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We introduce a novel theory of gravity based on the inverse of the Ricci tensor, that we call the
anticurvature tensor. We derive the general equations of motion for any Lagrangian function of
the curvature and anticurvature scalars. We then demonstrate a no-go theorem: no Lagrangian
that contains terms linear in any positive or negative power of the anticurvature scalar can drive an
evolution from deceleration to acceleration, as required by observations. This effectively rules out
many realizations of this theory, as we illustrate in detail in a particular case. Finally, we speculate
on how to circumvent the no-go theorem.

I. INTRODUCTION

Alternative theories of gravity have been investigated ever since the first Einsteinian formulation more than one
hundred years ago. The motivations have been varied: from the inclusion of electrodynamics in Kaluza-Klein extra-
dimensional metrics [T} 2], to the "large number hypothesis" of Dirac [3] 4], to the search for an "affine theory" by
Eddington [5] and Schroedinger [6]. More recently, the main motivation came from the puzzling observation of the
cosmic acceleration [7), B], and the difficulty of explaining it with a unnaturally fine-tuned value of the cosmological
constant [9] [T0]. In addition, the so-called tensions of the standard ACDM [11] [12] have prompted the creativity of
theorists to find explanations in modification of gravity.

One unpleasant characteristic of most alternative formulations is the introduction of new dimensional constants.
In order for the models to have an observable effect at the present epoch, this constant needs to be of the order of
powers of Hgy, which immediately brings back the fine-tuning problem. Another problem is the introduction of new
fields, scalar or vectors, that have no obvious relation to the curvature tensor, marking a dramatic departure from
Einstein’s purely geometric formulation. These issues are of course not necessarily showstoppers, but neither are they
arguments in favour of the modification of Einstein’s gravity. At the very least, however, they motivate the search for
alternative gravity theories based entirely on the curvature tensor and adding no new dimensional constants. This
paper is devoted to a novel gravity theory that has both properties.

As far as we know, there is only one case studied in the literature which satisfy these properties, namely the non-
local model of Deser and Woodard (DW) [I3HI5]. One can of course easily write down combinations f(K)R of the
curvature tensor with the same dimensions as R, e.g. with K = R™2R*R,,,, such that a modification of gravity
without new mass scales arises. However, these terms are very complicated and consequently have not been studied
in any detail so far. The DW term is instead in principle quite simple, being based on the additional term RO™'R. Tt
has been shown that it can produce an accelerated phase and growth of perturbations in agreement with observations
[T6HI9] without fine-tuning of parameters, at the price however of a complicate function f(O7!R).

Motivated by the previous considerations, we introduce in this paper a novel way of building an alternative gravity
theory. We define the tensor A*” as the inverse of R, i.e. such that

o - (1)

We call A" the anticurvature tensor. One can then build the anticurvature scalar A = g,,,, A*” (of course A # R™1).
With A, it is easy to construct relatively simple terms with the same dimensions as R, for instance A~! and R%A or
in general any f(RA)R.

Having introduced a theory of gravity based on the inverse Ricci tensor, we immediately proceed to prove a no-go
theorem: any Lagrangian f(R, A) function of the curvature and anticurvature scalars that contains terms proportional
to A™, with any positive or negative n, cannot contain both a decelerated and an acceleration cosmic expansion. As
a consequence, they are ruled out as dark energy candidates. This powerful theorem is actually quite simple to
demonstrate, since it turns out that both A and A~! are singular at some epoch that is intermediate between
deceleration and acceleration.

A theory based on the anticurvature tensor is a type of fourth-order gravity, similar to models built with terms like
R* R, and RO‘BV‘;RQ&Y(;, extensively studied in the past [20H23]. The inverse of the Ricci tensor can be expanded
into the ratio of a third-order polynomial in R*" divided by a fourth-order polynomial, that is, an extremely non-linear

A" R,s =0
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function of the Ricci tensotEl, analogously to the Einstein-Born-Infeld theory [24]. A Lagrangian which is a generic
function of non-linear combinations of the Ricci tensor is expected to contain ghosts [25], [26] when expanded around
a Minkowski or vacuum background (except when the scalars enter in the Gauss-Bonnet combination). However, a
separate discussion of the existence of ghosts or other instabilities is left to future work, also because models based
on the Ricci-inverse might even lack a Minkowskian limit.

Finally, we conclude this work by pointing out some possibilities to escape the no-go theorem.

II. MAIN EQUATIONS

Consider first the basic Action
S = /\/—gd4x(R—|— ad), (2)

where the anticurvature scalar A is the trace of A*¥

AW =R ). (3)
By differentiating Eq. , we see that
0AMT = —AM(6R,,)A°T . (4)

We have then

59 = /d%(A(S\/—g +V=gA"™ 59, + V=99, 0 A™) (5)

= / d4$\/—79(%f19“”59,w + A" 5 G, + g d AP (6)

and since
§Rag = V0%, — Vo0, | 1)

we obtain
FAM = —AF(V ,01%5,, — V3015, ) AP )
= ARG (Vabgs + Vadore — Vab0as) — 0 Va(Vadgon + Vybgra — Vabaag)A”  (9)
= —%A#O‘gﬂh(vpva(S%,\ —~ V, V20905 — VVadgpr + VVA0gap + [V, V,] 6gra) A . (10)

Using integration by parts, this becomes

1
G S AN = —§guygp’\(5gg,\VaVP(A”“Aﬁ”) — 89ap VAV (AP APYY — 59,2V o V3 (A*YAPY) + 60, VAV g(AF* APY))
(11)
1
= 509us(=29" VoV, AP AT + V2(AMAR) + gV o V(AP ADY) . (12)

So finally the variation is
1 1
69#,,(5/19’” + A" 4 5(—29"”VQVPA”O‘AZ + V2(ATFAY) + g"'V o V(A7 AD))) . (13)
Together with the variation of the standard Hilbert-Einstein Lagrangian

1 1
89" (=5 Ry + Byu) = ~0gu(~ 3 Rg™ + R™) (14)

1 We thank Ignacy Sawicki for pointing this out to us.



we obtain finally the equations for the Action (2]
1 1
RHY — §Rg“” — a AW — iaAg“” + % (2gpl‘VanA§A”” — VZ2ArAYT — g“”VanAgAW) =T, (15)

where we used the fact that ASAY" = A%7g,, A% = ATAY = A*7AY = AYA%? and we employed units in which
81G = 1. It can be show that the left-hand side of Eq. is divergenceless, as it should be in order to satisfy the
Bianchi identities.

The extension to any Lagrangian f(R, A) is quite straightforward:

55 = [ oG5 (R )0 + AR g0 + FaguB A" + [rRub™ + [ngSR) (16)
where fr = 0f/OR and f4 = 8f /0A. Then we have
JRRI — FAAM — [ 4 VLT, 4 ATAYT — SR([aALAY)
8 Vaa(AATAT) < VIV ot T = T a7

It is well known that one can recast a f(R) theory in the form of a scalar-tensor theory in the Einstein frame
introducing a scalar field non minimally coupled to gravity. Usually this is done by defining a scalar field ¢ = df /dR
and performing a Legendre transformation of the function f. Such an approach, however, fails here, because A is not
a one-to-one function of R and therefore df(A)/dR is in general not invertible. In Ref. [26] a general way to recast
Lagrangians based on functions of the Ricci tensor as multi-scalar-tensor theories is discussed, but this approach is
not particularly helpful so it will not be pursued here.

A code that evaluates the equations of motion for any f(R, A) in a given metric is made publicly availableﬂ

We note in passing that on a deSitter cosmological solution all the terms with derivatives in Eq. vanish. Taking
the trace one has then in vacuum

frR—faA—2f=0, (18)

Since on deSitter R = 12H? and A = 4/(3H?), this equation can be easily solved for any f(R, A) model to check
whether one gets non-trivial (i.e. H # 0) solutions that could replace a cosmological constant. For instance, if
f =R — aA (where a is a constant with dimensions H{) then we see that H = (a/3)'/* = const.

III. A NO-GO THEOREM

Let us now write down the anticurvature scalar A in a flat-space FLRW metric. It is easily found that

B 2(6 + 5¢)
CO3H2(1+6)(34¢)

where ¢ = H’'/H and a prime stands for d/dlog a. Notice that although A is singular in the Minkowski limit (H — 0),
as obviously expected, A~! is not. We see however that A is singularﬂ for £ = —3, —1 and vanishes for ¢ = —6/5. This
means that if the cosmic evolution passes through any one of these values of ¢, either A or A~!, or any of their powers,
develops a singularity. If during the evolution A passes through both 0 and +oo, then any term in the Lagrangian
that contains A", for n positive or negative, will blow up. This behavior will reflect into equations of motion that
also contain a singularity at the same cosmic epochs. Now we show that this is exactly what happens.

The quantity £ can also be written as

(19)

£= 201+ wer) (20)

where weg is the total equation of state, and (just like H or &) is what current distance observations measure (through
the integral f dz/H that appears in the expression for the cosmic distance). In a ACDM model, weg = wpQp = —Q.

2 https://github.com/itpamendola/inverse-ricci
3 Unless at the same time H suitably vanishes or diverges: this would however only occur for special initial conditions.
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FIG. 1. The two real branches of the function weg (o) = —2£/3 — 1 from Eq.

Now, observations [27H30)] tell us that the Universe evolved from a decelerated phase with weg = 0 (so £ &~ —1.5) into
an accelerated phase weg &~ —0.7 (so & & —0.45). Therefore the cosmic expansion had to pass, at redshifts around
unity, through both ¢ = —1 and € = —6/5. This demonstrates that A and A~! will both be singular at some epoch
between deceleration and acceleration. Consequently, any Lagrangian that contains additive terms proportional to
A" (e.g. the two simplest scale-free models, f(R, A) = R+ aA~! and f(R, A) = R+ aR?*A, with « a dimensionless
constant) are ruled out as dark energy models. Notice also that R = 6H?(¢ + 2) so no power of R can cure the
singularity.
Before speculating on how to avoid this problem, let us show its realization in the simple case f = R + oA~ 1.

IV. LAGRANGIAN R+ a/A

In this case we find the modified Friedmann equation

(€4 3)%(5¢ + 6) — 18¢

= 3aH?
pr=oa A(56 + 6)3

+3H?, (21)

and the (7,7) equation

aH? [(55 +6) ((&+3)2(26 + 3) (5 + 6) — 18¢") + 270 (€)% — 54(€ + 2)(5¢ + 6)¢’

2 2
e —2H%¢ —3H?, (22)

WPy = —

(here the subscript ¢ designs total matter) plus of course the matter conservation equation p; = —3(1 + w;)p;. The
expected singularity at £ = —6/5 appears in both equations. The A energy density is given by
3)2(5¢ +6) — 18¢’
0, 6+ 18 -
4(5¢ +6)3
We consider now two cases, first with just pressureless matter, then adding a cosmological constant. In the first
case, wy = 0 and we obtain a single equation for &:

15(¢)”
BE+6

We can now study qualitatively the system by searching for critical points and determining their stability. We
find critical points for £ = const, which also give Q,, = 1 — Q4 = const. These solutions correspond to power-law
expansions with scale factor a ~ ", where weg = —1 4 3n/2. We find critical points at Q,, = 1+ § and & = —%,
and for

(26 + 3) (5 + 6) (a(& + 3)? + 4(5¢ + 6)?)

—-3(&+2)¢ + 1%a

(24)

5// —

3(—40 — a £ 6/—a)
m=0, & 100 + a (25)
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FIG. 2. Numerical solutions £(a) of Eq. (25) in case of Qp, # 0, Qa = 0 with w = 0 and a = —4. The solutions £ = —3/2 and
& = —3/4 are confirmed to be attractors. The divide at £ = —3/2 is also evident. The red dashed line is the ACDM behaviour.

In Fig. [I| we illustrate £4(a). We see that for every oo < 0 there are two real solutions, one above, the other below
& = —6/5, or equivalently weg = —0.2. Some of these solutions seem cosmologically interesting. For instance, for
a =~ —8, the two solutions correspond to the observed present accelerated value we.g =~ —0.67 and to an expansion
quite close to a matter dominated era, weg &~ 0.06. Analogously, if & = —4, one has weg = 0, i.e. an exact matter
era evolution without matter, in which the A energy density acts as a form of dark matter. The other solution,
&4, corresponds to weg = —0.5, i.e. an accelerated solution still marginally compatible with observations. A cosmic
evolution that moves from one such solution to the other would be indeed an intriguing possibility, replacing both dark
matter and dark energy with the anticurvature tensor without any new scale nor fine-tuned parameters. However, as
anticipated, this does not occur.

Through a stability analysis of the linearized dynamical system we find that the the critical point £_ is a stable
attractor only for —4 < o < 0. The critical point £ is a stable attractor for o < 0, while the linear analysis alone

cannot assess the stability of the point £ = —3/2. These findings are supported by the numerical investigation shown
in Fig. [2} so that the cosmic evolution will end up either at &4 or £_, depending on whether the initial weg is above
or below the singularity at weg = —0.2. The crucial point is that no trajectory can cross the weg = —0.2 ridge;

consequently, as anticipated on general grounds, the cosmic expansion cannot move from a decelerated phase around
weg = 0 to an accelerated one around weg =~ —0.7.
When matter is composed of dust plus a cosmological constant, we derive instead the following equation for £, ,,,

v 6(5¢ + 6)2Q, + £(5€ 4 6)% (9(ax + 16) + (o + 100)E2 + 6(a + 40)€) + 135 (€)% — 27a (5% + 11€ + 6) &’

9a(5¢ + 6) (’26)

§

to be complemented by the conservation equation
Y, = ~(34 20 - (27)

The phase space now is more complicated, in particular we found that now £_ is always unstable and £, is a stable
attractor for « < —16. The critical point £ = —3/2 is always unstable, while a new critical point £ = 0, i.e. a de
Sitter state, appears which is a stable attractor when —16 < a < 0. However, the bottom line is the same, as can be
immediately gleaned from Fig. [3] so the model is ruled out as a candidate for dark energy even when a cosmological
constant is added, regardless of the value of «.

We also analysed numerically the case L = R+ aR?A and found a qualitatively very similar behavior (see Fig. [4)),
now with a divide at £ = —1 as expected.

V. CIRCUMVENTING THE NO-GO THEOREM

Here we discuss some ways to avoid the no-go theorem.



0.6}
0.4}
0.2 ‘
0 : . : .
-02 E 2 E % i :
os AR
-06 —
-0.8
-1. - <
T
2 -1 0

In(a)

FIG. 3. Numerical solutions &(a) of Eq. with matter and cosmological constant, for & = —4. The upper curves converge
toward the de Sitter attractor at £ = 0. The lower curves converge towards the divide line at £ = —6/5, which is now also an

attractor. The red dashed line is the ACDM behavior.

-10
Numerical solutions &(a) for the Lagrangian L = R + aR>A in the presence of matter for & = —0.4. The upper
curves converge toward the accelerated attractor at £ = —0.43. The lower curves converge towards the decelerated attractor at

FIG. 4.
& = —1.46. The divide at £ = —1 is evident. The red dashed line is the ACDM behavior.

Spatially curved metric

A.
(28)

2(6 + 5¢ + 30

The first possibility is to move away from a flat-space FLRW. If there is a non-zero spatial curvature then

T 3H2(14&)(3+E+60)

and the singularity of A~ is shifted to another value of &, while the one of A at £ = —1 is not modified. However,
if Q is very close to zero, as observations show [29], then the shift will be very small, and the singularity remains

between the decelerated and accelerated phases.



B. Anisotropic background

Another simple possibility is to consider an anisotropic universe. Let us adopt for illustrative purpose the simplest
choice, a Bianchi I spacetime:

ds? — —d? + a(t)2 <e2ﬁw(t)dl,2 n 62ﬂy(t)dy2 i ezﬁz(t)dzz) ’ (29)

where we have defined the averaged scale factor

a(t) =3 am(t)ay(t)az(t) ) (30)
so that a;(t) = a(t)e’, and the B; satisfies > ;Bi = 0. For the sake of simplicity, let us specialise to the case
Bx = —pB> = B and By = 0. In this case the anticurvature scalar A reads:

1 46 16+ LY 2

= +
H? 1334 ¢) (1+§+%) B+ -1 (8" +BB+9)

which for 8/ = 0 reduces to the FLRW case. As we can see, the singularity £ = —1 is shifted by the anisotropic
term (3')2/6. Note that also the singularity appearing in A~!, ¢ = —6/5, is in general shifted. For example, if 3" is
negligible, we have that A~ is singular for

2482 ¢ 2
:74%_7(1_ (ﬁ) )
267 —20 5 10’

£ (32)
(the last approximate equality being valid for 5’ < 1) which recovers the FLRW case for 5’ = 0, while being regular
in £ = —6/5 unless 32 = 48/5, i.e. the two roots of Eq. for £ = —6/5. This shows that relaxing the assumption
of spatial isotropy the singularities occurring in the anticurvature scalar and its inverse can be arbitrarily shifted, but
not removed. It is clear however that one needs /3’ of order unity to move the singularity outside the observational
range, which on the other hand is not likely to be compatible with experimental data.

To illustrate that, let us naively estimate [ from the evidence of anisotropic expansion claimed recently in [31],
emerged from X-ray observations of galaxy clusters. Here the authors find that the highest and the lowest values
observed for the universe expansion rate are Hyax ~ 75 km/s/Mpc and Hp,in ~ 66 km/s/Mpec. Identifying Hyax
with H, = H + HB' and Hy,;, with H, = H — HB' it is easy to compute:

Hyox — Hyin = H, — H, :2Hﬁ/ Ngkm/S/MpC ’ (33)
from which, assuming that the averaged Hubble factor is H ~ 70 km/s/Mpc, we obtain
B~ 0.06 (34)

which shows that generally 5’ is constrained from the observations to be too small to shift the singularities of A
outside the observational range.

C. Revising the data analysis

The no-go theorem is based on the distance observations through e.g. supernovae Ia (other data, like CMB, are
more model-dependent and a completely new analysis based on the present theory should be performed). These
distance observations measure directly the luminosity or the angular diameter distances and only indirectly derive H.
One could then imagine some contrived model in which the past expansion is compatible with weg < —0.2, such that
the final acceleration can be reached without passing through the weg = —0.2 ridge. However, one should also find a
way to produce a viable radiation era, when weg = 1/3, so this way out seems very unlikely.

D. Non-polynomial Lagrangians

The previous attempts at finding loopholes in the no-go theorem are not satisfactory. The last possibility we briefly
discuss is to design a Lagrangian function of A that remains regular both for A — 0 and A — 4oc0. In this case, in fact,



the singularities of the Lagrangian are avoided. For instance, still considering scale-free Lagrangians for simplicity,
R+ aRexp[—B(RA)?| or R/(1+ aRA) have this property. In the former case, for example, the Friedmann equation
around the critical points, i.e. assuming &' = £ = 0, becomes:

_ 168(6+2)2(5646,)2
it (1 e e rgpe S ) <, %)

where P5(€, 8) is a polynomial of order five in £ and linear in §. It is straightforward to realise that the above equation
is regular on the poles of the denominator due to the presence of the exponential factor. One could then work out
the cosmological implications of such models, but this is beyond the scope of this work.

Another option is to include scalar combinations of higher order in the anticurvature tensor, like A*¥A4,,,,. In FLRW
background the latter looks as follows:

4 TE2H156+9
9H* (E+1)2(§+3)2

A" A, = (36)
We see that it still contains the singularities at £ = —3 and & = —1, but remarkably it never vanishes. This means
that a theory from a Lagrangian (A" A,,)~! should be free of this kind of singularities.

A similar approach would be to assume that the A terms are only effective at some early cosmic epoch, e.g. during
inflation. In this case, the no-go theorem would also be irrelevant and the anticurvature theory could introduce some
interesting phenomenology.

VI. CONCLUSIONS

The anticurvature tensor, defined as the inverse of the Ricci tensor, allows the formulation of an alternative theory
of gravity. Such a theory will have to be analysed to assess the existence of ghosts or other instabilities and derive
the effects on perturbations such as the propagation of gravitational waves, the growth of perturbations, or the
Newtonian limit. After deriving the general equations of motion for a generic Lagrangian function of the curvature
and the anticurvature scalars, here we concerned ourselves about whether such a theory could be a viable candidate as
a cosmological model. We have shown that a general no-go theorem prevents cosmic trajectories to join a decelerated
phase to an accelerated one in any Lagrangian that contains a term with any positive or negative power of the
anticurvature scalar, thereby ruling out a vast class of models. This no-go theorem is illustrated analytically and
numerically in some particularly simple cases of models without new dimensional scales. We discuss possible ways
out of the theorem, and in particular we point out some (more complicate) Lagrangians that avoid it. We leave to
future work a systematic study of such models, in search of novel phenomenology.
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