Y ({51 {01 KD — v ({pe ). {Que DA F 1 AQT R NID k] = 0.

because {ﬁ;k}, {QI_I; } only depend on D_j. and Dy, D_j are independent. The conditional variance part is

VIVARE o, [P ({473 AOTEY) — ¥ (e} AQuN D] = V[\/in_k ST AGTED — v Upe) QLD
D

= % D VIS IACTED = v Up b AQueDID_] = VIV 1 AQTED = ¥ ({pe b AQ1eDID ]
Dy

< E[D% +D§ +D§ +2D1Dy + 2D1 D3 + 2DyD3|D_; ] = T? max{op(n_zal),op(n_zaz), 0p(n~ M%)}

= Op(l),
where

T

D= oy (3 = ) (=0rf + Q1) + (5 = ) (07 = Vi)
=1
T

D, = Z y! (Pt(—Qilf + Q1)+ pr-1 (V7 = Vl,t)) :
=1
T

D3 = Z y! ((ﬁt_k —pe)(re = Que + YV1,t+1)) .

Here, we used the convergence rate assumption. Then , from Chebyshev’s inequality ,
VARPIE o [$ ({37 1 AQTE ) = ¥ ({pe} {Q1e 1]
— EW AL AOTFD — v ({pe} {Que DA AQTHH > el D]

< E%V[MEok [V ({pr 1 AOLE D = v({pe . {QLeNTID_i] = 0, (1).
Next, We prove that V(E[y ({3, %}, {OT ¥ HI{A; ¥} {07 K1 — 01(m1, 7m2)) is 0, (1). We have:

VREY AL AOTE DAY A0 - Elv({pe ) {Que AT Y {0751

T
= VRELY '™ ((57* = o) (=075 + Qo) + (5%, = pec) (77K = i) ) 1467 F 1 A0TE N
t=1

~

FVIELY v (pe (=075 + 1) + pect (VK =10 ) 1675, 1075
t=1

AVIELY Y (5% = po) (e = Que+ YY) ) 167 ¥ 1 AOTSH

(1 2

= VRELY '™ ((57* = o) (=075 + Q1) + (5%, = pee) (77K = i) ) 1467 F 1 (0TE N

~
1l
—

T

T
= Vi ), 0 (1157 = pell2 07 = Quellz) = Vi Y 0p(n™7%) = 0, (1),
t=1 t=1



From above results, for 1 < k < K,
Vi(Ep, [¥{pr* 1 AOTED] - v1(m1. m2) = Vn/mG o, [¥({pe} {Q1e D] + 0p (D).
Therefore,

V(PR (1, m2) = v1 (71, 72))

K K

= 3 EVREp, ({5 ) QT D] o1 (mm)) = ) \/Z:Gm ¥ ({pe} (Que] +0p (1)
k=1 k=1

< Cpl[YH{pe}:{Que D] +0p(1).

Here, we can easily show that

T
VY Upe}AQueD] = VIVial + D E* ™) piVire +yViualsiaf, a5t af af]].
t=1

Then, from Assumption 1 and central limit theorem, this statement is concluded.

B.3 Proof of Theorem 3

ProOF. The proof is similar to that of Theorem 2.
B.4 Proof of Theorem 4
ProoFr. Let define
A%, 7P) = 01 (2%, 2$) - 01(71'{)7, nf),

A(n®, 2P = z&?R(nf‘, ng) — PRl 2,

A(n®, 7P) = Ch R(Jr1 , U?R(T[f;, Jrf),
and
71';r = arg max vy (11, 715), 71'; = arg max v (717, m2),
€Il 3 €1l
ﬁf = arg maxle(m, 3, fr = arg maxsz(nl,ﬂz)
€1y 2 €1l
We have:
o® (28, 7f) ziexP(irl, €)= o1 (n, 75) — PR (#], 2§) + 02(n, 7)) — DR (nE, 2))
= A((n], 75). (7], 72§)) = A((n], 7§), (&), 7)) + 01 (2], 2§) — PR (4], 7)) + A((n], 75). (2], 7§))
- A((n{. 7)), (nf A*>)+A<<n1, ), (nl, 3)) = v1(nf, 25) + DR (ne ) = A(nf,m)). (n8, 7))
< A((n], 7§). (], 7)) = A} ), (2] 7§)) + 01 (2], 7§) = PR (2], 75)
— A((xf, 7)), (nt, A*))+A<<n1, ), (nl, ) —vi(nf, 7 >+v1R<ne )
< A((nf, 7). (2], 7)) = A(], 78). (2], 7)) + A((#], 729). (nf, 7)) = APR((#], 7)), (nf. 7))
= A((nf. 7)), (nf. 7)) + A((xf, 7). (nf. 7))
<3 sup  |A((xfad), (b, 7)) - A 2, (L 2P,
7% ell, P ell
and

op® (¥, 75) — Ae"*’wl,nz)—m(nl, $) = 0DR (2], 7§) + va(nf, 7)) — DR (nf, 7))

= ~A((n], 7%), (&), 7)) + A}, 78), (3], 7)) +01.(n], 2§) — PR (], 2§) + A((n], 75, (7], 78))
+A((nf, 7)), (nf, A*)) A((nf, ). (n§.73)) = o1 (nf, ) + 60R (nf, 7)) = A((xf, 7)), (f 7))
> —A((],78), (2], 7)) + A(x], 7). (2], 7)) + o1 (n], 7§) = PR (], 7§)

+A((nf. 7)), (f, **)) A((xf, 7)), (28, 25)) = v1(nf, 73) + 9PR (nf, 7))

—A((rr], 7). (2], 7)) + A(n] 7). (2], 7)) + A((x], 7). (nf, 7)) = A(n] 7). (nf. 7))



+ M(xf,73), (7, 73)) = A((nf, ), (. 7))

>3 sup A% L), (2, 2P)) = A((x%, 29, (2P, ).
7% ell,nf ell

Therefore, we have:

09 (n6, 75) 05D (xf.m§) <3 sup  [A((xl 7, (), 7h)) - A((xE, 2), (xf, ).
n%ell, b ell

Based on Lemma 3, for § > 0, there exists C > 0, N5 > 0, such that with probability at least 1 — 2§ and for all n > Ng:

R i1 1or
|U§pr(”f’ ﬂ,ze) _ UeXP(n’l, )| < C((K(H) +4/log S) T)

B.5 Proof of Theorem 5
Proor. Let define

A(x% 7P) = vy (2%, 7)) — Ul(ﬂ'lﬁ, zﬁ)
ADRL(ﬂ'a,ﬂ'ﬂ)_UlRL(ﬂ'l, éx)_ DRL(” ),
APRL (P =U]1)RL(71'1, g‘)—leL(n ).
As in the proof of Theorem 4, we have:

09 (xf, 75) — 650 (nf. ) <3 sup  A((nl, 7). (nb, xl)) = APRE((n?, 7)), (nf, 2.
7% 7P eIl

Here, we introduce the following lemma.

LEMMA 4. Assume Assumptions 1, 2, 3, (4a), and (5a). Then, for any § > 0, there exists C > 0, Ng > 0, such that with probability at
least 1 — 26 and for alln > Ng:

sup  |APRE (2% 2By = A(x%, ﬂﬁ)‘ < C(K(H) + \/log(l/zS)) N Pre /1

%, 7P ell

The proof of this lemma is shown in Section C.4. Based on Lemma 4, for § > 0, there exists C > 0, N5 > 0, such that with
probability at least 1 — 2§ and for all n > Ng:

. 1) Yoo
logy® (€, 75) — g’g’L(nf,ngnsc((x(n)h/logg) —

B.6 Proof of Theorem 6

Proor. We have:
0P (PR, ApR) — 0P (], 73) = 01 (B(PN), Ay N) + 2 (PN, B(APN)) — 01(B(rmy), m3) — va (7, B(r}))
= A((B(RR), #7)%), (AR, B(APN))) = A(B(my), 73), (n}, B(x})))
= A((B(#PR), 20), (APR, B(APN)) = A(B(#gR), #N), (APR, B(APR))
- A(B(m3), 3), (x5, B(m}))) + A(B(7), 73), (], B(x})))

ADR(B(f[DR) ADR) ADR( ~DR B(ﬁ?R)) ADR(B(H’;),H;) + ﬁll)R(ﬂ_ik’B(n,ik))’

where B(ﬁ'PR) = arg max vg(frPR, my) and B(ﬁ?R) = arg max v; (71, frER). Let define B(m;) = arg max 6]23R(711, my) and .Z%(ﬂ'z) =
T, €Qy T EQ my€lly

arg max z??R(m, m2). Then, we have:
m €11y

PR(B(ADR), 2DR) < dPR(B(ADR), 2DR) < dPR(B(x)), 73)

PR (PR, B(APN)) 2 PR (AR, B(APN)) 2 678 (nf, B(y))



Therefore, we have:
ue"P(frPR, fr?R) - u""‘P(nf, 7:;)
< A(B(#N), #R), (PR, B(APR)) = A(B(aPR), 2pR), (7R, B(APR)))
- A((B(my), m3), (nf, B(x7))) + A(B(3), m3), (7}, B(})))
+PR(B (7)), 1) — PR(B(x)), ) — PR (n}, B(x})) + PR (2], B(x})),
< A(B(#PN), #N), (PR, B(APN))) = A(B(#R), #70), (7%, B(APN)))
- A(B(m3), ), (x7, B(n}))) + A(B(3), 3), (], B(n})))
+ 00N (B(m3), m5) — 00N (B(3), my) — 01(B(73), 73) +01(B(3), 75)
=R}, B(})) + 67 (], B(x)) + 01 (n}, B(})) — 01 (], B(r}))
= A((B(RR), #N), (7R, B(APR)) = A((B(#RR), i), (AR, B(#7M)))
- A((B(my), m3), (nf, B(x7))) + A(B(3), m3), (], B(})))
+A(B(7y), 73), (B(3), 13)) = A(B(73), my), (B(3), 73))
- A((x}, B(x))), (nf, B(x7)) + A((7}, B(n))), (7}, B(})))
<4 sup A1), (2l - A 2, (2F, D)),
7 ell, b ell
Therefore, based on Lemma 3, for § > 0, there exists C > 0, N5 > 0, such that with probability at least 1 — 26 and for all n > Nj:

k(II) + 4 /log %) \/lr'%).

Uexp(ﬁPR, ﬁ-?R) _ Uexp(nr, ”;) < C(

[m]

B.7 Proof of Theorem 7

PROOF. As in the proof of Theorem 6, we have:
o™ (R AN 0P xp) <4 sup  |A((fx), (. m])) - APR (o ), (] )L,
2 ell,f eIl
Therefore, based on Lemma 4, for § > 0, there exists C > 0, N5 > 0, such that with probability at least 1 — 26 and for all n > Nj:
exp  ~DRL ~DRL exp  * ¥ 1 Y];RL
P (A7 Ay ) — 0P (o], 1) < C| | «(ID) + logg - |

o

C PROOFS OF LEMMAS
C.1 Proof of Lemma 1

Proor. The proof divides into two main components.
We can rewrite U?R(nf , 715 ) as
it

t

DR, e ey _ 1% [T} 7f (@i lsie)
oy (], ) = = Z —
ni3 =174 (ai,t’|3i,t’)

[T}y 7f (airlsier) I Yt v . r-1
B Z Pr(se+1lsie, ait) Z Y Z n 7 (arls)) | | Ry l_[ Pr(silss ap) 3)

b(,. .
PREACTINTY st €S t=t+1 Tpr1er \I=t+1 I=t+1
- T t t'-1
l_[?_ll A /
= v—t
= > wfalse) Y. Prismalsina) D0 v YA Af@lso|Re | | Prisualssap))
=1 7 (arlse) jea S141€S t'=t+1 Teate? U=t+1 I=t+1

where 1.4 = (s, a}, a%, cee LSy, a%,, a?,)A Therefore, we can write

n
1
oPR(af7g) = — 3 D (our). Tasy )

i=1 siT



where s1.7 = (s1,- -+, s7) and I} 5, ;- is a random variable that is independent of 7. By using this form, we can write U?R(nf‘, ) =
DR, B B
o (], my) as

n

1
0P8 () = oD (nf ) = = 3 (2% (1) = 7P (s1:0). s ).

i=1 suT

because I 5, is independent of 7% and 7%
Hereafter, we prove the statement following [56]. We extend the proofs of [56] to TZMG cases.

Step 1: Bounding Rademacher complexity. First, we bound the Rademacher complexity. We introduce the following definitions of
the Rademacher complexity.

DEFINITION 1. Let TIP = {20 (7)) - 7P (2, )} and Z;’s be iid Rademacher random variables: P(Z; = 1) = P(Z; = —1) = %
(1) The empirical Rademacher complexity R (ITP) of the functon class TIP is defined as:
Rn(nDs {{si,l‘}’ {ri,31;7‘ }}7:1)

1 n
=E| sup | Zi 3 (n%(su) = 2P (s1:7). Tisir )

reafel ™ 3 sir

{{sie} {I‘i,slzT}}?=11| ,

where the expectation is taken with respect to Z1, - - - , Zp.
(2) The Rademacher complexity R, (IIP) of the function class IV is the expected value (taken with respect to the sample
{{sit}, {Tis, 7 }}1,) of the empirical Rademacher complexity: Rn (TP = E[R, (TT; { {514}, {Tispr HHe]

Using these definitions, we can derive the following Lemma.

Lemma 5. Let {{Ti}}, beiid set of weights with bounded support. Then under Assumption 1 and 3:

sup E [(Se,, (n9Gs1ir) = 7 (51:0). Tysi) |
%, 7P ell

Rn(11P) = O x(10)

+o(i). (4)
n

n Vi

Step 2: Expected uniform bound on maximum deviation. Since U?R(m, 72) is consistent, classical results on Rademacher complexity
[4] give:

E < 2R, (IIP).

sup
%, 7P eIl

A(n“, nﬁ) - A(n%, nﬁ)|

Therefore, from Lemma 5, we have:

E| sup

7% 7P ell

J SUp a5 E [(M(n“, P, {sie} ATisyr }))2] 1
< 0| k(1) +o(—)
n

n Vn
< 4.o(x(n)\/)f’%)+o(%)
n

Step 3: High probability bound on maximum deviation via Talagrand inequality. From the previous step, it remains to bound
A(n“, 7115) - A(x?, JT'B) and E [supﬂa’ﬂpen A(n?, ﬁﬂ) - A(n’“,nﬁ)u. Here, we introduce the

following version of Talagrand’s concentration inequality in [16, 56]:

A%, 7Py - A(?, nﬁ)|

(©)

the difference between sup .« ,cp

LEMMA 6. Let Xy, ---,Xp be independent X-valued random variables and ¥ be a class of functions where each f : X - Rin ¥
satisfies sup,. ¢y | f(x)| < 1. Then:

'l

u Xi)|-E
SEI;J;f( )l

- 1 t
sup | ) f(X)||| =t SZexp(——tlog(1+—)),V>0,
feF Z l 2 14

i=1

where V is any number satisfying V > E [supf€¢2?:1 fZ(Xi)].



We apply Lemma 6 to the current context: we identify X; in Lemma 6 with ({s;;}, {Iis,.,}) here and f({sis}, {Tis.}) =
Mz, {51, }ATss1.0 ) —EIM (e, {sie bATis ) D 1
2U

|

, where U satisfies | M (71, 72, {sit }, {Ii,s.r })| < U. Consequently, we have:
N My, 7, {sie} ATisir }) = EIM Gy, 7, {sie ) {Tisyr )]

sup

711,712 €11 i=1 2U
o My, 72, {sie b ATisir ) — EIM(ry, w2, {sie } ATy D]
-E| sup >t
711,77 €11 i=1 2U
=P|| sup — |A(7r1,7r2) A(ﬂl,nz)| - sup — |A(7r1,7rz) A(Il'],ﬂ'z)| >t
71,712 €11 2U 71,775 €11 2U

t
< 2exp (—Etlog(l + V)) .

Here, let t = 2,,/2 (log (—13) V+2log %, we have:

. ; 2,[2(10g%)v+210g% 21/2(Iog%)V+210g%
exp (—Etlog(l+v)) =exp| - 5 log(1+ v )
1[ log5 V+210g— 2\/2(log 5)V+21°g5 . (21/2(log%)V+210g %)2
< exp =exp|-=

+2—V2(1°553V+21°g5) 2V+21/2(10g%)V+210g%
2
. 21/2(10g%)V+210g% . o\2 )
=exp|—-= Sexp(—i (wlzlogg) ):exp(—logg)zé

2 o 1
V+ ZIOgS

>2 Z(Ig )V+21g1)

,’ o og —

19 6

Therefore,

sup Z_’A(T[b”Z) A(my, m)| - E

P
711,79 €11

< 2exp (—%tlog(l + é)) < 26.

sup 2—|A(7r1,712) A(ﬂl,ﬂ2)|]

711,719 €11

This means that with probability at least 1 — 26:

sup 2— |A(7r1,712) A(n’l,;rz)| <E

711,719 €11

sup Z—IA(m m3) = Ay, )|

711,719 €11

+24/2(1 V+21 !
og5 ogé.
1 2U 1

+— 202 |log = |V + —log =. (6)
1) n 1)

Now multiplying both sides by 2U and dividing both sides by n:

sup |A(my, m3) — A(my, m2)| < E

711,772 €11

sup |A(m, m2) — Ay, 7m2)|

711,77 €11

Here, from Lemma 8, we have:

E | sup Z (M1, 72, {51t} AT s, 1) — EIM (1, 72, {51}, {ri,sw})])z]
2 =1
<n supHV [(M (1, 72, {sie b ATis12 D) |
JT1,7T3 €
+8UE sup. Z Zi (M(m1, 72, {1t} ATy 1) = E [M 1, 72, {16} AT })])H
m¥, 7P |i=1

<n sup E[(M(ﬁl,m»{si,t},{ri,sl;r}))z]

711,77 €11



+8UE | sup

n
|, 7h |i=

Zi (M(m1, 12, {516} ATisi2 1)) || + 8UE | sup ZZi (E [M(m1, 72, {sie }, {ri,sl;r})])“

1 | | 7%, 7P |i=1

(M1, 72, (51,6} AT 57 }))2]

—_—

<n sup E
711,719 €11

+8UE | sup ZZi (M1, 2, {si,e 1 ATis.0 D)|| + 8UE | sup ZZi (M (1, 72, {sie} {ri,sl;r}))“

,”as”ﬁ i=1 ] »7[“,71'/; i=1

sup
T* ,nﬁ

—n sup E[(M(m,n’z,{si,t},{Fi,SI:T}))Z]+16UE

711,72 €11

3 Zi (M, {sie ), {l"i,slzr}))H ’

i=1

where the last inequality follows from Jensen by noting that:

n n
E| sup ZZi (E [M(1, 72, {sie} ATisie D])|| <E| sup E ZZi (M (1, w2, {sit ), {Fi,slzr}))H
e 7P |i=1 re b |i=1
n
<E| sup ZZi (M (1, 72, {Si,t}»{ri,sl;r}))H :
nef | i3

Consequently, we have:

E

sup
T2 2

2U

2 (M(”b T2, {si,l‘}> {ri,S1;T }) - E[M(ﬂ'], T2, {Si}t}, {ri,S1;T})] )2:|

L 8
<— sup E [(M(m,nz, {sit} {rl.,sl:T}))z] + EE

Z Zi (M, 72, {51t} Tisyor }))H

sup
4aU 711,712 €11 %, 71b |i=1
Therefore, we can plug the following V value into Equation (6):
n 8 2
2
V=—0 sup E|[(M(m,m{sie} {Tisir))) ] +—E| sup zZi (M (1, 72, {sie} AT sy D)| |
4U® z myem U e |

it follows that with probability at least 1 — 25:

+4 202 (1 1V+2U1 !
n 0g5 n 0g5

sup ‘A(m,nz) - A(7T1,7T2)| <E| sup |A(m,ng) - A(;rl,ﬂz)|

71,72 €11 711,779 €11
~ 2U 1 4 1\ n
<E| sup [A(m,m) - A, m)|| + = log < + = (log—) 2 sup E[(MOm,mz fsich (Tisr )]
71,72 €11 n 5 n g 11,72 €11
4 1 ¢
+ - (log (_3) 16UE | sup ZZi (M (1, 72, {sie}, {ri’SI:T}))H
n m,m €Il |57
2
. 2U 1 1.| SYPr,mell E [(M(”l,”z, {si,t}»{ri,sl:T})) ]
=E| sup ‘A(ﬂ'],ﬂ'z) - A(i‘[l,ﬂ'z)l + —log — +24/2log —
711,775 €11 n 1) ) n
1 1|+
+16 (log 3) —E ”sau}:ﬁ - ZZi (M1, 72, {516} AT 51 }))'
> i=1
2
i T 9P, et E [ (MO (si} (T )
=E| sup ‘A(ﬂ'],ﬂ'z) —A(m,irz)| +24/2log -
711,72 €11 8 n
0(=)
+ Vi +O(l)
n n
2
) 7| 5P, et E | (MO 7 (51 (Tisir D) .
:E sup |A(7‘[1,7[2)—A(7[1,T[2)| +2 210g3 " +O(m)

711,719 €11



Combining this observation with Equation (5), we have that with probability at least 1 — 25:
sup |A(m1, m2) — A, o))

711,77 €11

<E

sup |A(my, mg) = A(my, )|

14 Sup,., nem E [(M(m, 72, {sie b ATispr }))2] 1
mmell +2y2log g n 0oz
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C.2 Proof of Lemma 2
Proor. First, we prove that sup, .t [(QAI_’tc 01.1)%] = o(n2%) under Assumption (4a). Let define pry = Hf;t m(a;|s;) and

T = (St a}, a%, cee LSy, at,, 2 ). From Cauchy-Schwartz inequality, we have:
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where ¥, p7 R [102} Pr(spalspap) =Reand 3o, p7, RS TTIZE PrF (s lsp ap) = RpF.
Taking any policy proﬁle 7 € II. We start by rewriting the DR Value estlmator as follows:
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Similarly, we have the oracle double robust estimator as follows:
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Therefore, we can decompose the difference function 6DR(7[1, m) — U]IDR(m, m2) as follows:
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For each of reference, denote:
1) Si(m) = 3 2L, (Pit ( Qlk(l) + Ql,i,t) + pit-1 (Vl i z( Dow 1t))
() Si(m) = Lyn, (Pl_f(l) Pi,t) (rir = Quit +¥YViir+1)-
@) $50m) = 231 (5 = pu) (<07 + Onae)
@ stem = 230 (55 = pomt) (VR = Vi)
Hereafter, we bound  sup |Si(7r“) - S{(Il’ﬁ)L sup |St (%) — St(nﬁ)| sup |St(7[)| and sup |St(7r)| in turn. Define further:
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Now since Q1 ;

estimator. Consequently, conditioned on Q1 () is a sum of iid bounded random variables with zero mean, because:

- k
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Besides, as in Equation (7), we can decompose QA;I; into 7 and other terms that are independent of x. Therefore, defining

t.k
Sl

(7r) = pis (—Ql k(@ Ql,i,t) + pi-1 (Vl i t( D _ Vl,i,t), we can obtain the bound on SUP a1 ery |Si’k(n“) - (ﬂﬂ)| as in

Lemma 1: V& > 0, with probability at least 1 — 26,
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From Equation (7), it follows that E [supﬂen (Q1 I;(l) (si,t»a) — Qe (sits a)) ] = o(n~2%), Consequently, Markov’s inequality

immediately implies that sup ¢y E

(Q;I:(i) (si,e» @) — Q1 (St a)) |Q1 k(')] = op(n_z"‘l). Therefore, from a; > 0, we immediately

have: sup, . ;pen |S1 (71“) Stk(irﬁ)| = op(n_0 STy 4 op( ) = op(‘/») Consequently,

k k
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By exactly the same argument, we have sup, .« sy |St(7r"‘) St(nﬁ)| =0p( \F)
Next, we bound the contribution from Sé(n) as follow:
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where the last inequality follows from Cauchy-Schwartz. Taking expectation of both sides yields:
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where the second inequality again follows from Cauchy-Schwartz and the last equality follows from s(n) = o(1). Consequently,
by Markov’s inequality, this equation immediately implies sup .y |S (m)| = op( ) By exactly the same argument, we have

SUP ;e |S ()] = op( \f) Putting the above bound for sup, < |S (7)1, sup e |St(7r)| SUP ;e |St(7r)| and sup,, 1 |St(7r)| to-
gether, we therefore have the claim established:
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C.3 Proof of Lemma 3

Proor. We have:

sup  |A(x% 2P) - A(n%, ﬂﬁ)‘

7% 7P ell

< sup |A(x% 7Py = A(x® 2P) = A(n%, 2P) + A(?, nﬁ)|
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Therefore, based on Lemmas 1 and 2, for § > 0, there exists C > 0, Ns > 0, such that with probability at least 1 — 25 and for all

n > Ngs:
1<(1'I)+1/log(ls)\fY'%R : (8)

sup ‘A(ﬂ'a, ) - A(x%, 71"5)’ < C(

7% 7P eIl

C.4 Proof of Lemma 4

Proor. Since the proof of Lemma 4 is almost same as Lemma 1, we omit the proof. O

C.5 Proof of Lemma 5

Proor. First, we introduce the following definitions:
DEFINITION 2. Given the state space S, a policy profile class I1, a set of n state trajectories {{s1,¢+}, -, {sn,t}}, define:
(1) Hamming distance between any two policy profiles 7% and 7P inTL: Hy(x%, nf) = 1 i 1({V~ al (sie) # nlﬁt (sie)} VvV

n t=1
(VI 78, (si) # b, (s10))).
(2) e-Hamming covering number of the set {{s1,+},- -, {sn.e }} }: Nu (e, IL{{s1,¢},- - . {sn,t } }}) is the smallest number K of policy
profiles {my,- -+, ng } in I, such thatVrr € I1, 3m;, Hy (7, m;) < €.
(3) e-Hamming covering number of I1: Ny (€, II) = sup{Ng (&, IL {{s1,¢:}. - - . {sme}}}) | m = L{s1c},- - . {sm }}-
(4) Entropy integral: k(I1) = /Ooo vlog Ny (€2, )de.

DEFINITION 3. Given a set of n state trajectories {{s1+},- - ,{snt}}}, and a set of n weightsT = {{Fl,t}thl, e ,{Fn,t}thl},
we define the following distances It (1, r2) between two policy profiles my and my in II and the corresponding covering number
N (& IL {{s1,e}, -+ . {sne}}}) as follows:

_ et | Zsy g (i (sur) —ma (s17).Lis ) 12

@) I (. m2) = \/ SUD o frony B | Doy 1% (51:7) 7P (51.7) Doy Y P

(2) Ni- (e, IL {{s1,t},- -, {snt} }}): the minimum number of policy profiles needed to e-cover IT under Ir.

where we set 0 = %.

Based on these definitions, we introduce the following lemma.

LEMMA 7. Foranyn, anyT = {{I‘lyt}T, sl {Fn’t}tT} and any {{s1,¢:}. -+, {snt}}}:

(1) Triangle inequality holds for sum of inner product distance: I (71, 7r2) < It (71, 3) + I (713, 782)-
(2) Np (& TL {{s1,e},- -, {sme}}}) < Npr(e?,10).

Here, we break the proof into four main components.

Step 1: Policy profile approximations. Set €; = ZLJ
ej-cover IT under the sum of inner product distance:

and let Sp, S, Sz, - - -, Sy be a sequence of policy profile classes such that S;

Vel Ar’ e Sj,][‘(r[, 7'[’) < €j,

where J = [log,(n)(1— w)]. Note that by definition of the covering number under the sum of inner product distance, we can choose
the j-th policy profile class S; such that |S;| = N, (277,10, {{s1,¢},- -+ . {sns}}}). Additionally, we define refining approximation
operators Aj : II = II (j = 0,---,J) as follows:

arg min I (7, ') =17
' ES_]
argminIp(Aj (1), 7') (J#])

4 .
' €S

Aj(m) =



By these definitions, we can obtain the following properties:

(1) maxzen Ir (7, Ay (7)) < 277:
Pick any 7 € II. By the definition of Sy, 37" € Sy, Ir (7, 7’) < €;. By the definition of A, we have Ir (1, Aj () < Ip(m, n’) <
€] = 27/, Taking maximum over all 7 € II verifies this property.

(2) HAj(m)|w € | < Np (277, I {{s1,e}, -+ {sne}}}), for every j = 0,---, J:

Since Aj () = arg minIr(Ajy1(m), "), Aj(r) € Sj for every & € II. Consequently, we have:
' €S;

HA;j ()| € T} < ISj] = Nip (27, T {{s1,e} -+, {sne 11D

(3) maxyer Ir (A (1), Aj1(n)) < 27U7D forvery j=0,--,] - 1:
From Lemma 7, since I satisfies the triangle inequality, we have:

max Ir (A (7), Ajs+1 (7)) < max (I (A (n), 7) + Ir (Ajs1 (), 7))
mell mell
< Iflrlgﬁdr(z‘\j(ﬂ), )+ IilrléiﬁilF(AjH(”), )
S 2_1 + 2_(j+1) S 2_(]._1).
(4) Forany J > j' 2 j 2 0, [{(Aj(m), Ay (m)|m € M} < Np (277, T {{s1,0}, -+, {sne }}}):
If Aj(m) = Aj (&), then by the definition of A}, we have:
Aj_1(n) =argminIp(Aj (7), ") = arg minIr (A7 (%), n") = Ajr_1 (7).

€Sy €Sy
Consequently, by backward induction, it then follows that A; () = A; (7). Therefore,
(A (), Ajr ()| € T} = {Ay (m)lr € T < Ni (277 T {16} sne 1)
Step 2: Chaining with concentration inequalities in the negligible regime. For each policy profile 7 € II, we can write it in

term of the approximation policy profiles as: 7 = Ag(7x) + Zf*.:l(Aj(n) —Aj_1(m)) + (Aj(r) — Aj(n)) + (m — Aj (7)), where
J= L%(l — w) log,(n)]. Therefore, we have:

J
% - P =(Ao(ﬂa) + Z(Aj(ﬂa) = Aj1 (%) + (Ap(x%) = Ap(x)) + (2* —A](ﬂa)))
=

=

J
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= (2% = 4y (x) = (1 = 4y (2P)) + (A (27) = Ay () + (45 (2P - 4, (2P))

J J
+ Z(Aj(ﬂa) -Aj_1(n%) - Z(Aj(”ﬂ) —Aji ()],
j=1 j=1
where the second equality follows from that {Ao ()} is a singleton set. Hereafter, for simplicity, we define:
M 7P, {sit} Tisir }) = Z(ﬂa(sm) - 7P (s11). Tisir)
SuT
. In this step, we establish two claims, for any x € II:
(1) limp—0 VnE [Supnen |% im1 Zi Zsyp{m(sur) = Ay () (s1er), risSI:T>|] =0
By Cauchy-Schwartz inequality and It (, A; (1)) < 27/, Vr € 11, we have:
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Consequently, we have:
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Since Tjs,., is bounded, consequently, YnE [sup”en |% " ZiM(m, Ap (), {sie b AT syr })” =
mediately implies limy o0 VAE [sup,cpp |% S ZiM(r, Ay (), {sit ) {ri,sl:r})l] =0.
(2) limyoo VAE [suprerr |1 2y ZM(Ay (), Ay (1), (sih Tir | = 0
Conditioned on {{s;;}, {l"l 510 T}}l 1> the random variables Z; M(Aj (), Aj (), {si,t}, {Ti,s;.r }) are independent and zero-
mean (since Z;’s are Rademacher random variables). Further, each Z; M(Aj(n), Ay (), {sit}, {Tis,.r }) is bounded between
= [MCAs (0. 47 (), {51} Tisy )| and bi = My (), Ay (1), (51 T D)
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By Hoeffding’s inequality:
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Since this equation holds for any 7 € II, by a union bound, we have:
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< 2Ny (27% 1) exp(—a?) < 2Cexp(D2%/®) exp(-a?) < 2Cexp(D22w(l*w) logy (n) _ 42y,

where the second inequality follows from Property 4 in Step 1, the third inequality follows from Lemma 7, the fourth
inequality follows from Assumption 3 and the last inequality follows from J = [(1 — w) log,(n)] < (1 — w) log,(n) + 1 (and
J

the term 22¢ is absorbed into the constant D). Next, set a = 2 =, we have:
(1S masio, iy 1.)

P

Zz M(As(m), Ay (m), {sith ATy D] 2 < 2Cexp(D22 =@ og(m) _ g2)

sup |—
mell

8
Ylogn

= 2C exp | D22 (1=@) logy (n) _ 20-) o ()

2
logn (|SI27 maxis, - [Tisy o
2 (1-2w+2w) (1-w) log, (n)
UZlogn )

1-20) (1-0) L
b 2( ) (1-w) log, (n) —9C exp _nZ(u(l—m)
U?logn

= 2Cexp D20 (1-w)log,(n) _

= 2Cexp (22w(1—w) log, (n)

n(lfzw)(lfw)
a—— R
U?logn



n(1—2m)(1—w)
U?logn

\/LE PN ZM(A](/T) Ajp(rm), {sizt}, {FISIT})‘ \/_ therefore
L3, ZiM(As (), A7 (1), {51 (Tisr D | =0

Step 3: Chaining with concentration inequalities in the effective regime. By expanding the Rademacher complexity using the
approximation policy profiles, we can show:

where U = (|S|2T max;s, Hri’sl:T”oo)' Since w < % by Assumption 3, lim,—c0 = o0. This mean for all large n,

with probability at least 1 — 2C exp(—n2®(17®)), SUP ;e
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Consequently, it now remains to bound E [supnen %

J
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where the last inequality follows from Property 3 in Step 1. For the rest of this step, we denote for notational convenience
-2 .

M(II) = sup,a ,p Sy IM(x%, b, {si.t}, {Ti 5,0 DI?, as this term will be repeatedly used. Setting a? =2log (%NH(4_1, H)), we

then apply a union bound to obtain:
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Consequently, by a further union bound:

L J
P sup ZZlZ<Z (Aj(m)(s1.1) = Aj—1(7) (s1:7)) F,51T> Zajz M(H)

s \j=1 j=1
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SZ ;2}131 \/—ZZM(A (T[) AJ 1(”) {Slt} {rl$1T}) >a]22 J " SZ]_Z<ZF < 1.76.

Take 6y = zk and apply the above bound to each & yields that with probablhty at least 1 — L7

n J 7
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=
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j=1
) ]
<42 Miﬂ)( k1) 27 (1+\/210g ) > 27 Jlog Ny (4 n))
Jj=1 j=1
0 . J
<4V2 Miﬂ) ( k+1 Z z—j + % Z zf,llogNH(zrf,n))
= i=1

M(IT) 2.271
=4V2 T(Vkﬂ(l_z 1)2 Zz J (,llogNH(LL J,1I) + y/log Ny (1,10) ))

=4V2 M( (4 k+1 +Zz J=1 Jlog Nz (477, H)<4\/_,/ (4 k+1 +/ /log N (€2, H)de)

= 4\/5\/sup7f"‘,7rﬁ iy IM(z,

n

B . ; 2
T ’{sl,t}’{rl,sl:]‘}” (4‘/m+K(H)),

where the last inequality follows from setting € = 27/ and upper bounding the sum using the integral. Consequently, for each
k=0,1,---, we have:

P|sup IZZ,Z<Z (4 () (s17) = Ajor (1) (s1:7)) r>
S1T \J
« T a, B {sir} Tispr DI .
24\/5\/5up” B Dy |M(7rn 7P, it {Tispr DI (4\/m+1<(1'[)) < 12_k7

We next turn the probability bound given in this equation into a bound on its (conditional) expectation. Specifically, define the

(non-negative) random variable R = sup ¢ N M1 Zi Y <Z§.:1 (Aj(m)(s1:1) = Ajor(m) (s17)) s Fi,sl:T>‘ and let Fr(-) be its
cumulative distribution function (conditioned on {{s; ¢}, {Ti,s, 7} } 1, ). Per its definition, we have:

SUp, « mAM(ne,
l—FR(4\/§\/ P ,r[ﬂzz—ll (

P it > Uisyr 2 .
s} Tisir )| (sVEr 1+ k() | < 1.

n 2

Consequently, we have:

E[R] ({sic) (Thony 1y ] = /0 (1 Fp(r)dr

S5, \/ SUP e iy M%7, {1, (Tisir DI2
k
k=0

n

(4% + K(n))
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<68\/_\/supﬂa”,,z L IM(% 7P {sie} AT s DI (Z 4(k:1) 2K(H))
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s \/ SUD e Ty M, P, (512), Tisr )P
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Taking expectation with respect to {{s; ¢}, {Tis; } } 1=, we obtain:
J
E|sup | — Z ziy, <Z (4j (1) (s1.7) = Aj1(m) (s1:7) r>
i ST \J

SUp e s Liy IM (% 7P, {si,e} {Tisi.0 DI?

n
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SUP a8 Dopey IM(% 7P, {51}, {510 1) 12
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< 13.6V2 (8 + x(11)) J E

up o Sy M i Tosyr D
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Step 4: Refining the lower range bound using Talagrand’s inequality. To obtain a bound on E[
, we use the following version of Talagrand’s concentration inequality in [16, 56]:

LEmMA 8. Let Xy, -+ , Xy be independent X-valued random variables and ¥ be a class of functions where sup, ¢ y |f(x)| < U for
some U > 0, and let Z; be iid Rademacher random variables: P(Z; = 1) = P(Z; = -1) = l. We have:
sup

Zif (Xi)
il Z £

We apply Lemma 8 to the current context: we identify X; in Lemma 8 with ({s;;}, {Ii s, }) here and f({si:}, {Tis.}) =
M(x% 7P, {si+}, {Tis,7 })- Since Ty, is bounded, for some constant U, V%, 7f € TI, |f({si+}, {Tisr})| < Dspp 1% (s1.T) =
7P (s1.0) 12| Tisyp ll2 < V2 Y5, 7 IITis,rll2 < U. Consequently, we have:

sup f (Xi)
£l >

<n sup E[F%(X;)] + 8UE
feF

E

sup Zn: (M(ﬂ“, 7, {si), {Tis,r }))2]

x%nP =1

+ 8UE

<nsup | (Mx%, 2, 1) (T )

ﬂ“,n'/’

n
w3
x%,h =1

Zi (M(”aa ”'Ba {si,t}s {ri,Sl;T})) ’:| .
Dividing both sides by n then yields:

n g 2
|2 (M%7, {514}, Tisir )

n

(12)

) 2
< sup E[(M(ﬂa,ﬂ' Asith {ri,slzT})) +8UE

71'”‘,7:/3

sup + Z 12 (M 2P, (51, {rlslm)\]

= sup E[(M(na,nﬁ, {si,t},{n,slj}))z +8U7€n(1'ID).

71"",7[/”

Therefore, by combining Equation (11) with Equation (12), we have:

E sup \/_ZZIZ

S1.T

<Z (Aj(m)(s1.1) = Ajo1 () (s1:1)) ri,sm->

J

< 13.6\/5(8+K(H))\/ sup E[(M(n’“,nﬁ, {sit}, {ri,slzf}))z] + 8UR(TID).

%, I



Finally, combining Equation (10), we have:

ViR, (P) = E sup P, {sieh {lisir }) ]
%, 7P ell
< 2E |sup — Z<Z (Aj(m)(s1.1) - Aj—l(ﬂ')(slzT)),ri,sl:T> +o(1)
mell \/_ s \j=1

< 27.2\/5(8+;<(H))\/sup E [(M(n“, 7P, {si,t},{ri,sl:T}))Z] +8UR,(IIP) + 0(1).

%, T

Dividing both sided of the above inequality by y/n yields:

SUP a5 E [(M(n“, P, {sie}, {ri,sliT}))Z] +8UR,(IP)

R,(IP) < 27.2V2 (8 + K(n))\l

n +0($)
(13)
T, 7T E M( , /3’{ i, }’{ri,slzT}) 2
< 27.2V2 (8 + k(1)) Jsup [ Mo : st )]H/SUR';(HD) +o(%).
n

Rn (H

The above equation immediately implies R, (I) = O(\/g) +0(4/ =%—*), which one can solve to obtain R, (IT) = O(\/_ ). Plugging

it into Equation (13) then results:

supse, 0 € [ (MO 7P, G0 i D)0

R (IIP) < 27.2V2 (8 + x(11)) J

n
P e o E | (M (%, 78, {514}, (Tisi0 )
s27.2x/§(8+x(n))¢sp il [( St )]+0(L)
n \n
SUp a5 E [(M(ﬂ“, 7P {sit}, {ri,slzr}))z] 1
< 0| x(1) - +°(ﬁ)

C.6 Proof of Lemma 7

ProOF. Yoy, mp, 13 € II:

S sy (mi(sir) = ms(sr) + m3(se.r) — ma(sir) Tisyr ) 12
SUp e pp Dy IM (7, g, {3ie Y AT sy P12
SR M s, si e b AT s ) + M(s, 72, {sieds (T s DI
- SUP e np Dy IM (7, g, {3ie } AT sy D12
o (IMry, s, {sieh ATisir DIZ + IM (3, 72, {sie b {Tisy 1 DI?)
SUp e np Dy IM (7, g, {3ie b AT sy D12
22, MG, s, {sie b Tisyr D| M s, w2, {5161 ATisyr D)
SUP o o p Zl 1 M7 7B, {sie AL, slr})|
o (IMry, s, {sieh ATisir DIZ + IM (3, 2, {sie 1 {Tisy 1 DI?)
SUp e np Dy IM (7, g, {3ie } AT sy D12

z\/ (20 MO 3, G510 T D) (Sl IM 3, 72, 10, T D)
SUp a8 ey |M (e, g, {3ie } {Ti sy D12

Ip (my, m2)? =
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) \/ S0 IM(1 755, {51} ATv DI \/ S M. 72 {51} AT DI
- ( SUp e np Dy IM (7, g, {5t Y AT 0.1 D12 SUp a5 ey |M (e, g, {sit } {Tisyr D12
= (Ir (m1, 713) + I (13, 72))? .
Thus, we get It (71, 12) < Ir (1, 73) + I (713, 72).
Next, to prove the second statement, let K = N| H(ez, IT). Without loss of generality, we can assume K < oo, otherwise, the above

inequality automatically holds. Fix any n state trajectories {{s1,+},- -, {sn}}}. Denote by {1, - - , 7g} the set of K policy profiles
that €2-cover II. This means that for any 7 € II, there exists JTJ', such that:

M
YM > 0,V{{51e}, -, Sm,e}}, Hm (. 7j) = %Z 1({\/ e (si) # e (sie)} vV {\/ 72, (sit) # Mj2e(sie)} < e
i=1 =1

m|M (), {sie )ALy D P m|M(z,j, {sie } ATy D P

n n
Pick M = m Z =1 |—sup”a,ﬂﬁ Yy IM(x%, 7P {sie }ATis, 7 DI 1+ Zi:l |—Sup,,ag,rﬁ i IM(xaP {sie b Tisy.p D

E 1 (where m is some positive
integer) and

{{fl,t},"' »{§M,t}} = {{31,t}, T ,{Sl,t}, {Sz,t}, T ,{Sz,t},"' ,{Sn,t}, T ’{sn,t}: {S*J},"' ’{3*,t}},
m| M (), (506} ATis 7 D 2
Sup o . p Limy IM(* 7P {510} sy D12

n m|M(m,7j, {sie }{Tis T})‘
m Zi_l |—Sup,roz B Dt IM(*, 7P, {Sllt} {L, 51 T DIS
Here, we pick {ss} such that 1({\/ 2171t (Swt) # i1, (S)} V {\/t 1 72,t(sx,t) # j2,¢(sx¢)} = 1. Per the definition of M, we
have:

where {s;;} (1 <i < n) appears [ 1 times and {s. ;} appears

1 times.

< mIM(r, mj, {310} {Tisr DI
= 1
o );l—supn“nﬁz 1|M(”a P, {sit} {rls”-})|
mIM(r, mj, {si,e } ATisr DI
< 1
(m+ )Z SUp e o Sy IM(r%, 7P, (st} ATis,.r DI?
Z:l 1 |M(7T TTjs {sit} {riS1T})|
SUP pa pp Sieq IM(®, 7P, {sit}, ATis10 D12

Further, from the number of appearances of {s;;} (1 < i < n) and {s.;}, we have:

51

=(m+1) +n < (m+1)(m+n).

M T T
Hp(, 7j) = ﬁ Z 1({\/ 7 (sie) # w1 (sie)} vV {\/ 7ot (Sit) # mj2,6(sie)}
i=1 t=1 =
M i Asieh Tisir DI
=—Z M 75, {5k Do D) I ({\/m(smn]“(slt)}v{\/m(sn)nJZt(s,t)}

=1 SUPya g8 Yy IM(z, 7P, {sie} ATisr DI
Z”:I_ m|M(r, 7j, {sizt}, {ri,sl:r})|
= SUp,a .8 Z?—l IM(7%, b, {si,e 1 {Tis1p DI?
Z mIM(r, 7j, {sie } AT D12
(m+1)(m+n) 4 SUp o g Dy IM(%, 7P, {sieh Tisyr DI?
m? S MG 7, (i b ATis,r DI _ m?

1

- (m+1)(m+n) SUP,a ;8 > IM(ne, 78, {sit}, {Tisir DI? T (m+1)(m+n) I ”j)z
Letting m — oo yields: limp— 00 Hv (7, 75) = It (7, nj)z. Therefore, we have:
Ir(m, 7j) < e.
Consequently, the above argument establishes that for any 7 € II, there exists n; € {my,-- -, ng}, such that Ir (7, 7;) < €, and
therefore Np. (€, IL {{s1,¢},- -, {snt}}}) < K = Ny (€2, 10) o

D ADDITIONAL RESULTS OF EXPERIMENT

Tables 6, 7 show the results in the experiments in Section 6.2. We provide additional results from the experiment in Section



Table 6: Off-policy exploitability evaluation in RBRPS1: RMSE (and standard errors)

~€Xp

N

~eXp

YIs ‘ OM1s ‘ 53\3 ‘ 5?)15 ‘ 5?)1%
250 0.085 0.232 4.8%x1073 3.6 X103 45%x 1073
(8.48 x 1073) (3.69 x 1073) (4.4x107%) (3.4x107%) (4.2x107%)
0.065 0.230 6.9%x 10 3.6 X107 6.1x 10
500 (6.4%x1073) (2.8 x1073) (6.4 % 107%) (3.5%x107%) (5.8 x107%)
1000 0.044 0.226 2.9%x 1070 1.1x107° 2.5%x 1070
(43%x1073) (1.8x107%) (2.8 x10719) (1.1x10719) (2.4%x10719)

Table 7: Off-policy exploitability evaluation in RBRPS2: RMSE (and standard errors).

N i i oob g i
250 36.6 11.3 7.07 8.98 6.52
(2.54) (0.83) (0.16) (0.88) (0.38)

500 21.7 11.2 6.04 6.10 5.56
(1.55) (0.68) (0.25) (0.61) (0.39)

1000 15.5 11.1 4.87 4.33 4.39
(1.22) (0.50) (0.32) (0.41) (0.34)




