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Robotic Following of Flexible Extended Objects: Relevant Technical
Facts on the Kinematics of a Moving Continuum

Alexey S. Matveeviand Valentin V. Magerkin®

1 Introduction

This paper is motivated by general issues concerned with autonomous navigation, coordination, and motion
control of formations of mobile robots in 2D and 3D. Over the past decades formation control has reached
a considerable level of maturity [31,85]. Meanwhile, the focus of interest was noticeably shifted towards the
situation where coordination should be achieved by a formation that includes not only mobile agents jointly
pursuing a common objective but also those apathetic or even hostile to it, which act non-cooperatively and on
their own.

Among numerous examples of such situations, there is the problem of autonomously driving planar robots
into a formation encircling an independent targeted object, see, e.g., [6L11L15H19,[23][24][37,[38] 4245, [46] and
literature therein. A motivation of this problem comes from many sources, including transportation of large
objects, rescue operations, exploration and surveillance missions, minimization of security risks and upgrading
situational awareness before coming to a closer contact, deployment of mobile sensor/actuator networks [36],
escorting and patrolling missions, troop hunting, to name just a few. This diversity gives rise to many different
incarnations of the targeted object. This may be a single target or a group of them; in some cases, the targets
may be treated as point-wise objects, whereas they are extended bodies in other situations. Some scenarios
deal with steady bodies, whereas other ones involve moving objects; their motions may be rigid in some cases
and include changes in the shape and size (deformations) in other cases. Various combinations of these are also
feasible.

In many missions of the considered type, the robots should autonomously detect and localize the targeted
object, then to get near it and finally arrive at positions that are tactically advantageous for attaining the posed
objective. For planar work-spaces, the locus of such positions is often an object-dependent curve, moving and
deforming in general. With this in mind, the navigation objective includes and considerably comes to arriving at
this curve and to subsequently tracking it. In typical multi-robot scenarios, the robots should also autonomously
achieve and then maintain an effective self-distribution over this curve, e.g., an even one, so that the robotic
team surrounds the targeted object more or less uniformly. For example, if the target is single and point-wise
and the advantageous position is delineated as that at a certain specific distance from the target, the discussed
dynamic curve is the circle centered at the target whose radius equals that distance. If the targeted object is an
extended planar body and a profitable position is still at a given distance from it, the curve is constituted by
the points equidistant from this object. In the case of multiple objects, the “distance from it” may be replaced
by the “mean distance from them” or the “distance to the nearest of them” in these examples.

In the scenarios sketched out above, a certain moving curve comes to the fore in stating the control objective.
By its own right, this beneficially imparts a certain degree of uniformity to the problem setup and analysis by
permitting one to neglect many details of diverse “true” targeted objects, which may substantially vary from
case to case, during the basic part of design and verification of a navigation algorithm. Anyhow, kinematical
and other characteristics of the above curve inevitably play a major role in mathematically rigorous justification
of the algorithm. From a general perspective, this curve is a dynamic continuum undergoing a general motion,
and there is little to be added to this due to the diversity of the scenarios. Up to now, such continua were
mostly studies within the framework of the continuum mechanics [1,89]. However, this discipline is mostly
focused on the mechanical behavior of materials modeled as a continuous mass, and is not much concerned with
navigation of robots relative to continua. As a result, studies on the last issue systematically face unavailability
of presumably basic formulas, whose derivation is somewhat lengthy so that it seems out of place when putting
in research articles on robotics. This paper is aimed at filling this gap with respect to kinematics of moving
planar curves.

The second part of this paper pursues a similar objective with respect to kinematics of moving and deforming
level sets of dynamic scalar environmental fields. This issue is inherent in dealing with the problem of robotic
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detection, localization, and exploration of such sets. This problem is also a subject of an extensive research;
see e.g., [21[31[5,[7, 1001314, 221251 [32,[33] 40,411 [43,[44] and the literature therein. A typical relevant mission is
to find and arrive at an a priori unknown level set where an environmental field assumes a specific threshold
value, and then to cover the entirety of this set. This results in exhibiting and gaining control over the border of
the region with greater field values, which is commonly the major focus of interest. Examples include tracking
of oil or chemical spills, or other contaminants [8], detection and monitoring of harmful algae blooms [32],
tracking zones of turbulence, contaminant clouds [44], or high radioactivity level, exploration of sea salinity and
temperature or hazardous weather conditions, to name just a few. Up to now, the research on robotic tracking
of environmental level sets mostly dealt with 2D work-spaces. Meanwhile, expansion of underwater, flying, and
space robots motivates strong interest to autonomous navigation with using all three dimensions and to cases
where the problem cannot be reduced to a 2D setting. Handling these issues inevitably addresses kinematics of
isosurfaces in 3D, which is the second topic of this paper.

The body of the paper is organized as follows. Section [2]is motivated by the problem of robotic following of
planar curves and offers a number of technical and relevant to the issue facts about their kinematics. Section
addresses kinematics of isosurfaces and is inspired by the problem of their sweeping coverage in the case of a
time-varying environmental field in 3D. Section [ presents a technical fact that extends Theorem 4.1 in Chapter
IIT [12] on ODE with discontinuous right-hand sides.

2 Following an Unpredictably Moving Speedy Planar Curve

2.1 Motivation and Assumptions

The interest in the developments of this section largely arises from the following scenario. Several planar robots
travel in the plane and are driven by the acceleration vectors. The plane also hosts a moving and deforming
Jordan curve T' = I'(¢), which is unknown, unpredictable and maybe, speedy. The robots should reach this
curve and then trace it in a common given direction. An effective self-distribution over I' should be achieved,
with the even one being an ideal option.

Some examples of pertinent missions are as follows.

1. There is a moving 2D continuum D(t) C R? of arbitrary and time-varying shape. This covers scenarios
with reconfigurable rigid bodies, forbidden zones between vehicles moving in a platoon, flexible obstacles, like
fishing nets or schools of fish, virtual obstacles, like on-line estimated areas of threats or areas contaminated
with chemicals or corrupted with a high turbulence. The robots should advance at a given distance dg > 0 to
D(t), then maintain it, circumnavigate D(t) in a common direction, and form a dynamic envelope of D(t) via
uniformly, more or less, surrounding D(t). In this case, I'(¢) is the locus of points at a distance of dy from D(t).

2. There are multiple speedy and unknowingly moving pointwise targets p,(¢). It is needed to drive the
root mean square distance dyean from every robot to the targets to a given value dy, to effectively distribute the
robots over the locus T'(t) of points with dmean = do, and to subsequently follow the targets with maintaining
this value and distribution.

3. In the case 2, the targets should be fully enclosed and tightly circumnavigated: a given distance dy to
the currently nearest target should be reached and maintained by every robot, while all targets are to be inside
its path. In this case, I'(t) is composed of arcs of dp-circles {r € R? : min; ||r — p;(t)|| = do} centered at the
targets, where || - || is the standard Euclidean norm. The targets are assumed not to spread too far apart from
each other so that such arcs can be concatenated to form a non self-intersecting loop I'(¢) encircling all targets.
Since this curve is typically non-smooth and the robots can trace only smooth paths with nonzero speeds, I'(t)
should be approximated by a smooth curve to make the mission feasible; see [29] for details.

4. In the missions 2 or 3, the targets are not point-wise but are moving 2D continua D;(t) C R? of arbitrary
and time-varying shapes. In this example, the mean squared distance is defined as 3~ d; (t)? and d;(t) is the
distance from the robot to the closest point of D, (t).

5. In the mission 2, the targets are moving and deforming 2D bodies D;(t) C R?, and the mean squared
distance to the points of all (say V) targeted bodies is considered; this distance is given by
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6. The plane hosts an a priori unknown scalar time-varying field, which is represented by a function
F(r,t) € R of spatial location » € R? and time ¢ € R. For example, this field may describe the concentration
of a contaminant, the level of radiation, the strength of an acoustic or electromagnetic signal, the temperature,
etc. The robots should locate and advance to the isoline (level set) I'(t) := {r : F(r,t) = fo} where the field
assumes a pre-specified value fy. After reaching the isoline, the robots should track it and evenly distribute
themselves over its length for the purposes of displaying, monitoring, or processing this curve.



7. Mission 6 is troubled by the presence of moving obstacles O1(t), ..., On(t) in the scene, which should be
bypassed with respecting a desired safety margin dg.t.. For the sake of brevity, we do not specifically discuss
construction of the targeted curve I'(¢) and only remark that it is reasonable to compose I'(t) via concatenation
of “free-space” pieces of the isoline with fragments of the dsato-equidistant curves of the obstacles; see [27] for
details. Since the resultant curve is typically non-smooth, it should be approximated by a smooth curve due to
the reasons discussed in 3.

In this paper, we neglect the origins and genesis of the moving curve I'(¢) and treat it as a self-sufficient
component of the scene, which defines the navigation objective of the robots. To describe this curve, we use the
Lagrangian approach [39] and so introduce a reference configuration T'yef and a time-varying configuration map
®(-,t) that transforms T'yef into the current configuration T'(t) = ®[[yer, t]. We limit the motion of the curve
I'(t) by only a few and minimal conventions, typical for the general continuum mechanics [39].

Assumption 2.1. The set I'ye C R? is a C3-smooth Jordan curve; the map ®(-,t) is defined on an open
connected vicinity O, of Tiet, is C3-smooth and one-to-one, its Jacobian matriz @;(~, t) is everywhere invertible.

The velocity V(q,t) and acceleration A(g,t) of the moving point g = q(t) € T'(t) are given by

0P 0%*®
Vig,t) := —|q«, 1], A(q,t) = —=[q«, t], 2.1
(q,1) := —-[g.1] (4,1) == S5 la: 1] (2.1)
where g, € T'jef is the “seed” of the “particle” q(t) = ®(qu,t).
The next claim is usually fulfilled in the real world.

Assumption 2.2. The configuration map ®(-), its first, second, and third derivatives, and the inverse to the
spatial Jacobian matriz ®((-) are bounded on the domain of definition O. x [0, 00).

We model robot i as a double integrator

i =a;, r0)=7r) v;(0)=n2v). (2.2)
Here r; is the position of the ith robot, v; is its velocity, whereas its acceleration a; is the control input.

Let d; stand for the signed distance from robot ¢ to the curve T'(t), which distance is defined to be posi-
tive /negative outside/inside the area bounded by the curve. In terms of this distance, the task of reaching the
curve takes the form d; — 0. To regulate the output d; to the desired value 0, local controllability of the output
is classically required. At the least, this trait means that respective controls can cause keeping the distance to I'
constant, converging to I', and diverging from I'. Since the relative degree of the output d; is 2, this means that
whenever d; = 0, the sign of d; can be arbitrarily manipulated by means of feasible accelerations. We assume
this only at the maximal speed and everywhere in the operational zone. For the sake of convenience, this zone
is delineated in terms of the distance d to I':

Zop = {(r,t) 1 d_ < d <dy}, where d_ <0 <dy (2.3)

are given. By [30, Lem. 3.1], the capacity to maintain the distance to I'" implies the following properties (up to
a minor enhancement of the second of them).

Assumption 2.3. At any time t and for any point @ € I'(t) of the curve, the following inequality holds:
0 <1+ 3(0,t)d_sgn s- (2.4)

At any time t, the distance from any point r of the operational zone (i.e., such that (r,t) € Zyp,) to the curve
T'(t) is furnished by a single point of this curve.

2.2 Some geometric and kinematic formulas concerned with moving planar curves
We use the following notations:

(;-) and || - ||, standard Euclidean inner product and norm, respectively;

w[r,t], projection of point r onto the curve I'(t), i.e., the point of I'(¢) nearest to r;

0:(t) := w[r;(t), t], projection of the current location of robot i onto the curve T'(¢);

d(r,t), unsigned distance minger(y) || — @l from point r to the curve I'(2);

d(r,t), signed distance from point r to the curve I'(¢), which is defined to be positive/negative out-
side/inside the area bounded by the curve;

d;(t) := d[r;(t),t], signed distance from robot i to the curve I'(t);

e w', vector w rotated through +7/2; positive angles are counted counterclockwise;

e 7(p,t), unit vector that is tangent to I'(t) at o € I'(¢) and gives the counterclockwise orientation of T'(t);



n(o,t) = 7(g,t)*, unit vector normal to I'(t);

Wr(o,t) := (W;T(0,1)), Wn(o,t) := (W;n(p,t)), tangential and normal projections of vector W;
5, = (0;(t); T[0i(t),t]), tangential speed of the projection g;(t);

x(p,t), signed curvature of the curve I'(¢) at point o € T'(¢) at time ¢;

w(p,t), angular velocity at which the curve T rotates at point o € T'(¢) at time ¢, i.e.,

wlont) = < dT[w(g,t;; 0),t+ 0]

e =(p,t), angular acceleration of the curve I" at point g € T'(¢) at time ¢, i.e.,

nle.0): (25)

6=0

dw[m(0,t +6),t + 0]

pr ; (2.6)

6=0

e(o,t) :=

e o(p,t), rate of change in the curvature of the curve at point g € I'(¢) at time ¢, i.e.,

dx|m(o,t+0),t+ 0

)

6=0

e or(0|t, @), location of the point g € I'(t) at time 0;
o L;(0 — 0"), signed length of the arc of I'(¢) from point @’ € T'(¢) to " € I'(t), counted counterclockwise;
e ¢(o,t), rate of stretch of the dynamic curve I" at point g € T'(¢), i.e.,

c(o,t) = lim Lolor(0]t, 0) — or(0]t, 05)] — &

1,60 (0 —1)8 ’ 27)

where g5 € T'(t) is the point of I'(¢) at a distance of 6 = L;[@ — gs] from point p;

s, natural parameter (arc length) on the curve I'(¢), it increases when running I'(¢) counterclockwise;
folo, 1), derivative of the function f(-) defined on I'() with respect to s at point g € T'(t);

§ ...ds, curvilinear integral along I'(t) (integral with respect to the arc length);

0(#), infinitesimal function that has a higher order of smallness with respect to 6 as 6 tends to 0;

Wﬁ)’f (A — R®), Sobolev space of functions g(-) : A — R® that are defined and (k — 1) times differentiable

on a (finite or infinite) interval A C R and are such that their (k — 1)th derivative is the antiderivative of
a function from L, on any compact subinterval Acom C A.

The first two results offer geometric and kinematic facts about the moving curve itself and its associates.
Theorem 2.1. Suppose that Assumptions 21l and 22 are true. Then the following statements are true:
i) The functions 4(-,-) and d(-,-) are continuous;

ii) Suppose that for any point (r,t) of a set M C {(r,t) : » € R?,t € R}, the distance from r to the curve I'(t)
is furnished by a single point of this curve. Then the function 7 (-,-) is well-defined and continuous on M.

iii) Suppose that the set M from ii) is open and for any its point (r,t), the following inequality holds
1+ s[n(r,t),t]d(r,t) # 0. (2.8)
Then the functions d(-,-) and 7(-,-) are of class C* on M.
Proof: i) The function 4 (r,t) = min,ep) || — o is Lipschitz continuous with respect to r since
" = el =" = olll < lr" =" = [d(r',t) — d(r", )| < [I7" — "]
By invoking 'yt and ®(-,-) from Asm. 2] we also see that
d(r,t) = min |lr — (o, )],

(' t)) = d(r" ) < [d (', ) = d (7", )| + |4 (r", ) — d (7", 17))|

< e’ =)l + | min [ = @(e.t)| — min " — ®(e.t")[| < ' 7"+ max |@(e,t) - (e,¢")| ==ER o
Qe OCl vef

ref ref
as v’ — r” and ¢’ — t”". Thus we see that the function 4(-,-) is continuous. This and Asm. 2T imply the same
for d(-,-) since
d(r,t) if r lies outside I'(¢t),
d(r,t) = ¢ —d(r,t) if r lies inside I'(¢),
+d(r,t) =0 if rlies on I'(¢).



ii) Since 7(r,t) is the point of I'(¢) that furnishes the distance d(r,t) = || — (v, )| from » to I'(¢), the
function 7(7,t) is well-defined on M. Suppose that it is not continuous on M. Then there exists a sequence
{(rr, tx)}32, C M, a point (rs,t.) € M, and a number ¢ > 0 such that

Tp =Ty, g —t. ask — o0 and ||7(rg, ty) — w(ry, ti)|| > 6 Vk. (2.9)

Since the point m(ry,t;) € T'(tx), it can be represented in the form m(ry,t;) = ®(ok,tx) with some gy € Tyet
thanks to Asm. Il By passing to a subsequence, if necessary, we can ensure existence of the limit o+ =
limy o0 @k € Trer. For 74 := ®(04,ts), we have

ri €(ty), ry= lim ®(ok, tp) = lim 7(ry, tr),
k— o0 k— oo
. . . i)
|[re — il = lim |7 — ®(ok, te)|| = lm |ry — 7(re, t)|| = Hm d(rg, te) = d(re, ty).
k—o00 k— 00 k— o0

Thus we see that the point r4 € I'(¢,) furnishes the distance from r, to I'(t.) and so ry = m(r,,t.). On the
other hand, letting k& — oo in the inequality from (Z3) yields ||ri — w(7s,t.)|| > 6 = ri # 7w(ry,ti). The
contradiction obtained completes the proof of ii).

iii) We first note that 7[®(gyef, t),t] = ﬂ@’gref(gref, t)/H(I)/gref(Qref, t)|| whenever @t € I'yef, where the mul-
tiplier f = 41 does not depend on g.., ¢t and links the counterclockwise directions on I'yer and I'(t), re-

spectively. Hence the map (@ref,t) € Iret X R — T[®(0rer, t),t] is of class C? by Asm. 21} so is the map
(Orefs t) € Tret X R = 0[P (Qret, t), t] = (T[(I)(Qref, t), t])L. Hence the map

(Orer, d,t) € Trot X R X R = Q(0yet, d, 1) := ®(0ref, t) — dn[®(0ref, 1), 1] € R?

is also of class C2. For (r,t) € M, the straight-line segment with the end-points r and (7, ) is normal to I'(¢)
at point (7, t) and has only one point 7(7,¢) in common with I'(¢) since otherwise the distance from 7 to I'(t)
would be lesser than the length of this segment ||r — 7(r, t)||, in violation of the definition of m(r,t). It follows
that r = 7(r,t) — d(r,t)n[r(r,t)]. By Asm. 21l there exists a unique @et(7,t) € I'yef such that

m(r,t) = ®[gret(r, 1), t]. (2.10)
Here the function gyef(-,-) is continuous on M due to ii) and Asm. 2l Summarizing, we infer that
r = Qorer(r, t),d(r, t),1] V(r,t) € M. (2.11)
Meanwhile, by invoking the Frenet-Serrat equations

r r
T, = M, n, = —xT (2.12)

and the equation ﬁf{@(greﬁ 1] = ﬁj—f;[@(gref, t)] ||<I)’me(gref, t)||, we see that due to ([ZJ), the partial deriva-
tives

= B(1 + scd)T ||

Oref

Qorer = Voue = AP, ||

Oref Oref

., Qy=n
are linearly independent at any point (ref, d,t) = (0%, d*,t*) such that @¥; = Qrer(r*,t*),d* = d(r*,t*) for
some (7*,t*) € M. So by applying the implicit function theorem [20, Thm. 3.3.1] to the equation

Q(0rer d,t) =T =0 (2.13)

in the unknowns gycr € I'ter and d € R, we infer the following: There exists an open neighborhood Ny« ¢« C M
of (r*,t*) and 6 > 0 such that whenever (r,t) € Ny« ;, equation (ZI3)) has a unique solution (@rer,d) =
[@ree(, 1), d(r,1)] in the set {@rer € Tret, || Oret — 07y¢ll < 9,]|d — d*| < 4§}, and this solution [B,e(-, "), d(-,)] is
a C?-smooth function of (r,t). By comparing (ZII)) with [ZI3) and taking into account that gee(r,t) —
o d(r,t) = d* asr — r*,t — t* and so || @res(7, 1) — 05|l < 6,]d(r,t) — d*| < § if (r,t) is close enough to
(r*,t*), we infer that the functions @.et(-,-) and d(-,-) are identical to @,(-,-) and d(-,-), respectively, in some
neighborhood of (r*,*) and so are of class C? there. Since the point (r*,t*) € M is arbitrary, they are thereby,
C?-smooth on M. It remains to invoke (ZI0) and Asm. 211 O

Theorem 2.2. Suppose that Assumptions 21l and 22 are true. Then the following relations hold at any time
t and for any point p € T'(t):

m(0,0) = 0+ Va(o,t)n(o,t)(0 —t) + 0(6 — t), (2.14)

Hg—g(g, t+ dt)H —1=—3x(0,t)Vp(0,t)dt + o(dt), (2.15)

Hm(o,t +dt), t + dt] = (g, t) + (W}, + 2°V;,)dt + o(dt), (2.16)

Vilm(o,t + dt),t + dt] = V[, t] — (2wVy — A, + »V2)dt + o(dt), (2.17)
s(o,t) = (1(0,1); Voo, 1)),  w(o,t) = (n(o,t);Vy(o,t)) — »(0,t)V-(0,1). (2.18)



Proof: Proof of ([2ZI4): Let 0 ~ t. Then d(p,0) ~ d(g,t) = 0 and by Thm. 2] the projection 7 (g, ) is
well defined, smoothly depends on (g, ), and @ = 7(e,0) +a(0)n[r(e,0), 0] for some real a(f) € R. Meanwhile,
le—m(e,0)| <la®)] < |le—er(|t, o) <V|0—t|, where V :=sup, , [V (e,t)|| < co by Asm.2Z2 By Asm.[2ZT]
there exists 0yef(6) € T'yer such that 7(g,0) = ®[g.e£(), 0], and

W(Qv 9) — 0= W(Qa 9) - W(Qv t) - @[Qref(9>a 9] - (p[gref(t)a t]
eref(o)

= Py i[0ret(9), 6] = 7= (6 — 1) + Ve £](6 — ) + 0(0 — 1).

Since the first addend in the last expression is tangential to I'(#), whereas 7(g, #) — g is normal to it, we have
7(e,0) — e = (V(e,t);n[r(e,0),0]) n[r(e,0),0](0 — ) + 0(f — 1) = @1d).

Proof of [2I8): By taking into account that the points g € I'(t) of the curve are determined by the natural
parameter @ = g(s), we see that

or(t+dtlt,e) = o+ V(e t)dt + o(dt), (2.19)
Qs ‘ dor

Lesaler(t+ dit) > arte-+ ez = § |92 ¢+ are. )| as

]

o 7{95 (0. t) + V)(e.t)dt + o(dt)| ds = jégé [1+ (T(0,1); Voo, 1)) dt + o(dt)] ds

LB the first equation in (2I8]).

We put NrW := % and denote by Pry the orthogonal projection onto the line spanned by V. We also invoke
the relation

d PerW
NriV = (2.20)
dt W]
With these in mind, we have
Vo 9(Vim) (i)
e~ 00 (Vgim) +(Viny) "= (Vgin) — xV,, (2.21)
t+dt) E,&ID
Tr(o,t +dt),t +dt] = neOrlet+dl) em ez

oV,
9 7(0,t) + Pry, {a—gn — %an] dt + o(dt)

=7(0,t) + [(Vgin) — 5V, | ndt + o(dt) L3\ the second equation in (ZIF]).

Proof of (ZI3) is via the following observations:

— T+ aa—‘::ndt — sVordt + o(dt) == 7 + [(Vg;n) — xV,]ndt — xV,rdt + o(dt)

—_———
=w by ZI8)

=7+ wndt — xV,7dt + o(dt) = ZI3). (2.22)

mo(0,t + dt)

Proof of (ZI0) is via the following observations:

Tpol0,t + dt) == 20223 — 3 Vpndt — [23w + s, V| Tdt + o(dt);
(a) <7ng(g, t+dt); (ot + dt)*+)
x|m(o,t+ dt),t + dt] — »(0,t) = —x
et e = e EAPXERDIE

+ (W — 72V, ndt — (2500 + 7V, | Tdt;n — wrdt — »xV,ndt
cm.ez (*n [wy — 7 Vu]n [(f(j}tv;t)jr n—wt ALY ) >—%+O(dt)é(lm).

Here (a) is based on the well-known formula for the curvature of a parametric planar curve.
Proof of [2I1). We start with the following remark:

mlo,t +dt] — or[t + dt|t, o] =——= |

Von — Vi]dt 4+ o(dt) = =Ve7dt + o(dt). (2.23)

We also note that the points g € T'(¢) and or (¢ + dt|t, ) have a common “seed” g, i.e., for the configuration
map P(-) from Asm. 2T o = ®(q.,t), or(t + dt|t, 0) = P(q., t + dt). It follows that

0P 0P 0?®
Vier(t+dtle).t +dt] =" Flq.t+atl = Zla 1]+ 57

5 5 [qo, tldt + o(dt) B2 Vo, 1) + Ale, t)dt + o(dt).



Furthermore, ([23) implies that 7[w(g,t + dt),t + dt] — 7(0,t) = wndt + o(dt) With this in mind, we see that

FREED Vot + (V + Adti mlor(t+ dil @), t +dt]) — (Vi) = —wVydt + Ayt

+ (nfor(t + dt|o),t + dt] — n[m(o,t + dt),t + dt]; V) + <(T[ﬂ'(g, tdt),t+dt] — )5 V> + o(dt)

CRDEIEID _ v dt + Andt + V; (nl; V) +w (nb5 V) + o(dt)

=" —wVedt + Apdt — 3V (T3 V) —w (13 V) + o(dt) = ZI0). O

In the remainder of this section, Asm. 2.J}2.3] are supposed to be true. Thanks to the second sentence
from Asm. 23] the projection m(r,t) is uniquely defined in the operational zone. Our next result addresses the
projection of an individual robot. From now on, we assume that in Z2), r;(-) € W} and the first equation
holds almost everywhere.

Theorem 2.3. Whenever robot i moves in the operational zone [r;i(t),t] € Zop, the projection g;(t) of its
2,1

location onto I'(t) and the distance di(t) to this curve are of class Wi

and the following relations hold:

0i(t + dt) — m[o;, t + dt] = s;Tdt + o(dt), (2.24)

(6isn(0i1)) = Vi, (2.25)

drled®l _ ()1 gm0 (2.26)
dt dt

Vi = W = siw — #©V2 =20V, + A,. (2.27)

Proof: Due to (Z3) and (24, inequality (Z8)) is true everywhere in the operational zone. So by Asm.
and Thm. 2T (where M := Z,},), the projection 7(r, t) is well-defined in Z,p, and the functions = (-,-) and d(, -)
are of class C? in Zp. Since ;(t) = w[ri(t),t],d;(t) = d[ri(t),t] and r;(-) € W, the functions g;(-) and d;(-)

2.1 . . . .
are of class W)’ on time intervals where robot i moves in Zp,.

Proof of (224) —226): By Asm. 2] 0;(t) € T'(t) Vt = 0i(t) = Ploret(t), t] Vt for some grer(t) € Trer. SO
0i = P, Oret + V. Since @}, v is tangential to T'(t), equation ([Z.23)) is true, whereas ([224) holds since by
@I4), its Lh.s. = (0:dt — Vym)dt + o(dt) = (9; — (0i;n) n)dt + o(dt) = (9;; T) Tdt + o(dt). Also,

T[Qz(t + dt)v i+ dt] - T[Qz(t)a t]
=T[0i(t +dt),t + dt] — T[m(0:(t), t + dt), t + dt] + T[m(0:(t),t + dt),t + dt] — T[0:(t), 1],
which yields the first relation in (226) due to ([224)), the Frenet-Serrat formulas (Z12]), and the definition (2.5)

of the angular velocity w. Subjecting this relation to the operation * gives the second equation from (Z.28]).
Proof of (Z21). We first note that

0i(t +dt) — or[t + dift, 0i(1)]

= o;(t + dt) — w[o;, t + dt] + 7[gi, t + dt] — or[t + dt|t, 0;(t)] ——— (5,

§; — Vo )7rdt + o(dt). (2.28)
Hence we see that

Vdt + o(dt) = V]gi(t + dt), t + dt] — V]gi(t), 1] = V]ei(t + dt), t + dt] — V[or(t + dt|t, 0;(t)), t + dt]
+Vor(t + dtlt, 0i(t)), ¢ + dt] — V[ei(t), 1 (2.29)
BRI (5, — V)V + Al dt + o(dt) = V = (5, — V;)V, + A;

v, &2 (Vin) = (wt s5i)Ve = (8 = Vo)V + Aim) — (w + 25V

= (5 — Vo) w+ #Vy) — (w+ 25)Vr + (A;n) = 5w — 3V2 — 20V, + (A;n) = @270). O

The main focus of the following theorem is on characterization of robot’s kinematic parameters relative to the
curve.

Theorem 2.4. Let v, = (v;;7T) and v, , = (v;;n) stand for the tangential and, respectively, normal com-
ponents of the velocity v; of robot i. Similarly, let a;, = (a;;T) and a;, = (a;;m) stand for the tangential



and, respectively, normal components of its acceleration a;. Whenever robot i moves in the operational zone
[ri(t),t] € Zop, the following relations hold:

v = (Vi — di]n + [3:(1 + sed;) + wd)T, (2.30)
.. %v?T + 20; ;W — w?d; 5
d; = : — 2V —2wV, + Ay — a4, (2.31)
1+ %di ’
Uiy = 7 %Ui,n = ai,r + (W + 55;)vin, (2.32)
'[)Z-m = Qjpn — %’ULT = Qjn — (w + %§i>vi1¢, (233)

Proof: Proof of (230), 231): Via differentiating r; = g, — d;n(g;,t), we see that
~—— S~——
5.1' :Vn by m
e 57 4 Von — din + (w + 28 diT = Z30).

It follows that

di =V, — i, (2.35)
5 = % = v, — %di, (2.36)
. W + 2xv; +
W+ xs; = T%d;’ (2.37)
§; =7 — (w+ 28;)d;, (2.38)
d; ez v, — (aisn) + (w+ 28;)v; - ez %U%’T +12j:i’;:_ widi — V2 =20V, + A, — a;, = E3]).

Proof of [232), [Z33) is via the following observations:

. @@ . €37 W + 2v; -

Vir = G5+ (w+ %5i>vi,n = Qjrt+ ————FVin=> 232),
1+ %di

. @@ . @30 W+ 2v; -

Vi = Qi — (WH x5V, = ajp— ————0;, = (Z33).

Proof of ([234) is via the following observations, where @ := g;(t):

wlei(t +dt),t + dt] — wle, t] = wloi(t + dt),t + dt] — w[m(0,t + dt),t + dt] + wr(e,t + dt),t + dt] — we, t]
0, 2

[wy(,t) 5i(t) + (@, t)]dt + o(dt) = the first formula in (Z34).

The second formula in (2234 is established likewise. O
The last theorem of the section addresses the length of I'(t) contained between the projections of two robots.

Theorem 2.5. Whenever robots i and j move in the operational zone, the following equations hold for the
signed length Li[g;(t) — 0;(t)] of the arc of T'(t) from 0;(t) to g;(t):

d (1)

Gllei) = 0,0 = 8,0 50— e 0Vales s, (2:39)

o’'n

d? oj
@Lt[gi(t) =0, =ajr—air+X— X\ — 7{ [WhVi — 2w3V; + A, — 5°V?] ds, where (2.40)
e

K

B 2dk[w + 2] + [w + Sk + sag r + (S + w)sVy]dg

A = wV,
F @ 1+ 2edy,

(2.41)



Proof: Proof of ([2.39) is via the following observations:
= Lt+dt[9i(t + dt) — 0j (t + dt)] — Lt+dt[QF(t + dt|t, Qi(t)) — 0j (t + dt)]
+Lirar[or(t + dtlt, 0i(t)) — o;(t + dt)] — Lita[or (t + dt[t, 0i(t)) — er(t + dt|t, 0;(t))]
+Litaor(t +dtlt, 0i(t)) — or(t + dt|t, 0;(t))] — Le[oi(t) — 0;(t)]
© Lot + db) — or(t + dt|t, 0i(1))]

e; (1)

~Luvale(t+ dt) - orlo+ dilt o, 0] +at - <lo.t)ds + o(at)
ei(t)

(2.42)

o;(t)
EE&E@{@@)%@Aﬂﬂhﬁ{m@VH%@JW#+&%}Q<ﬁgﬂﬂﬁgﬂ>%+oww
2;(t)
@ {5;(t) — Viloj(t), 11} dt — {5;(t) — Vr[0i(t), t]}dt + {V;[g;(t), 1] — Vi [0i(t), t]}dt — dt%.@) <1-£’,; V> ds + o(dt)
. 2;(t) l
@éﬂmﬁ—m@Mﬁq#% 2o (s VY ds + o(dt) = [Z39).
oi(t)

Here (a) is based on (Z71) and the equations —Ly (03 — 01) = Ly (01 — 03) = Ly (01 — 02) + Lv (02 —
03) Vo1, 02,03 € T'(t'), (b) is based on integration by parts, and (c) uses the Frenet-Serrat formulas (212).

Proof of (240): We first note that

d . @3 . (W + 3005 7 + 220, 2 )d; + (W + %viﬁ.r)d'i (W~ 5005 7 )d; (5ed; + %di)
Esi = VT 1+ sd; (14 5d;)?

32 W + v+

= Qi,r T%divi’n

[w + j’f’Uz’,T + (a/i,‘r + wl'f::iz)dw;" ’Ui,n)i| d; + (w + %’Ui,T)Czi (w —+ %vi,T)di [%dz —+ %dz}

- 1+ »d; (1 sd;)?
W + v+ .
IR T
(W + 3007 + 22a; 7)d; wd; W+ v W+ 0 -
- - Vin — i
1+%di 1+%di 1+%di ’ 1+%di
w + AU, 1 dz(%dZ —+ %dz)
1 +%di 1 +%di
= air + (W 55)vi
(w + .%'Ui + + xa; -,-)dz %dz . . 7
- : : - i)Vin — i)di
T 1+%di(w+%5)vﬁ (w+ 55;)
+(w+ »#5;) 11 od,
(d) + }.t’UZ‘,T + %ai,,.)di
= Qj+ —
'i nwn . nwn dz . dz L
+(w+%5) Y, 1+%div’ +1+%di +1+%dl:|
. (w + J'{’Uiﬂ— + %ai,.,-)di . Vin dl %dz2
- az,‘r 1 + %dz + (w + %51) 1 + %dz 1 + %dz 1 + %dz
' ir)di v Ldp 3 5;)d? | Ve —di d;
@ai-,-f(w—i_%a"r) g %(w+%5)l+(w+%5i) -
(w+ 28:) (Vi — 2d;) — (& + sa; 7 )d; sed; ,
0T ; i)di — Vi r
ai T + 15 el +1+%di[(w+%5) V7]
=—35; by (Z33)
n (w + %51)(‘/” — 2di) — (w + %51 + %ai,T)di
= Q5,1 .
’ 1+ »d;



Meanwhile, ([239) implies that

4 d. d. . e; (%)

ﬁLt[Qi(t) — 0;(t)] = TS D, where D(0) := jégi(e) #(0,0)V, (0, 0)ds. (2.43)
To compute 9, we note that by (Z24),

@(f + dt) — @(t) = [éj%(gj, t)Vn(Qj, t) — éi%(gi, t)Vn(Qi, ﬁ)] dt + B + O(dt), (244)
where
w(@;,t+dt) o;
B .= »(o,t + dt)V,(o,t + dt)ds — 7{ #(0,t)V,(0,t)ds
(@i t+dt) Qi

(%] Q;
@ 7{ (0.t + db), t+ AtV [r (o, t + dt), t + df] Hg—Z(g,tert)Hds—f (0 t)Viu (0, t)ds
o 3

i

- 7{% {xlr(o,t + dt),t + dt]V,[m(@,t + db),t + dt] — »(0,1)V(e, )} ds

i

e (|| om
Jr?{ {H—(Q,tert)H 1}%Vnds+o(dt)
e de

7

B o;
Co-@m dtjé {w’QVn — 2200V, + A, — %QVTQ} ds + o(dt).
Qi

Here (a) is based on the change of the variable in the integral. By invoking first, (Z44]) and then (Z43), we
infer that

. o
D = §;(05,t)Va(0j,t) — 5i2¢(0i, ) Vi (0i, t) + {wpVn — 2500V, + 3A, — #*V2} ds;
Qi

GElled) > 0,0 = | §6— senVilest)] - | 6 - doenVaten)

0;
,jé {w’QVn — 2300V, + A, — %QVTQ} ds.
Qi

It remains to note that

§; — i3V, = a; r + wVn — Qdi(w + 25i) — E“i“‘ 251 + xai,; + §7*Vy)d; @D @i, + i,
»a;

dt

and similarly £ §; — §;5V,, = a;+ + \;, and to bring the pieces together. O

3 Three-dimensional sweep coverage of isosurfaces of time-varying
environmental fields

3.1 Motivation and Assumptions

The interest in the developments of this section largely arises from the following scenario. A single robot or
a group of robots travel in 3D with a constant surge speed. The control input is constituted by pitching and
yawing rates. There is an unknown and time-varying scalar field described by a function F'(r,t) € R of time ¢
and spatial location » € R3. Starting from an occasional location, the robot (every robot in the team) should
reach the moving and deforming isosurface Si(f.) where the field assumes a pre-specified value f,. Afterwards,
the robot or the robotic team should move over Si(f+) and densely sweep the entirety of this isosurface for
purposes of exposition, surveillance or processing. In the case of a group maneuver, this may include achieving
and maintaining an effective self-distribution of the team over the isosurface. This results in exhibiting and
gaining control over the border of the region with greater field values, which is commonly the major focus of
interest. Examples include tracking of oil spills or contaminant plumes [8], detection and monitoring of harmful
algae blooms [32], tracking zones of turbulence, contaminant clouds [44], or high radioactivity level, exploration
of sea salinity and temperature or hazardous weather conditions, to name just a few. In such missions, a typical
trouble is that information about the field is very scant and the collected data about it may quickly become
obsolete due to time-variance of the field. So direct analysis of time-varying fields is highly relevant.
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Like in [26], we employ the following general model of the robot’s kinematics that ignores the roll motion:
e=u, (u;e)=0. (3.1)

Here r is the robot’s location, v is robot’s velocity vector, v > 0 is the constant surge speed, e is the unit vector
along the centerline of the robot, u € R? is the control input, and ||e]| = 1 by the second and third equations.
Applicability of the model (B is discussed in [26], Rem. 2.1]; e.g., this model applies to fixed-wing aircraft,
torpedo-like UUV’s, and various rotorcraft.

Remark 2.1 in [26] discusses replacement of the “abstract” control w by the conventional pitching ¢ and
yawing r rates in various contexts, based on a one-to-one correspondence u <+ (¢,7). That remark also shows
that the model (B is applicable whenever the speed v can be kept constant by a proper control, whereas
the acceleration can be simultaneously manipulated within a disk perpendicular to the velocity v and centered
at the origin; then e := v/v. This holds for helicopters, submarine-like vehicles, and many other mechanical
systems that move not necessarily in the surge direction [4[34].

In this paper, special attention will be given to the situation where a part of the control task is related to a
certain space direction, which is specified by a unit vector h € R3. For brevity and convenience of references,
this vector is said to be vertical and the coordinate h(r) of point 7 in the direction of h is called the altitude of r,
though h may not be truly vertical and h may not be the true altitude. Specifically, this direction takes part in
the definition of the working zone WZ, which is confined to a given range of altitudes %, = [A_, Ay], A < Ay
Another example of a possible role of h is given by multi-robot scenarios where the robots should evenly
distribute themselves over the altitudinal range 7, thus forming the densest possible barrier in the vertical
direction, whereas every robot sweeps the unknown and unsteady isosurface at its own altitude. This pattern
integrates the sweep and barrier coverage schema, as are defined in the seminal paper [9].

For the sake of convenience, the definition of the working zone is completed in terms of the extreme values
f- < f+ (f« € (f-, f+)) taken by the field in this zone:

WEZ = {(r,0): f- < F(r,0) < fr,  h(r) € Hu}. (3.2)
The following assumption is adopted everywhere in this section.
Assumption 3.1. In an open vicinity of the working zone [B2), the field F(-,-) is twice continuously differen-

tiable and is not singular, i.e., its spatial gradient is nonzero VE # 0.

3.2 Some geometric and kinematic formulas concerned with moving and deform-
ing isosurfaces

We use the following notations in this section:
e (-;-), standard inner product in R3;
e X, standard cross product in R3;
e [d, b, d = <EL’; b x E>, scalar triple product of vectors d, b, ¢ € R3;
e r(t) € R3, location of the robot at time t;
e v(t) € R, its velocity at time t;
e e(t) € R3, the unit vector along its centerline at time ¢;
e v, robot’s surge speed;
e F(r,t) € R, unsteady environmental field in the space R?;
o f(t):= F[r(t),t], its value at the location of the robot;
e VI, spatial gradient of the field;
e [ its spatial Hessian;
e h, “vertical” unit vector;
e N(r), coordinate of point r in the direction of h;

e h(t) = h[r(t)], coordinate of the robot in the direction of h;

11



Si(fs«) ={r: F(r,t) = f.}, time-varying locus of points with the field value f, called the isosurface;
SPor(f.|h) == {r € Si(f.) : h(r) = K}, horizontal section (of the isosurface) at the altitude ;

N(r,t) = %, unit vector normal to the associated isosurface (that passes through r at time t);

aj, = arcsin (N; h), angle from N to horizontal planes (i.e., those perpendicular to h);
7 = h x N/ cosay, unit vector tangential to the horizontal section that passes through 7 at time t;
Hyy = [h—, hy], operational range of the “altitudes”;

hian = (h — Nsinay,)/ cos ap, normalized projection of the unit vertical vector h onto the plane tangent
to the associated isosurface;

IIT;T], second fundamental form of the associated isosurface, i.e., the quadratic form on the tangent
plane whose value on any tangent unit vector 7" is the signed curvature of the intersection of the associated
isosurface with the plane spanned by 7" and N [21, Ch. 4];

r4(9t|t,r), nearest (to r) point where the axis Ay drawn from = in the direction of N intersects the
time-displaced isosurface Syis¢[fr i), where fr,:= F(r,t);

¢(ot|t,r), its coordinate;

E(0f|t,r), coordinate of the nearest point of intersection between Ay and the space-displaced isosurface

St(fr,t + 5f)7
¢(dtft,r)

A(r, t), front velocity of the isosurface, i.e., lim =———=;
5t—0 ot

a(r,t), front acceleration of the isosurface:

a(rt) = (}gmo A[r4(dtlt, r),(z;: ot] — /\[r,t]; (33)
=

@(r,t), orbital angular velocity of the unit normal to the isosurface:

Nlr, (6t|t,r),t +0t] — N[r,t]

S(r,t) := N(r,t li 4
B 1) = N(r.1) x lim - , (3.4)
p(r,t), spatial density of the isosurfaces:
of
t) = lim ————; 3.5
p(r,t) P (3.5)
gp(r,t), proportional growth rate of this density with time:
. plry(dtt,r),t + dt] — p(r,t)
t):=1 ; .
9p(r,1) 5130 p(t,r)ot ' (36)
n,(r,t), normal proportional growth rate of the density:
Nés, t) — t

p(r,t) 5530 0s

WVp(r,t), tangential proportional gradient of the density, i.e., the tangential vector such that for any
tangential vector T,

+Tds,t) — , T
plr+ T65,1) = p(r, ) 5s)

ST\ =
(VpiT) = 2oy Jimy 55 ’

8y t(T) = —DrN, shape operator, where Dp N is the derivative of N in the direction T tangential to the
isosurface,

Pr,. ,w, projection of the vector w € R? onto the plane tangential to the associated isosurface at the point
(r,t), ie,, Prpyw = w — N(r,t) (w; N(r,t)).
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From the classic formula . . .
&’x(b><5)2<d’;5)b—<@’;b>€ (3.9)
and ([B34), it follows that
d -
@N[r+(9|t,r),9”9:t = d(r,t) x N(r,t). (3.10)
The density ([B) evaluates the number K of the isosurfaces within the unit distance from the associated
isosurface, where K is assessed by the span of the values assumed by the field within this distance;
The first result shows that the above characteristics of the three-dimensional field are well-defined under
Asm. 31 and explicitly relates them to derivatives of the field. This result and its proof are similar to their
“two-dimensional” analogs, i.e., Lem. 3.1 and its proof from [28].

Theorem 3.1. The afore-introduced characteristics of the field are well-defined and the following relations hold
in the working zone:

F/

= _||v—}||’ p=|IVF|, vy(dt|t,r) =r+ ANdt+ o(dt), (3.11)
(VE/ + AF'N;N) VE! + A\F"N Fll + X {(VE/;N)
_ Ny Y AN Y 3.12
9o wEr o TN T NE @ Kl 9 (312
Pr,. [F"T] Pr, . [F"N] (F"N; N)
8pi(T) = ——2rtlf 21 gy = 2Ent 2 A, A ) (3.13)
al VR T N

Proof: Given a point (r,t) of the working zone ([B2]) and ¢, ¢ € R, we denote
N :=N(r,t), fri:=F(rt), E(0tC):=F{t+0t,r+(N)— fr..

Then the partial derivatives Z.(0,0) = (VF(r,t); N) = [[VF(r,t)| # 0 and Z§,(0,0) = F/(r,?). By the implicit
function theorem [20, Thm. 3.3.1], the equation Z(6¢,{) = 0 has a unique solution ¢ = ((dt) in a sufficiently
small vicinity of 0 for any sufficiently small ¢, this solution smoothly depends on §t, and its derivative with

respect to 0t at 6t = 0 equals f%ﬁ%. This implies that ((dt|t,r) = ((6t) for 6t ~ 0, the speed A is well
E.0,

defined, and the first relation from (BI1)) does hold.
The same arguments show that the equation Y(0f,§) := F(r + {N,t) — fr, — 0 f = 0 has a unique solution

& =¢&(0f) in a sufficiently small vicinity of 0 for any sufficiently small ¢ f; this solution smoothly depends on § f,

. T B X500 1 .
and its derivative with respect to §f at df = 0 equals 0.0 = TVFmAT- It follows that p is well defined

and the second relation from (BIT]) holds.

The third relation is immediate from the definitions of r (0t|t, ), ((5t|t,7), and .
To proceed, we introduce the shortcut 4 (6t) := r(6t]t, ) and note that due to BII),

VF [ry(dt),t +dt] = VF[r + ANdt + o(dt),t + dt] = VF + [VFE} + A\F" N]dt + o(dt), (3.14)
plr(dt),t +dt] = ||[VF [ry(dt),t + dt]|| = |[VF + [VE] + AF" N]dt + o(dt)||
VF;VF{+AF"N)

(
= IVF| +

dt +o(dt) = p+ (N; VE/ + A\F"N) dt + o(dt), (3.15)

which gives the first formula in BI2]). We proceed by invoking (B14):

VF [ry(dt),t + dt] VF/+\F'N  VF

N [ry (dt), t + dt] = — N+ - VF:VF + AF'N)| dt + o(dt
P ) S () )] VAT e VR AN | ol
1 Pr, F/ + F"N
:N+W[VF{JW\F”N7N<N;VF{+/\F”N>] dt + o(dt) = N + Trt [VHVtI;T ]dt+o(dt);
N dt),t+dt] — N F/+ A F"N — N (N;VF/+ "N F/+MF"N
o BD N [r(dt), t + dt] :Nxvt+ (N;VEF + >:N><Vt+
dt IVE] IVE]
Thus we see that the second formula in (BI2) is true. Furthermore,
N (db). £ + df @m  F/[ri(dt),t +di]
o  IVElr ().t +d]|
@m . Fldt+ (VELra(dt) — ) (N;VE! + A\F'N)
=\ +F dt + o(dt)
IVE] ' IVE[?
@I Fll + A\(VF/;N) (N;VE[ + A F'N) (b) Fll + A\(VF/;N)
=\ dt — A dt + o(dt) 2 A — dt — Ag,dt + o(dt),
IVE] IVE] IVE] :
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where (b) follows from the first formula in (3.12]). The definition of o completes the proof of the third equation
in (B12).
Given a tangential vector T', the second equation in (BI3) follows from the transformation
(F'T;VF)
IVE]
= p(r,t) + (F"N;T)ds + o(ds) = p(r,t) + (Pr, . [F"N]|;T) ds + o(ds).

p(r +Tds,t) = ||VF[r + Tds,t]|| = p(r,t) + ds 4 o(ds)

The third equation in ([BI3) is established likewise:

(F'N;VF)

p(r + Nds,t) = ||VF[r + Nds,t]|| = p(r,t) +
IVE|

ds + o(ds) = p(r,t) + (F'N; N)ds + o(ds).
Finally,

VF[r + Tds, 1] F'T (VF; F'T)
N Tds.,t] = = Nlr.t —VF dt d
e+ Tds. ] = [ Fr + Tas, ]~ " ”{|VF| VERERE gt olds)

1 Pr,. :[F"'T]
=N[r,t|+ —={F"T — N(N; F'T)}dt + o(ds) = N[r,t] + —=——
[VE [VE

dt + o(ds),

which means that the first equation in (BI3)) is true as well. O
The second result of this section displays useful relations among kinematic characteristics of the isosurfrace.

Theorem 3.2. Let the vector T be tangent to the isosurface. The following relations hold:

A7+ Tds,t) = A+ [&, T, N]ds + o(ds), (3.16)
A(r + Nds,t) = X — gpds + o(ds); (3.17)
N(r + Nds,t) = N + Vpds + o(ds). (3.18)

Proof: To prove (310, we start with the following observations:

@ Fl(r+ Tds, ) (VFLT)  (F'T:N)
A(r + Tds, t) =22 () ) g A LI d 1
(4 Tdsot) "= SR+ 7ds, ] ~ N0 T TRy @ wRR o) (3.19)
GID VF/;T F'N;T VF+ MF'N;T
=" \(r,t) — %ds — A%ds + o(ds) = A(r,t) — (VE; I F >ds + o(ds) (3.20)
(Pry; (VE/ + \F'N);T)
= \Nr.t) — ’ d ds).
Then we note that
F! 4+ \F'N F!+ \F'N F/+ A\F'N F! + \F'N
Nxg BN |vx SELATN @ [ VEFAITNN oy VEFATN g VE AN
IVE IV E IV E ’ IV E

Thus we see that
AMr+Tds,t) = A+ (T; N x &)+ 0o(ds) =X+ [T, N,d] + o(ds) = A+ [, T, N| + o(ds) = BI0).
By retracing (319) and 320) with putting N in place of T', we see that

(VF,+ AF"N;N)

A(r + Nds,t) = A(r,t) — ds+o(ds) = X—gpds+ o(ds),

[VE]
which proves [BI7). Finally,
VF(r + Nds, ) F'N (F'N;VF)
N Nds,t) = =N+ -——ds—VF————>—d d
S 7 R 17 R 17 R
F'N — N (F"N;N) Pr,. ,[F" N] o
=N+ ds+o0(ds) =N+ ————ds+o(ds) = N+ Vpds+ o(ds),
IVE] IVE]
which proves ([BI8). O

The focus of the last theorem is on characterization of kinematic parameters of the robot relative to field,
its isosurface, and the vertical direction.

14



Theorem 3.3. Suppose that at any point of the working zone, the unit normal N to the associated isosurface
is not vertical. Whenever the robot moves in this zone, the following equations are true:

h=v(esh), h=v(uh),  f=plv(N;e)—\, (3.21)
ve = AN — v, where (3.22)
- . ) ) e \si —h
Ni= PN fPi=f/p and V:=FF Asmen TRy (3.23)
Ccos oy, Ccos oy,

Vo= \/112(2052 an — (b2 + A2 — 20X sinap); (3.24)

p=frp—p (Vo) + pgp, (3.25)

N = f’Vp+ 81V + & x N, (3.26)

A=a— [,V N~ fg,, (3.27)
fzv(N;u>—II[‘V;‘V]+2[JJ’,‘V,N]—a+fp[fpnp—2<Vp;‘V>+2gp] (3.28)

Proof: The first two formulas in (B2])) are immediate from (3.I]), whereas the third is justified as follows:

fo=Fl+ (VF#) B2 o (VFe) B pl-A+ v (Nse)).

Since h and N are not co-linear by the assumption of the theorem, h, N, and 7 = h x N/ cosay, form a basis
in R? and so e = zh + yN + 27. By finding x,y, z based on the first and third equations in ([B.2I) and the

relations ||e|| = 1, (h; N) = sin ay, we arrive at (822) insofar as
h — Asinaqy, A — hsinay, h2 4+ X2 — 2h\sin oy,
p= T 2 TR 2= 44/1— — .
veos? ap, v cos? ap, v? cos? ay,

To prove [B2H), we observe that by B1), B22), B.23)),

€D

r(t +dt) = v(t) + ANdt + [fN/p — V]dt + o(dt) ro[dt|t,r(t)] + [fN/p — V]dt + o(dt).

On the other hand,
pdt + o(dt) = p[r(t + dt),t + dt] — p[r(t),1]
= p{r(t+dt),t +dt} — p{ry[dt|t,r(t)],t + dt} + p{ri[dt|t,r(t)],t + dt} — p[r(t),t]
ED ol (1) + (FN/p — V)t 1] — plr (), 1] + pgodt + o(dt)
L0, G5 frpdt — p(Vp; V) dt + pg,dt + o(dt) = [BE2H).
Similarly,
Ndt + o(dt) = N(t +dt) — N(t) = N{ry[dt|t,r(t)] + (fN/p — V)dt,t + dt} — N{r [dt|t,7(t)], ¢ + dt}
+N{r [dt|t,r(t)],t + dt} — N{r(t),t} + o(dt)
EIEID ¢/ Wpdt + 8y, Vdt +& x Ndt + o(dt) = ([B20);
Adt + o(dt) = Mt +dt) — A(t) = A[r(t) + (fN/p — V)dt, t] — \[r(t),1]
+Mry[dt|t, r(t)], t +dt} — Mr(t), t} + o(dt)
BREED 15 0, Njdt — f/pg,dt + adt + o(dt) = @BZ).
Thanks to (31), B25)—@27), and the third equation from (B.21),
Flp=plolo(Nie) =N +v(Nie) +v(Niu) 4
= [fpnp— (Vp; V) +gp} [(N;ve) — A\ + <f.pr+8T7t'V+(IJ’ X N;ve> +v(N;u) + [J, Y, N]| +fpgp -«
2 [fon, — (Vo) + g, (N AN = 9) =

+<f”Vp+8m'V+a7><N;XNf‘V>+U<N;u>+[&J’,‘V,N]Jrf'pgp—aé(EQEI). O

15



4 Comparison of solutions of differential equations and inequalities
with discontinuous right-hand sides
In this section, we establish technical facts related to ordinary differential equations with discontinuous right

hand sides
z = flz], z=z(t) € R. (4.1)

Specifically, we impose the following.

Assumption 4.1. The map f : R — R is locally Lipschitz continuous everywhere except for a point Z, where
it has one-sided limits f(Z+) < 0 and f(Z—) > 0. There exists 6 > 0 such that this function is Lipschitz
continuous on both (Z — 0,%Z) and (Z,Z+9).

The last sentence implies existence of the one-sided limits f(Z+£).
The solution of ([T is meant in the Fillipov’s sense, i.e., as the solution of the following differential inclusion

{r(=)} if 2 #%,
[fGE+), fE-)] ifz=7%,

and {a} denotes the set with the single element a. Solutions of [I]) are compared with those of the following
differential inequalitites

Z € F(z), where F(z):= {

i< fle) a2 flad, (4.2)
They are meant as the solutions of the following differential inclusions

(zoo f@] iz o {[f(z),+oo) itz 47,

(-0, f(Z-)] ifz=7%, [f(z+), +o0) ifz=7% (4.3)

2y € Fi(z), where F_(z) := {

For any differential inclusion, its solution is meant as an absolutely continuous function that obeys the inclusion
for almost all points ¢ from its domain of definition.

The following main result of this section is well known in the case of differential equations with continuous
right hand sides; see e.g., Thm. 4.1 in Chap. III [12].

Theorem 4.1. Suppose that Assumption @1l is true and the absolutely continuous functions z_(-), z(+), z4(-) :
T :=[r—,74+] = R solve the respective differential equation and inequalities from (&) and @E2)). Then

2o (To) < z2(mo) < zp(mo) = 2-(t) < 2(t) < z4 (1) VE € T. (4.4)
The remainder of this section offers the proof of this theorem. AsmZT]is supposed to be true from now on.

Lemma 4.1. The half-axis (—00,Z] is a forward-trapping region for the first differential inequality in (E2): for
any solution z_(-) : [T—,74] = R of this inequality,

2_(10)<Z=2_(t)<Z Vte[r_,74]. (4.5)

The half-axis [Z,00) is a forward-trapping region for the second differential inequality in [E2): for any solution
24 (4) : [, 4] = R of this inequality,
24 (o) > Z=24(t) >Z Ve [r_, 4]
Proof: We focus on the first claim; the second one is established likewise. Suppose that (@3] fails to be

true for some solution z_(-). Then the open set E := {t € (7_,74) : z_(t) > Z} is not empty. For its leftmost
connected component (s, ¢y ), we have

z_(s2) =7%, z_(t) >Z Vte (s-,¢4). (4.6)

Meanwhile, Asm. 1] implies that f(z) < 0 for all z € (z,Z + §) provided that 6 > 0 is small enough. Also
|z2_(t) — z_(c-)| < ¢ for all t € (¢_,¢) provided that ¢ € (s_, ) is close enough to ¢_. Hence

te(s,q)=Z2<2_(t) <zZ+ I = flz_(1)] <0@z,(t) <0

éz,(t):z,(gf)Jr/ Z_(s)ds @EnL/ 2_(s)ds < Z,

Here (a) holds by the equation from (ZL0l), whereas (b) violates the inequality from there. The contradiction

obtained completes the proof. O
Proof of Theorem (.1t Let the premises from ([£4) do hold. Thanks to Asm. 1] the equation z = Z

describes the sliding surface of the ODE ([J]). So one and only one of the following four scenarios occurs:
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1) z2(t) <zVted,
2) z(t) >z VteT,
3) there exists 7 € [7_, 74] such that z(t) < ZVt € [7_,7) and 2(t) =Z Vt € [, 7],
4) there exists 7 € [7—, 74] such that z(t) > ZVt € [7_,7) and z(t) = Z Vt € [, 74].

We shall consider these cases separately.

1) By Thm. 4.1 in Chap. IIT [12], z_(t) < z(¢) while both z_(¢) and z(¢) remain in the domain (—o0,z). It
follows that z_(t) < z(t) Vt € T. If z,(7—) > Z, then z4(t) > Z > z(t) Vt € T by Lem. [Tl In the remaining
case where z, (1) < Z, the inequality z(¢) > z(¢) holds until z4(¢) < Z by Thm. 4.1 in Chap. IIT [12]. So
if 21 (t) does not arrive at Z, this inequality holds for all ¢ € T. If z,(¢) arrives at Z at some time 7, then
zy(t) > Z > z(t) for t € [7,7+] by Lem. 1] whereas z (t) > z(t) Vt € [r_, 7] by the foregoing.

2) This case is handled likewise.

3) By applying 1) on the time interval [7_, 7], we infer that z_(¢) < z(t) < z4(¢) Vt € [T, 7]. So it remains
to consider the case where t € [r,74]. For such t’s, Lem. [L]] guarantees that z_(t) < Z and z,(t) > Z since
z_(7) <z and z_(7) > Z, respectively. It remains to invoke that z(t) = Z for these t’s.

4) This case is handled likewise. O
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